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1 35

Xt LA R AR 73 ANSE S, A S B - B IEARSIR I Gt —HEZE. A1 %
SRR SRS R AR, SRR AR LUR 251 PEAE IR SRR,

1.1 BiFATHAEFER

W QCcR BIEFHINE, ue R, weR (n<1), 0(u) : R* - R Z&MEH, F(w) : RN - R ZH
PR ACHE BT A A

w* €Q, Ou)—0(u*)+ (w—w)TFw*) =0, YweQ (1.1)
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A s AR AN B AR 2 AN AR A B R g HE SR

ERI A, WO w AL, BRI w BRI B B w A w I EEH o FoRFAE w HFERT
T AR B FATUE F AR, 24

(w— o) (F(w) — F(0)) >0, Yw,oeQ (3R,
FAVEEH T F /2 Lipschitz SR, BIFFERE L > 0, fH45
[F(w) — F(o)|| < Ll|w —wf, Vw,w.

A, FADFAZRAGE L KRN, BLAh, RSB (1.1) A, DN Q. o AR H
Rl FLAR ) 03] R AT, FAd 7 T A RS AT BAZ LSCHR [4].

1.2 FlSAZEE S E

WIEERSRAR (1.1) MBEIEREE k- OER, RFEG o* BIEa0& of B Dot B8 208 s
wh T AT v N w FIRZ0AZ & (essential variables), FReR T HIER4) M & w\v NHEAEE (intermediate
variables). v WAL w ARG . 2 v # w B, @EH v ZoRAE w FHFEE 55 7=,

EX 1.1 (BAEAT ) B A RS AER (1.1) F—MNERTHE 6 >0 1 K >0 &

SERIERL R AWk UOEANGER oF TR, 45 il 2

" € Q, Ou) — 0(@") + (w — ") TF ") = (v — ") Tk, %), YweQ (1.2)
fa) & ok, R d(o, oF) 2
ld(®, o) < K|Jo* —o* Al (0% —a*)Td(v*, ") = 6l — |, (1.3)
WIFR @ 52 k PSR — S A% BT . KRR (1.2) PIILH)
d(vk, %) Al F(ak) (1.4)
DN TR £ A4 A D PR — X 2R A T 1)
1.3 KRIEARMIESE AR LR
W H 2 LS A& o AR IEER . AR 7 R E, 4

(h[ o)
24— , (1.5)
0 H

Horf b >0, hI 25 a2 5 foct N B . B ih i, 2w =0 I, H = H. U SEIERIRIEZ
TR SR AL 77 ), R HOE 2 1A, AT AR A H R (BRI ST B AR I — 1%,
EX 1.2 (RIEMZEATRE)  IEMEEE A TSR HRARETT I (1.4), Exd
P = oF — g H d(0F, 9%), (1.6a)
1) A PR R AR AN IR SE VL. Hitp://maths.nju.edu.cn/"hebma FHF R 513 3L
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mH 1
w** = arg min {ake(u) + §||w — [w* — ap T F(@")]|13,

PR RIEACR, Hep

w E Q} (1.6b)

(vk — %) Td(vk, %)
| H=td(vk, o%)13
FR (1.6a) F (1.6b) 20 BN —FM AR IET7vk. HFE—W (1.2), B_ERIE (1.6a) 8(# (1.6b) BT
W - B IE 7V, MR — R AR A 77 k.

MR 1.1 (EZWSIER)  FRATIGS kB R P SRLE = AR AT B {oh ) H0  US Ae E

[+ — ol < o — ol — (2 = agdllet — 2, Vo eV, (18)

Hep v & QF BXEN o ARG I HAEH SRR O(1/t) HIERE ZutE.
28 i) B AR Ay AN 5

o =0y, of = v € (0,2). (1.7)

u e, (u—u)'F(u*) =0, YuecQ, (1.9

)
A FAER (1.1) IR w = u 1 0(u) = 0, FEFEMTE (1.2) W, W v = v = w. LK
SR R, KTE (1.6) FIRIA AR A 3k 4 328

uF = uf — g d(b, a®) R uPt = Poluf — g F(a")).

SCHR [5,6] XA AR (1.9) HI “ZRAET5 1A - MRS MR 1 R, BRI A EUE
IR S5 RAR B S 2RI IR L ER — TR, RS SRR 2 IN— AN B0Y, A LRV A %)
SEBLRITE I T RS 2807k, AIRRLEETE (S W3R [5,7)), o E B2 BB 0 220k Fe i
FETAEF BRI — s+ TRl (2 050k (1, 2)).

X AL Al S AR 73 ANRE S (1.1), A IIRERSANE (nSCHk [8-11]) #OZ5H 38504 (1.6a) 1
R, X SRSENCSEIE A 25 5, (BN — e AR A S A BT T i 107 3. 35 —2R50E (1.6D)
TEAE 2 BT A AOMCSIOR . A SCAR SRR (1.1) Mg —HESL, BEE 73R [5,6,12,13) X220 AN
A (1.9) BISRIETTIE, AR, X8 TR 5 2R AP it 1R T

2 FiEEhR

AR T EL B TS AR R PR, X BLA A 5] FE
G138 2.1 % Q c R* ZRME, 0(u) M of(u) #ZE R — R B EREL R fu) AIHEGEH
min{f(u) + f(u) | u € Q} FE, W4,
@ € argmin{f(u) + f(u) | v € Q} (2.1a)
(K178 73 W L A 2
aeQ, Ou)—0(a)+ (u—a)'Vf(a) =0, VYuecQ. (2.1b)
X ERR G 2.1 KRR, A 2GRS W] DIEA TURIED 1958 1.3 Nk B MIE R,
ARSI 2.1, JATAT LIS B FHP L, EAEARIE 6 75 RSt ur il h 2 A 2.
2) A ML — N R — B AERN T RS —HESE. Http://maths.nju.edu.cn/ hebma FH “My Talk”.
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313 2.2 % QCR" ZHMNE, 0(u) & R* — R KRS, H e R SRIEEHRE. SRS E
) g e R™ Al s >0, tHH
ﬂzargmin{s@(u)—kéu—q”%l | uEQ}, (2.2)

i)
i = ullf < {250(u) + lu— qllE} — {250(3) + @ — qllf}, VueQ (2:3)

MERR BT @ RHMEE R min{sO(u) + Lju— g% | uwe Q} BIfE, RAESIEL 2.1, F e Q,
sO(u) — s0(@) + (u— @) TH(a—q) =0, Yue (2.4)
B E S . X
(u—a)"H(i - q) = (e qllf —lla —qll?) - llu = il
M2 (2.4) F, B33
1 1
s9(u) — s8(a) + 5 (flu ~ alt = lla—al) - llu = a|f >0, YueQ.

SIFE S5 (2.3) AT DA LT ASE N EREAS 2. O

3 59AEFER (1.1) EMdiitia)Em
Aoy ANEA A (1.1) AE R ERAE)Z. B T2 A%EX (1.9) £ (1.1) KR, T
PRIy L j (2 WOCHR [3]) ATEASRIR N
w eQ, Ou)—0u)+ (u—u)TFu*) >0, VYueQ, (3.1)

Horb R L 0(u) # 0 ARG, BEAh, ZEZ0AR A M ALAL AR T LA 25 9 08 (1.1) 93 A4
FATLL=An] 73 B 5T A L A AL )

min{6y (z) + 02(y) + 05(2) | A+ By+Cz=b,z € X,y € Y,z € Z} (3.2)

FB, FHod 0y (x) : R = R, Oa(y) : R™ = R, 05(2) : R™ — R & (A—E0EHH) ML, A c Rmxm
B e R™*m2 O e R™*™ 1 b e R™ Zp R4 @RS, XY CR™, Y C R Ml Z CR™ B4 E
PIr4E. 18 n=ny +no +ng. A (3.2) 1 Lagrange BRIEE

L(z,y,2,\) = 01(x) + 0a2(y) + 05(z) — \T(Az + By + Cz — b), (3.3)
Hrf (2,y,2) RFEHAR N BB R, R (2%, y% 2%),\*) € (X x Y x Z) x R™ j L
Lyerm (2%, y%, 2%, A) < L(z%,y", 2", \") < Loex yey zez(2,y, 2, A7),
WFRIL N Lagrange RELAIHE 5. LT AOA 206 R AT LA B

I*EX, L(‘T7y*72*7>\*)7L(‘T*5y*72*7A*)207 \V/.TEX,

y* €Y, L(z"y,z"\") = L(z",y",2",A\") 20, Vye),
z* € Z, L(z*,y*,z,\)— Lx* y*,z*,\*) >0, Vze2Z,
A ER™,  L(z*,y*, 2%, A*) — L(a*,y*, 2%, A\) =0, VAeR™,
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x* = argmin{L(z,y*, 2*, \*) | z € X},
y* = argmin{L(z",y,2", X") [y € V},
2* = argmin{L(z*,y*,2,\*) | z € £},
A* = argmax{L(z*,y*,z*,A) | A e R™}.
FIF Lagrange B HATE (3.3) FGIHE 2.1, IR Ak il 80 S5 e 1 2% A 2

r* e X, O1(x) —01(z*) + (x —2*)T(—ATA*) >0, Ve,
v eV, 0a(y) —ba(y") + (y—y)T(=BTA) 20, VyeD, (3.4
2*eZ, 03(2) —03(z") + (2 —29)T(=C™\*) >0, VzeZ,
M eR™ (A= X)Y(Az* + By* +Cz* —b) >0, VIeR™
WA, ARSI (1.1) B3 A%
u* €Q, Ou)—0u)+ (w—w)TFw*) >0, YweQ, (3.5a)
Hrp
x —AT)
T
Y —BT)
w = , u=1y |, Flw)= , (3.5b)
z —CT\
z
A Arx+ By+Cz—b
O(u) =61(z) +02(y) + 05(2), Q=X xYxZxR™ (3.5¢)

M (3.5) [BIF] (3.4), RESH4 (3.5) FHAMEEM w e QN w = (z,y", 25, ), ..., (5 y*, 25, \) Bl
RES R, JEREF] (3.5b) I F BIHE (w—o)T (F(w) — F(w)) =0, Bt F HREHIEK. ERSA%
FOHE 248 Aoy B0y (141 Bl R T Ak T WS 23 A, 45 BIRSR R 22 1 38 AT (3 ILSCHR [15]). IR &%
—F, HEEMET BT LR S =N E TR (3.2) & AREIRIEYCEUT (2 0Tk [16]).

4 TN S FIZEE A ()
AR Ve R TR s AP O LA S 7R ) R A 051 58 5 A S s o A
4.1 ARBTN SRR
FREAITI AR S 1.2 AN RE 11 g K (1.2) TR w e Q AR w*, BT E
(o8 — o) Td(wF, %) = 0(a*) — 0(u*) + (@F — w*)TF(aF). (4.1)
H F I, (oF —w)TF@r) > (0% — w*)TF(w*), i[#
0(a*) — O(u*) + (@* — w*) F(@*) > 0(a") - 0(u”) + (0" —w*) T F(w").
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BT w* e Qs R (1.1), Ex0fGumaEf, Hiks
0(i") — O(u*) + (0% — w*)TF (@) > 0. (4.2)
XU (4.1) WA SRS BER AU (08 — v*)Td(oF, o%) > 0. RIS 2
(W* —v*)Td(wk, o) > (v* — o) Td(w*, o%). (4.3)

SHERL TN o, H(wP —v*) TRVELE Lo —o*||3, 18 oF ZIBREE. BRitk, BT LB R
H=Yd(wk, o) > (v% — o%)Td(w*, o%).

1 *
v(3-vi)|

KA (1.3) B, 24 of £ oF BF BT 0. B, (4.3) 2R H-1d(ob, o) REBEBSEH Lo — o2
75 of LA BT
B, W Wb € Q, AT (1.2) 4

O(u*) — 0(a®) + (w* — ") TF (@) = (% — %) Td(o*, o").
¥ BRI SES (4.2) M0, BEE

O(uF) — 0(u*) + (w* — w*)TF@@") = (" — ") Td(v", 5%). (4.4)
TERBIAEN (4.3) A1 (4.4) FRFKAR. AFEZAER, S (4.4) BFEER of € Q.
4.2 TN SR EE

BEXTAN RIS R ) R, 7 A A% TR R AR 2. FRATTLA SR AR 70 ANEE X (1.9) AT AR AL 1)
A (3.2) FEIAR AR (3.5) M0 BT ) AR R 2

4.2.1 BEKEZREZ2FETSTAIEFR (1.9) BTN S
TESR R BIAAR > AN (1.9) BRI ZE LR (2 000k [7,12]), X458 B 24T 5 oF A1 B, > 0,
BAIRI 5
i* = Po[u* — B, F (ub)], (4.5)

ueﬂ}.

AR AN TN R . )R,

N . f1
@ = arg min {2||u — [u* = B (ub)]|?

RAESIHE 2.1,
@ e, (u—a")T{@ — [uF — BF(uM)]} =0, VueQ,
R
e, (u— i) FWh) > (u— ak)Tﬂi(uk _ah), YueQ
k
PRI E (u — a*)T{—[F (u¥) — F(@*)]}, it
i* e Q, (u—a"TF@@") > (u—a")Td@"r, @), YueQ, (4.6)
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He

d(u*, %) = —(uF —a¥) — [F(uF) — F(@")). (4.7)

TR F 1) Lipschitz SESLRL, d(u®, ab) W2 (1.3) IWRTFH4r R, ERGE (4.5) B, BATATLME
& By > 0, 115
Bl F(uf) = F@h|| < vlju® = a*, v € (0,1). (4.8)

FIAT Armijo 28IEU, AT LAE 45
Bmax = sup{ B} = inf{B} = Bmin > 0.

H d(u®, aF) BIFRIET (4.7) FZ&AE (4.8), #¥E Cauchy-Schwarz A&, H

(u — @Y d(, ) > Biu T E %(1 )k — @ (4.9)
k max

KRR d(uk, o) W2 (1.3) B EE 02k, Bk, B (4.5) eI af &2 — &k Tl . BRIt bl
b, AT MR SCHER [13] o i i 3 AR AR — A4 B ) A ) S ks B TIN5 SRS SR B R AR ) AN EE
3 (1.9) HFERE A B0 B XA 7 VR AR BT 5. R4S 2 T s AU 4 7325, R IR
A FENT ORI, NATAEAR AL T R R TR 20K 1) 88— SR 1R 7y v 8. 19,
4.2.2 BIEKEBMAFRIESE (3.5) BTN A

Aoy AN (3.5) R (1.1) K—NRAEET, iR & (3.2) S, dREN
@1 (3.2) B Lagrange PR (3.3), AHMHIHE) Lagrange PR%L (augmented Lagrange function) J&

Lo(a,y,20) = L, 2,X) + 5] Ac + By + Oz — b,

Hp >0 RERLAN Az + By + Cz = b TS HL )6,

Ls(x,y,2,\) = 01(z) + 02(y) + 03(2) — AT (Az + By + Cz — b) + EHA% + By +Cz —b||%. (4.10)

RHASET oF = (yF, 25 \F), Sk amy-z BT SRAG aF = (2%, 5%, 2%);

% = arg min {Eg(x,yk,zk,)\k) |z € X},
g¥ = argmin {L5(Z",y, 2%, \¥) | y € V}, (4.11a)
zF = argmin {L5(z*, %, 2, \%) | z € Z},

AF = \F — B(AZF + By* + C2F —b) (4.11b)

SESC AR KB T @k = (2%, g%, 28, 0F). (4.11a) PHIF RIS AR R SRR oy A2 BRI
R, AR SCAN TR U] FAR SR X 287 o) . FIFH ST Lagrange BREHIRIE A (W (4.10)) F513# 2.1, 7]
K (4.11a) [ - 7 1RGE S AUIE SR AT LS

FeXx, 01(x)— 013" + (x — ") —ATN + BAT(AZF + ByF + C2F —b) > 0.
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FHARYE (4.11b) o M H5E X, _RIRIASET LS AR

e, 0,(z) -0, + (x—F)T{=ATN} >0, Veex. (4.12a)
FAU, (4.11a) T y- B 2~ 0] R B L S A AT BA 0 5
J eV, Oa(y) = 02(5°) + (y — ) {-BTN + BBTB(" —y")} >0, Vyey (4.12b)

gl
ke 2, B3(2) —03(Z%) + (2= ) T{—CTN + BCTB(* —y*) + BCTC(ZF — 2} >0, Vze Z. (4.12)

Ak, B AP RIE R (4.11b) 22115
(AZ* + BjF + CzF —b) — B(7F —y*) — C(Z¥ — 2F) +

AT BLS pAR 7 A S 2

AEeR™ (A= M)T(AZ% + ByF + CFF —b) + (A = )T ( — B@@" —y*) —C(EF -2k + %(X’“ - /\k))
>0, VAeR™ (4.12d)
FIH (3.5) FRIER, ¥ (4.12a)0 (4.12b). (4.12¢) AT (4.12d) HE—HEH2
a* € Q, Ou) — 0@ + (w— )T F(@*) > (v —")TQMW* — %), YweQ, (4.13)
Horp
Yy BBTB 0 0
v=| z M Q=1 pctB pctc o |- (4.14)
A - -C 1iI,
TR 1.1 H ) d(vk, oF), X BA
d(v®, %) = Q(v* — *). (4.15)
Q S MR, A1 (1.3) IE o ARG L. JEAh,
(0 = )T, 0¥) = S{0F — @+ QF — 7))
BBT™B 0 0 BBTB BBTC —BT
SCAE N 0 pCcTc o |[+| BcTB pcTc —cT | | (W -3
0 0 5lnm -B —C 4ln
= 5 (PIBU — 12 4 BlCEH - 2P + I - 3

(mB(yk - i)+ O - ) - —Wu?)
(ﬂIIB(y )2+ Bl - 2 >||2+1||Ak—i“).

B, £ B f C FIsRRRISEAE T, %0 (1 3) 3 —H AL, DRI, B (4.11) SRR of B EHE
PRI . SRR T DA P 7 RS 4 SRR B 2 RIS ALL AR 5 9 A AN s
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5 L H (v, %) ARRSERNE—LSGE

PAEFTIEA R RIE A (1.6) 4 th, AVETHEEE — K07 NI BUR K o, JATHE
B FINEFE ISR R IE A (1.6a) SRR o 1

v (@) = P — aH (R, o), (5.1)
AR IOERR B TR R s E. @i e X
O(@) = [[o* —v* |3 — [[of " (@) =" |7, (5.2)
W FEAERGE M) o = ay, #1F 9 () RATEER. N T FHTIE, & X
ar (@) = 2a(vf — ) Td(o", 5%) — o®||H (", 5%)||%. (5.3)
5.1 HELKWE—LKGE
R4 (5.2) A1 (5.1), 155

Opa) = 0% —o*[[F — (" —v") — aH ~d(", 7)1
= 2a(v" — v*)Td(vF, o%) — 2 ||H (", 5)|)%. (5.4)
IHERLE M v*, (5.4) BY Oy (o) £ a B REEL HE v* 2 w* B0 R, AR, FA7
TEEHR Oy (a) FIHK.
EIE 5.1 & o (@) B (1.6a) . SHERK a >0, H (5.2) & XK I(e), B
V(@) = qr(a), (5.5)
Hordr ge(a) 1 (5.3) Zath.
IERR XAEERTTRAM (5.4) A (4.3) ELEATH. O
FER 5.1 R IRBRAL g (@) 72 O () B DN FBREL A (o) BRIKM of £
(’Uk _ ﬁk)Td(Uk, ,Z)k)
[H =1k, o¥)]3

XA E LK AT DARYE T T7 1) d(v*, 0%) AHRLE (4.3) B4 P15 SafE. MRIE&MF (1.3), 7748

af = argmax{qy(a)} = (5.6)

Omin = Amin (H) ([;52) >0, (5.7)

Hor A (H) 2 IEEHERE H B5S/MEIEE, 15 of > amn, YE > 0. W0 FIE AR & BRI %
AR KA ZIREREL O3 () (W, (5.4)), T EEA RN o*, TAINZ EA KA TR T 7 IR %
qe(a). SHMEER v € (0,2), H

Rt = W% — yap H - d(R, ), (5.8)
FEAFTHIEA . WRIE (5.2) A1 (5.5), B (5.8) FRAER oF T AL

Il ™t = v I < " = v llE = ax(vag). (5.9)

263



A s AR AN B AR 2 AN AR A B R g HE SR

B oqi(e) A af BIESC (A0 (5.3) # (5.6)), ALK ay = yaj 152
qr () = 2ap,(v* = 0%) (0", 8%) — aF[[H (0", 8%) |7 = (2 — e (0" — &%) Td(v*, ). (5.10)
FreA, #248 (1.3), R IEAR (5.8) FRAR of T 2
ok -

v ||H HU - v ||H (2 - ’7)0%5”” —v’“\lz

EE Ol;; 2 Qmin *D (57)’ @ﬁ

* & .
o+ = ol < ot = o B = 2(2 = DA 5 ) I9* — 1 (.11)

AZER (5.11) B, 3581 {0k} #RWEEAE A, AR ALER, B S UEW A, ESehs
T, AT BRI Ty € [1,2), HEHAT LA 1.

5.2 RAEBESKME—LKGE

SRR (1.1) A2l g R AR 1) R O, e A RN R R (4.13), SFETTTAE
d(v*,o%) = Q(v* — %) (L (4.15)). &
M=HQ,

FESEER SR, AR N EE K o, BACKEK

VP =% — aM (vF - oF), (5.12)

b
iy

(0% %ﬁﬁ, ﬁﬁ/@ I<a< Omaxy :"XE‘A
Qmax = arg max{« | QT +Q—aMTHM = 0}.
BT (W (5.3)

a(a) = 2a(v*" — ) TQ(F — ) — || M (v* — ")
= o{ (0" = TQT + Q — aMTHM](v* — %)}
> aamax — a)(® = M TMTHM (0* — o), (5.13)

E 1 BE#R#EF v € [1,2) WrREE
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R4 (5.9) il (5.10), H

[ = v 1 < o = v 1 — almax — a)l[v" = (3 rag-

SCHR [6,8-11,14,20,21] Hrés R AR R 20 20 e 732, AR AT A 7 2, RO T BR, BE4%
Sy N2 R . B, SCiHk [22) B F SCER [10] H B9 75 iR R A dE AL A i i L g @ A
i — MR IEE R R, B2 Ae H = Q, M JNRAIHERE, J7 il A AR s i (PPA) 123,24
B S I AR 25 57 (customized PPA) [8:29],

6 LA HF(u*) AEERAENEZLGE

NV EE T RITEP IR BCE K o, AR 280507 A Bis A S R IE A R (1.6b) B K
oo 1

wh™ (o) = arg min {a@(u) + %Hw — [ — aHT F (@) ||3, | w € Q} (6.1)
HEEE v N w B0 RS, FIREE X
Grl@) = 0% = v*(IF = [l (@) = v* I3 (6.2)

R T BRI, BB ROV S KR ARYE (4.3) B AP M B . T A R
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A uniform framework of contraction methods for convex
optimization and monotone variational inequality

Bingsheng He

Abstract Linearly constrained convex optimization problems can be reformulated as monotone variational in-
equalities, which include linearly constrained convex optimization problems as special cases. Usually, deriving
and studying optimization methods in the framework of variational inequalities are often more convenient. Based
on the twin directions and identical step size, there exists a unified predictor-corrector framework for projection-
contraction methods solving monotone variational inequalities. According to the twin directions, the unified
framework falls into two classes with similar computational cost in each iteration, while totally the second class
outperforms the first as confirmed in numerical experiments. Most recently developed splitting contraction meth-
ods belong to a more general framework, in which similar twin directions can be generated. However, until now,
all splitting contraction methods can be seen as generalizations of the methods in the first class of the unified
predictor-corrector framework. In this paper, the generalization of methods in the second class is derived using
existing step size and the other generalized direction. The O(1/t) iteration complexity is proved in the generalized
unified framework.

Keywords convex optimization, monotone variational inequality, projection-contraction method, splitting
contraction method, unified framework, twin directions and same step size
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