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WE ¥ 4% (partitionable set, PS) 5 JL-F 7 4% (almost partitionable set, APS) &4 &A1&+ E i+
MAEZWNHEGME EHFLAMESEMETEWERR, 0 Z- 53 Whist % FEE ., BHZME, T4
MRWERFEERRT AREZREAEREE. aTA2EELF T 05N ERMLRTH, £F
FEME R AL A TR R, ASCEHX p=7 (mod 8) AZKMNIEN, B p? Wl akE p MLFT 0%
WA E T, W RA WA FAMNE THER. FAH, X T p=7 (mod 8) WIEH p, KX
R p < 30,000 9B AL p2 B PS HEEN, HHFEFET p B APS W7 £ M i 17 14,
F1% 2 p < 50,000 &% 16 T LGS p B APS 897 fE £,

k4R o% JL¥I 4% Whist REE 4EE
MSC (2020) £Ri5Z  05B05

1 38

il

A (G, +) AR, HBAITIE/E 0. W v =1 (mod 4). v BMEE (G, +) LA 4E (PS) iBfE PS(G),
2 G (v—1)/4a MAFXEIES S, W2 LIPS

(1) Ug,yyes Tzt = G\ {0}
(2) Upes Tz —y, 2 +y} = G\ {0}

W =3 (mod 4), 457E v TEE (G, +) EWANEEIC o 1 8. ZHCN (G, o, B) LR35 (APS)
1ICME APS(G, o, B), 7& G ' (v —3)/4 MEFX TS S, W2 LU AN &A1

(1) U(:L',y)ES Hz,y} = G\ {0, £a};

(2) Upyes Hz =y, z +y} = G\ {0, £5}.

MEE G ORZCIRBERT, AR B LT ] o S R B R L TC X RO, U G ORRIR IR
Z, W, PS(G) HicfE PS(v), APS(G, o, B) HicfE APS(v, a, B).
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L v=dn (B v=4n+1), H v NS 5FHHKH Whist TEFEE Wh(v) ZEU (a b c d) FIFEFER,
HAxt 1 {a, e} A {b,d} IR B AR, HRXT {a, b} {c,d}~ {a,d} F1 {b,c} THIPIRL I
Juxt T, FERE 2 HEH 2 LU %A

(1) HezzdlF dn — 1 (8L 4n + 1) 30 LEFE, FFRAHE n LT,

(2) BN HHEER (B US) B3 n—XILIE,

(3) NS E5HESHAIES SH MK IEG—IK;

(4) NS 5FHS5HRMEES S5H M FIEGHIR.

Wo=dn+1. HEE v NS EEBETRIRFMEE Zansr BE j+ 1 2 HIREE j RLREA
B +1 (mod 4n+ 1) £, W% Wh(v) PR Z- JEH ). K, S 5FBUET Zay—1 U{oo} H
JI LR E A LU AE Zgy o TER BB (FF2LERE oo NAEN ), MIFR Wh(dn) J& Z- JEFRH).
WHEBE Z- JEHF Whdn +1) TEER IR S 5E 0 A%, #— D, HEH0HSERNTE BUK4LIE
N {{z,—x}:x € Z,\ {0}} (RN v =dn+1) B {{z, -2} : & € Z, \ {0}} U {{o0,0}} (K] v = 4n),
MIFR1ZEFREA Z- T YILERE L (Z-cyclic patterned starter Whist tournament, ZCPS) Wh(v), f&id
N ZCPS-Wh(v).

Whist 3% 28 B R 0 AL 5 O 8 — B RE, FHLOMBERIERE 5. A, Z- 53 Whist 565
KIWT AT AR, HAFAEME R Bhm R E k. 2009 4F, Zhang A1 Chang M B E LT Al 7341
&, EH T v =9 (mod 12) 1H v # 81 (mod 108) WAAFELE PS(v); RIBHARATEN v = 81 (mod 108)
I}, PS(v) BATELE. 2011 4, Abel %5 1 % ZCPS-Wh(v) 45 i RIRERI45 18 55548,

I, Chang %5 Bl #8H PS(v) 5 ZCPS-Wh(v) LLI& APS(v,, a) 55 ZCPS-Wh(v + 1) FIZEM 1.

FI 1.1 (SICHR [3, @8 2.3]) %4 0 =1 (mod 4) I, ZCPS-Wh(v) fE7E %4 HALY PS(v) 7
fE. % v =3 (mod 4) I, ZCPS-Wh(v + 1) f#4£4 HAUSX T3 a € Z, F77E APS(v, o, ).

WIHTHTIR, 24 v =9 (mod 12) I, SR [1,11] 45H T PS(v) 8L ZCPS-Wh(v) AMELERSEAE, Hu Al
Ge B JEBH T 205 IERIE; 24 v = 3 (mod 4) B, STk [6] 4 T ZCPS-Wh(v) B APS(v, a, ) I
WS e — A AEPESE AL SR [3] B RERE T LR A RIS, T A A gs  PS K APS fF1E
(1) D5 L 2% A

Wl 1.1 (1) (B0 [5, EEE 2.1)) 2 v =1 (mod 4). # PS(v) F7E, Ml v = 1,5 (mod 12).

(2) (B HCHR [5, EHE 2.2] F1 [6, jEH2.1]) W APS(v,a, ) FA7E. W2 v = 7,11 (mod 12) i, v
EEFHTHET; M2 v=3 (mod 12) B}, v = 32¢+1y, HH ¢ >0, v =1 (mod 12).

(3) (ZWCHk [3, 51 3.1)) # APS(v,a,B8) F£4E. W4 v = 3 (mod 12) B}, 202 — 82 = v/3
(mod v); 24 v=7,11 (mod 12) B}, 202 — ,82 =0 (mod v).

A5 LT T o0 B I AFAEVE ) R A o R i R g e R B T J, TS PS gl 1
LI APS 7 a # f I EBELER (a=p ETEI’J ERAEE FH).

EIE 1.2 X RAIFEL v, PS(v) #RAFELE.

(1) (W3R [10]) v A PR 4 & 1 FZE TR

(2) (Z WCHk [6, EHE 5.6]) v < 300, v=1,5 (mod 12).

(3) (i%JuIﬁk [7]) v=p? He p AHFEE, 3 < p<3,500, p=3 (mod 4).

(4) (ZWCHR [3, EEE 6.4]) v = pg, FH p,q =3 (mod 4) HINKT 3 IR, ¢ < 200, (p— 1)
).

1.3 (ZHCHR [3, EEE 6.6]) 4 v=3 (mod 4), v < 300, af # 0. APS(v,a, B) F71E 24 HAX
Hami 1.1(3) I E R L.
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EIB 1.4 (R 2, ®EE 3.2]) 2 w,v =1 (mod 4). #F PS(u) 5 PS(v) #AELE, | PS(uv) th
FAAE.

EH 1.4 AHEFRAIENGEHT u,v =1 (mod 4) FIEE. 2 w0 = 3 (mod 4) I, dfa 1k
PS(uv) R KWILLR— AT M. SCHR 7] 45T p=3 (mod 4) BF PS(p?) M ELEAMIE, Hh By
FHFER (p+1)/2 5L (p+ 1)/4 DLFRAE Zye WIETTHITA 2p B p TR T AR, FEBITHENL
R, G2 —RIN 4, R NER 1.2(3). CHR [3] B T HHRM p =7 (mod 8) HIH 2% E K1
If APS(p, o, vV2a) HIFELERE (B WOCHR [3, 51 BR 4.1]), BXFEENEE p MiEH PS(p?) (ZWCHR [3,
T 7.11)). ASCREHETSCHR [3] #EXFT R S LR RIS T, 3R PS J APS HIAFAEEVE L

B 7 ZCPS-Wh(v), Al 7 EM LT AT p e 5 HAR A & 2 A A B VIR R, e 2/ A 54
RIEAEERE ARV AN ZTREE. W0 AR5 L Al 0 il v] T i3 KR B HDGIEAS S, ATIAE
eI bk R G AA N

2 MIERIEE

ST IEEBE n, F Z, Fomti n FIRZEER, 30 25 = Z, \ {0}; F U(n) Fon 22 g ekl i
TCARR I RIETE, AR U(n) M Z, FATE S n BRI, BI [U(n)| = o(n). Feoilth, 4 n NER
Bt Un) = z=.

WAEATERRILS. £ p=7 (mod 8) NEE, B 2 1E Z, 5 Z,. H¥IHNFIoa, i HAE
Zp> FHI—AFHRA V2. HEAMERULE, ATIEFIHBINE Z,o FHAT. 2 0=1+V2. &0
5 0 ARG H = (0,-0). B H 2 Up?) WTH, B H 22— MEHREE, H = (©), XhH o
(IFRIEN RS, W € = 0; B ¢ = —0. T 2| |H|,|H| | |[U@?)| =pp—1), # [H| =2 (mod 4). ¥
S, YA DL M

(A1) e € 12 U®(p?) B (B [H|) 5 p EEGHL |H| = ps (B, s NIEEL, s | p—1). X5
P =t = 0P=1 £ 1 (mod p?).

(A2) fB5E 2 € H. ¥ 2=¢b. T 2 VTG, 1 = 20=1/2 = ebrp-1)/2 [t || | 2e=D) 3
EH |H| =2 (mod 4), p=17 (mod 8), WA b NEE. £ H H 2 X ¢ FREATICH ind(2) = 2a,
1<a<ps/2—1.

SCHR (3] HEHE H = U(p?) T T PS WIkdid, ShEHBGE (A1) A1 (A2) HARTH L. SCHR (3] 4 T
SFFAERES p=7 (mod 8), p < 600 H p ¢ {71,311, 367,463}, ZBIELE PS(p?). AFOEHHE M)t
J7iE, P Z ) PS.

5138 210 % 2cUW?) H o 18 Z, FHIREN N ¢, W 2 7E Z,2 FIIFRIEIN N ¢ 5L pt.

WUE (A1) JOL, B [H| = ps. H5IHE 2.1 KFTTINHRAN |Hy| = s =2 (mod 4), K H, A € £
75 Tk P AR T (B8R s > 2). W R={bo,br,.... 01} N H, 16 2 PIIREETRENRER, HH
RMJER H 18 U(p?) H B E S 2K R, NN TAER ce UP?), A

Zi. =U(P*) U{p,2p,....(p— 1)p}
t—1 t—1
(Upr)o (Yo

bi(H U cpH,). (2.1)
0
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& 2.1 W p =7 (mod 8) AR HILMEE (A1). BUE c € UW?), BIEAEXIE [0,ps/2 — 1)
FARAE 3 MR 1 < w0 < a3 TR 21 = 23 # 22 (mod 2) H

iﬁ{gam’gzz’é-ms,cp} _ i{gm 75%-’511- +£$j’€a:k 70]),5““ +Cp},

Hor 4,5, k)Y = {1,2,3}. WIAEAE PS(p?).

WERR H(2.1) AL Z5 = U biY, B Y = HU cpHy, {bo,b1,... b1} A H,, 7E 25 HHIREHE
EENER.

o Ao NFEON oo NAEREL WIAED T X724 S:

e, 1< B
e, Dl r2-2
2 2
e, r2ogctsol
2 2
¢241,¢}, x32+1<l<p84_2,

ep€?H1,¢}, 1<1<

{7, 6%}, {&™ ep}-

Y = HUcpH, = U, yes Tlo,y} BB E€{0,-0}, 0 -1=V2, (0+1)/(0 - 1) =0, HiE

U o —yo+y} = V2V \ (H{67,€72,67,cp})) U ({E" — €79, 6% + €7, 6" — cp, £ + cp}).

{z,y}es

BEIAIRHR, W Uy, o £{r — o2+ v} = VY, B
{bi{z,y} : {z,y} € S,0< i<t -1}

FI% Z,e EHIRT 735 PS(p?).
A oy Mg RSN xo FETEL, WIRFEG T XT4E S:

L, 1<i< T,

21—1 T+ 2 xo — 1

f {176}7 2 X l X 2 5

20-2 z2+3 T3
<I< —

€L, S <i< T,

21 r3 + 2 ps —2
< I K

5 {175}7 2 X l X 4 )

e e), 1<i< 2

{€7,6%}, {€" ep}.

KL, WTE {bi{w,y} : {.y} € 5,0 <i <t -1} MR Z,2 EIIIME PS(p?). =

NS IE 2.1 D2 3 ANEEEL 2y 2o A s KPR
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SIFE 2.2 ¥ p=7 (mod 8) NEREHIEEUE (A1) M (A2). XIH [0,ps/2—1) B 3 PNE
AHF RS 2y F 2 2 2,2 PRISEEER

EV2{E7, Y, €7 op} = H{E" — &Y, €7 + &Y, €7 — op, & + cp}, (2.2)
Hh e e Up?), 2 HEY

y=x+Is, ged(l,p)=1,
l (2.3)
zzx—i—a—i-;(modlgs),
Sk
y:x+(2l+1)8, ged(20+ 1,p) =1,
i (2.4)
(2l4+1+p)s ps '
zza:—l—a—i—f mod? ,

Hdr 1 OB
HERR  MEEAZER (2.2) B p LT £{6° + v} = £{V2ep}, B £{&® — &Y} = +{V2cp}.
Rk (2.2) 40T

+{¢” — ¥} = +{V2cp}, 25)
HV2{E7, €Y, €7} = £{E7 4+ €Y, €% — ep, £7 + cp},

g
+{¢" + &V} = +{V20ep}, 2.6)
+V/2{E7, €Y, €7} = £{E7 — €Y, €% — ¢p, E7 + ¢p}.

H (2.5) A1 ((2.5) FEE AR T p)
(i) £{&" — €} = £{V2pc};
(ii) £{v2€*} = £{&" + &}
(iif) £v2{€", &4} = £{&" — ep, & + ep}.
Gyfngy (1) (i) [FIBS RO aT R Gil), HFHA (vi) 2654 = ¢, ]k, B (1) AT (vi) PR

(£ + &) = (" —¢¥)? 446" =2¢8%%  (mod p?),
BI45 (ii). AT (2.5) &M T
{i{sf —¢v} = +{v2pc},

2€x+y — §2z.
RIS AR H ¥ = ¢¢ (mod p), MITAFEEE 1 {ER y = o +1s, T £ # £ (mod p?), Ktk
ged(l,p) = 1. BT ind(2) = 2a, MHTEE ZXTH 2 =2 +a+ £ (mod &), HIHAEH (2.3). KX,
r (2.3) WOL, MIRAR €22 = 2671V €% — ¢¥ = ¢5(1 — €%) = 0 (mod p), MATH +{&% — &¥} = +{v/2pc}.
BT 6o —ev B p2 N0, 18 c e U(p?). MITIEW (2.3) ZhT (2.5).
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R LT, AHE (2.6) 54T
H{E7 + ¢} = +{V2pc},

2§z+y — 7622~

HE ¢ = -1, B ER SN T (2.4). O
IR 2.1 & p=7 (mod 8) NEREHIHEBIE (A1) F1 (A2).
(1) %4 o HERH o > 213 5f o < =D 1 1248 PS(p?);
(2) % o NEHH o > B2 B ¢ < =3 3 if, 771E PS(p?).
B (1) W oo AEEL Y o> 252 EﬂL f£EE)FRe=01=1y=% =022 §
SR Rl 2 RS o RETEL H o <y <2< 2 -1 B (21, 29, 23) = (%yvz), A 2.1 55 F 2.2
I3 PS(p?) fE7E. M o < @212 1} #£ (2.3) EPEM_O R e T R o
oy REEL - AFHL He<z<y< 2 -1 B (21, 22,23) = (x,Z,y), Mg 2.1 55| F 2.2 RIS
PS(p?) {F1E.
(2) ¥ a NEH M o > @2 E]L fE (24) Pl 2 =0,1=0,y =5, 2 =a— 21 G ¢ A
2 AEEL y WA, Hoo<y<z< -1 W (21,20,33) = (3,9, 2), MAMIE 2.1 5513 2.2 {115
PS(p?) f#1E. B a< (p=3)s 3 i, f(23) Iz =0,1 =23 g,y—(”—i;)s,zza+(p_T3)S. SR oy N
BE 2 A, Ho <2<y < B —10 B (21, 22,23) = (2, 2,y), MAIHE 2.1 5512 2.2 RIfE PS(p?)
FA1E. O
EIE 2.1 ®p=7 (mod8) N 30,000 L\NHIREL, BrE p e E 1 141 N REMIBIIME, HAAE
PS(p?), HH B HHonRWF:

3,511 3,559 3,911 3,967 4,111 4,159 4,327 4,447 4,463 4,663 4,831 4,903 4,943
4,951 4,999 5,039 5,231 5,351 5,503 5,527 5591 5743 5839 6,007 6,367 6,679
6,703 6,791 6,823 6,871 7,159 7,583 7,591 7,687 7,759 8,191 8231 8311 8,527
8,599 8,647 8887 9,103 9,127 9,151 9,311 9,343 9,871 9,967 10,039 10,151 10,271
10,391 10,567 10,687 10,847 11,071 11,503 11,527 12,391 12,511 12,799 12,823 13,711 13,759
13,831 13,903 13,999 14,551 14,831 14,983 15,319 15,511 15,607 15,671 15,823 15,991 16,183
16,231 16,447 16,567 16,831 16,871 16,927 17,047 17,431 17,599 18,311 18,911 19,447 19,543
19,727 20,023 20,071 20,431 21,031 21,191 21,751 22,063 22,159 22,303 22,727 22,751 22,807
22,871 23,143 23,167 23,431 23,447 23,719 23,767 23,831 23,887 24,103 24,223 24,439 24,847
24,919 25,183 25,303 25,423 25,447 25,999 26,711 26,839 27,271 27,487 27,791 27,919 27,943
28,463 28,591 28,687 28,711 28,751 29,023 29,191 29,231 29,527 29,863 29,983.

MR %5 p =7 (mod 8) H p < 3,500, W] PS(p?) MIAZEMERT e 1.2 153, & BhitHENL AL
ik BRZ B RS, BT 3,500-30,000 ZIAIBE 8 42 7 EREL p (3L 555 ) Al L BOE (A1) Fl (A2)
FAEW 2.1 ok, MOCEEES WO [12, £ 1) (B4 3,500-5,000 Z [A) %, 56 B 51K AT RE).

REFHAER 2.1 FIAIELE PS(p?). O
F 2.1 R bR BRI A E I EAL, B RTIGIUE 30,000 LANARL 8 & 7 St 817
MEHH:
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(1) REME——fF p =31 A EEE (A1),

(2) RAEME——F] p = 71 W LMEUE (A1) Al (A2), EAWEHES 2.1 H&aE, Bk, 2 = 414,
£ =14,626, s = 70, a = 1,268;

(3) 3,500 LAPAR 8 4% 7 IR EHA 23 MATHE (A2), 'EATZ 31 79,103+ 199, 239. 487+ 599 607+
751, 1,031+ 1,151+ 1,279+ 1,447, 1,471+ 1,879+ 2,111, 2,311, 2,647+ 2,671 2,719, 2,887+ 3,079 Al 3,191.

AT AL, SRR 2.1 BISRKBEAS RIS T8 (A2). 30,000 AR 8 & 7 MIEREHZ 20% A
WRBGE (A2). W E, FEEE (A2) BOLTEIE T, HEIR 2.1 X T ind(2) M PRI SEAFRA 5 2.

3 HEJLFADE

AR A p =7 (mod 8) NEHL, i 2 7£ Z, THI—/MFHIRN V2. KITIEHIIBINE Z, T
BT, JEEAICS 0 =1+ V2, H = (&), H, 4 0 MaREM %, W ¢ =0, BN ¢ = —o.

WUE Z, =DM w RIEEH L (¢ p—1). 18 25 BFRE Ol ={w": 0<i< (p—t—1)/t},
H Cf Fon 8 AE 73 Bl ot ARETTHIBEEE, Bl Cf = wiCE, 0 < i <t — 1, XL ¢ 5 RIS AR L
t RS AR, Zy TR H = () &M RREE CF, ot = (p—1)/|H|. AW HERHEE H
XRI IR, SCHR (3] fE R — AN EIZERD B = 7 N4 APS i, A5 R RN > 1
B APS MIAIE VL. HT p=7 (mod 8), il |[H| =2 (mod 4), t NFFEL.

5138 3.1 (R 3, 513 4.1]) 2 p=7 (mod 8) NEHH H =2Z;. WX TAEE o € Z; #
1E1E APS(p, o, v200).

TR G FEAIE KA =1 (mod 4) ITETE.

& 3.1 W p=7 (mod 8) NFEHL. W H £ 2} FrEMTANRER R={bo,b1,...,by—1}. IR
1E o, B € R, 113 R w055 el & LA N AN 25 AR 0 T2 S

(1) Uga yres T yh = =R\ {a});

2) UppyyesHoe -y z+y} = £V2(R\ {8}),
WAFETE APS(p, o, v20).

R B So = {{€21, e 1 < i < 22 WG

(|H[|-2)/4 ' 4
U #zyr= U HE L&Y =H\{£1}.
{z,y}€So0 i=1
¥ S {0, _9}7 ﬁ& :l:{l +&,1-— f} = :|:(9 - 1){150} = :l:\/i{:l?e} = i\@{l,f}, N\ﬁzﬁﬁ
(lH|—-2)/4
U #He-war+yy= [J =HE'0-9.87 ¢+
{z,y}€So i=1

(lH|-2)/4

_ U iﬁ{§2i71,£2i}

— VA (1)),

AT = (UiZy biSo) US. BLAHZM: (1) R (2), Bilk
U Hzyd=2z,\{0,+a}, | #He-yao+y}=2,\{0£v25).

{z,y}eT {z,y}eT
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Kl T N APS(p, o, V28). O
JSLFH Weil 7E 31 01 SCHR [4] 45 H T #8143 B S HARSR Je i B AT R k.
51T 3.2 (B WOCHR [4, €FE 3.2]) 4 p NEH p=1 (mod t), H

s—2

$ . s—i s—
p— (;(i)(s—z—l)(t—l) )\/f)—st L>o.
WX FAERAEH s TBH (j1,72,---,ds) € {0,1,...,t — 1} Lk Z, PEHAMETTRMEN s T0A
(c1,¢0y...ycs), FEE 2 € Z, 13 x4 ¢; € 3 XFAERE i€ {1,2,...,s} ABANOL.

IR 5| FEAIE B AR

513 3.3 % p=7 (mod8) NHEEL XT z,y,2z,ucZy FEX (v +y,2—y) = (V22,V2u) Fhi
T (2 +u, 2 —u) = (V22,v2y).

EE 3.1 A p=7(mod8) NFEH, H=Cf Hort =1 (mod4). WY p— (20t —1)%+3(¢
—1)%)/p —3t2 > 0 I, X THER o € Z3, 715 APS(p, o, V201).

WA Ht=10, 203 31 S t=4m+1 (m>1), Wt WAARIER C,=H,CL,....Cl .
EV2ech MTAEZ 0<i<m—1, BUE by € CL,, £33 3.2 FHL

(FEREA j; B¢t WEXE [0,t — 1] F), B (c1,c2,¢3) = (0,bag, —ba;), WWIFAFLE bai1 € Chpq fE
5 baiv1 +ba € Cli gy baivs —bai € Oy gpe W baipr + by = V2b4it, baiy1 — bai = V/2byiyz, F
B by € Clip, bajes € Chyyg. T 3.3 45 bajyo + baiys = V2baiy1, bajyo — by = V2by. 2
S = {{bgi,bait1}: 0 <i<2m—1}, N

U :|:{£L'7y} = :l:(R\{b4m})7 U :t{x—y,a:+y} = i\/ﬁ(R\{bélm})a

{z,y}es {z,y}es
HA R = {bo,br,...,bam} NIEBGETERER. BHMIE 3.1 7[5 APS(p, ban, V2bar), Bt S A
3-8 BIGEE L. O

FEEHE 3.1 FHL ¢ = 5, 5 DL R HER.

HiL 3.1 2 p=7 (mod8) NEMH H =C5. ML p > 31,127 B, W THER o € Z;, fF1E
APS(p, a, V2a).

512 3.4 % p=7 (mod8) N/NT 50,000 KIFREH H =Cf Hrh t =1 (mod 4). WX T
a € Ly, 715 APS(p, a, V20).

WERR Mt =18/, W5 3.1 Ht=5 H p>31,127 B, Z0WHER 3.1, LNEGE t > 5, 4
t=>5, M4 p< 31,127 (3£ 76 ). 24 p ¢ A:={239,4951,9103,9311, 36847} I, fEBIHHEHLIEZR, AT LA
fE 4 M BEIFEEE O 8. C8 F1 OF & 3R B —MUERIMREES {b1,b2,bs,ba}, 4T by + by = V203,
by — by = V/2by, VEULSCHR [12, & 10). {EEHI51 2 3.3, BAR, {w{b1,ba},w* {b3,bs} : 0 < i < m — 1}
(w 72 Zp, WIAJEMR) Mo 2 Mig 3.1 KX F4 S, Kb a =1, 8 = 1. WUfFAE APS(p, 1,V2),
X TR o € Z; HAFE APS(p, o, vV20). KUUINEALER p € A, TFFRPMEATMEE. T4
WA 3.1 BARRIRE AR 2y, FRANVGA AT A TGN T hRRm TR 2 B BG4, Bl vy, RARIGE v
JETREEE Cf, Rl y € weCh, BMERE R 1 K, St £y + 2,y — 2} = £v2{u,v}
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HERE HeE 53 M2 M

£1 51334 pec AR

p V2 £ wo ot (Yas Ze, Ud; Ve)
(71,2202, 1233, 928), (114, 22516, 2107, 1625),

239 99 139 717
(1309, 23513, 2312, 18010), (616,23715, 17211, 13114)
4,951 693 694 6 25 (61,6604,30233, 11356) - {w? : 0 < i < 4},
(362, 125321, 35240, 162024)
9,103 3,814 528 6 37 (61,10172, 28195, 18593) - {w* : 0 < i < 6},

(10, 40204, 332133, 49329), (847930, 900834, 342036, 163035)
9,311 1,344 1,345 7 49 (71,24014, 737310, 203519) - {w® : 0 < i < 9},
(3433,65577,923311,483115), (666941, 617644, 54348, 541145)
(31,139704, 2301310, 2758819) - {w* : 0 < i < 14},

36,847 16,867 19,979 3 69
(273,281177,2089761, 2919564), (107 1263511,4182¢5, 1268515)

WU T (ya, 2e, ug, ve), XX NFYIE 3.1 FEMKIMEE S FADTEX {y, 2} M {u, 0} FIK, H

(yaazmudave) : {W4i NS I} %%{—\‘ |I| /I\lmfﬁéﬂ ((y : w4i)a+4i; (Z : w4i)c+4ia (U : w4i)d+4ia (1) : w4i)c+4i),
U

i€ 1.

EI 3.2 4 p=7 (mod8) NHRHH H=C5. WX TAER o € Z;, F£1E APS(p, o, vV20).

MERR 454513 3.4 AR 3.1 15

NAEER AL ¢ = 3 (mod 4) KB, BATA H—AFrivik.

FIiE 3.2 4 p=7 (mod 8) NEKH H=Cl t>3 WOoRREERELcCL0<i<t—1H
bo = 1. WATAEZFE o1 FUEEL 20 (1 < 21 < 20 < (|H| — 2)/4), 13 £{€" +1,6% —1} = £/2{€%2, by},
Hepre{1,2,...,t—1}. BREE R={b;:1<i<t—1,i%#1} AR5 2T A AT
£ S (Ht a,BeR):

(1) Ugzyyes Hzoy} = £(R\ {a});

2) Upayyes Hoe —yz+y} = £V2(R\ {8}),

WFELE APS(p, o, V23).
WERR RIMEM N3 F4R So:

O

) —1
€211, ¢}, 1<z‘<”312 :

i l‘1+1 . I2—2
g 5 <i< /5

. xo + 2 i H| -2
€21 1{155}’7 2 < 1 < %7

{lale}7 {§m27bl}'

BB {6 + 1,67 — 1} = £v2{¢", b} I3
£{€7 + b, £ — b} = £V2{¢", 1},

M
U Hewt=HU{zb}, |J Ho-yz+y}=V2HU{Eb}).

{z,y}€So0 {z,y}€So0
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i R W85 LT w2y SR i

AR je{l,2,...,.t—1}, %

Sj = {bj{ffm_l,ﬁ%} 1<i< |H‘4_ 2}.
)

U ey =buE\{£5;}, | He-vz+y}=v20bH\{£b})

{z,y}€S; {z,y}€S;
BJR4 T = (UjZy S;) U S. RIFAMACRIZME, 513 T 4 APS(p, a, V28). O

S5IF 3.5 4 p=7 (mod8) N/NT 50,000 FIEREH H=Cf, H ¢t =3 (mod 4). % p¢ F:=
{599, 1471, 4447, 4663, 5039, 6007, 15319, 15607, 15991, 16871, 18911, 26839, 32887, 37223, 44087, 47791}, M|
MTAER a € Z;, 771E APS(p, o, V200).

MERR 4 p < 300 B, S50 HEHE 1.3 193, X T 50,000 BAYHARE 8 & 7 EEL, BITHENL
R, ATIIERIE 3.2 FT R SR AR, 45 R

(1) H=C§ M=ESL 184 A, Hrb p > 300 F 181 Mtz Hynl LR B M1 3.2 KA1 214 22
A by, ot 1= 1,2, MOCHHES ISR (12, 3 ).

(2) H=C} (t=3 (mod 4), t > 7) FIRHIL 55 1~ %

F' = {2671,4463, 5503, 6791, 8647, 28463, 28591, 35527, 39551}

Y pg FUF B GXFER p 3L 30 ), AT LR 201G 3.2 20180 21 2o A by, HP 1 =1,2.
—GHh, BRI AR 4 MRS CLL CL. O R OF R R Bl — MREMURES {y, 2,u, v} HiF L%
P +{y + 2,y — 2} = =vV2{u,v}. &

. . t_
5= {wttnshetinop 0 <i ST

(w A& Z, PIAJEAR), W S a3 3.2 5 PFRx 74 5, H,

e (L_Jw{yu}) U fl,

(5,1} ={1,2}, a = B = wi. MREHEZS WICHR [12, & VI].

(3) M p e F' B, RSRE M 3.2, BART77EE E—1ETRR0L, (B2 R 1 # 1,2, T4
JERIE 3.2 PSR BIRE SRR Gy, RIIER 1, AL PTA TR F AR e o B, B g, RO
y € wC, AEFEE N 2.

i bR 3 FETE, NG 3.2 B R AL 1R, O

LiA 5 B 3.4 A0 3.5 RIS LT AT 20461 5 — A E 2 E 2

EIHE 3.3 4 p=7 (mod8) N/NT 50,000 KIERHH p¢ F, WX TAEE o € Z;, 777E APS(p, o,
V2a), Horft F g XLBIHE 3.5, A4 16 1] BERIBIAME.
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HERE HeE 53 M2 M

*2 5|3 3.5% pec F #iE

P V2 13 w ot (21, 22,b;) (Ya, Zc, Ud, Ve)
2,671 468 469 7 15 (11,22,93014) (71,17463,15394,1737¢), (492,24595,192313,23123),
(8757,18999, 6310, 77412)
4,463 1,571 1,572 5 23 (3,16,25511) (31255,31102, 39133, 6254) - {1, w?, w2},
(51, 417810, 321018, 18222), (113612, 25813, 155220, 236719)
5,503 475 5027 3 7 (5,172,4026¢) (92, 37193, 49204, 48581)
6,791 982 983 T 7 (49, 86, 32656) (492,57693, 44184, 29541 )
8,647 93 8553 3 11 (53,194, 6763) (273,6254,43775,67816), (31,8072,30779, 58497)
28,463 4,042 24,420 5 19  (179,252,229216) (51, 253762, 46753, 155354) - {w* 1§ = 0,2,3},
(31255, 250927, 1516817, 6973g)
28,591 10,823 17,767 3 15 (41,220, 62457) (31,121682,39983,284714) - {1,w8},

(2435, 80346, 318413, 250243)

35,527 3,120 32406 3 31  (133,286,2618104) (31,214372,154933,293944) - {w 1 i = 0,1,2, 3,4, 6},

(3201221, 2654523, 900330, 204029)

39551 7,950 31,600 7 35  (17,168,22150s4) (168075, 178622, 135914, 383323) - {wh : 0 < i < 7}

4

e

AR (PS) 5T 4E (APS) RAG I RIS MR E E WA SR, 512 HMA S5

MWEAZEYIBR. BT E5 LT 08 M ZE R P ™8y, HAFAE M 0 RUIE 43 R g b A ST
p =7 (mod 8) ARKINIETY, B p> M55 p M LRI &G, 2 WS 2.1, 3.1 F1 3.2.
IR LR IE TV, AT p = 7 (mod 8) MIFEEL p, AAEE| p < 30,000 ) PS(p?) WIFFENE, RTF
141 ANATREBIAME (EEE 2.1), A HEFESRME T APS(p, o, v2a) FIAFEMERIBEAAEYE GEHE 3.1
A1 3.2), HHHE p < 50,000 B APS(p, o, v20) FIFFAENE, AUR 16 NATREFISME (EFE 3.3).

S

1

10

Abel R J R, Anderson I, Finizio N J. Necessary conditions for the existence of two classes of ZCPS-Wh(v). Discrete
Appl Math, 2011, 159: 848-851

Anderson I, Finizio N J, Leonard P A. New product theorems for Z-cyclic whist tournaments. J Combin Theory Ser
A, 1999, 88: 162-166

Chang Y, Costa S, Feng T, et al. Partitionable sets, almost partitionable sets and their applications. J Combin Des,
2020, 28: 783-813

Chang Y, Ji L. Optimal (4up, 5, 1) optical orthogonal codes. J Combin Des, 2004, 12: 346-361

Hu S, Ge G. Necessary conditions and frame constructions for Z-cyclic patterned starter whist tournaments. Discrete
Appl Math, 2012, 160: 2188-2198

Hu S, Ge G. Some new results on Z-cyclic patterned starter whist tournaments and related frames. J Combin Des,
2013, 21: 181203

Jones J W, Leonard P A. Z-cyclic whist tournaments for ¢? players. J Combin Math Combin Comput, 2008, 66:
215-223

Ko C, Sun Q. Lecture Notes on Number Theory (in Chinese), 2nd ed. Beijing: Higher Education Press, 2001 [fi#H,
hEE. BOR PR AR (). bt =S AL, 2001]

Lidl R, Niederreiter H. Finite Fields. Cambridge: Cambridge University Press, 1997

Watson G L. Bridge problem. Math Gaz, 1954, 38: 129-130

417


https://doi.org/10.1016/j.dam.2011.01.005
https://doi.org/10.1016/j.dam.2011.01.005
https://doi.org/10.1006/jcta.1999.2969
https://doi.org/10.1006/jcta.1999.2969
https://doi.org/10.1002/jcd.21744
https://doi.org/10.1002/jcd.20011
https://doi.org/10.1016/j.dam.2012.05.011
https://doi.org/10.1016/j.dam.2012.05.011
https://doi.org/10.1002/jcd.21313

BR%: WAL JLE AR

m

11 Zhang J, Chang Y. Partitionable sets and cyclic BSECs with block size four. J Statist Plann Inference, 2009, 139:

1974-1979
12 Zhou J, Chang Y. New constructions for partitionable sets and almost partitionable sets. ChinaXiv:202204.00126,

2022

New constructions for partitionable sets and almost
partitionable sets

Junling Zhou & Yanxun Chang

Abstract Partitionable sets (PS) and almost partitionable sets (APS) are two important types of combinatorial
configurations in the design theory. They have intimate connections with other combinatorial structures such as Z-
cyclic patterned starter Whist tournaments, cyclic difference matrices, cyclic balanced sampling plans excluding
contiguous units, disjoint difference families, and optical orthogonal codes. The existing problems of PS and
APS remain far from being settled as they demand stringent requirements. In this paper, we focus on the case
where p = 7 (mod 8) is a prime and establish new constructions for partitionable sets of order p? and almost
partitionable sets of order p. In particular, for p = 7 (mod 8), we show the existence of PS of order p? for a large
portion of primes p < 30,000, the existence and asymptotic existence of APS under certain conditions, and also
the existence of APS of order p for all primes p < 50,000 with 16 possible exceptions.

Keywords partitionable set, almost partitionable set, Whist tournament, cyclotomic class
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