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BE AXH® THEFETE. RKKRELKLAK Minkowski A= W ymEKE X Z, fIF LXK
HEHz ey —H MR, 4 T Minkowski £tk BRARAEKE, URKKRIETL X4 HKN
Minkowski 71t 2k #) — % 750 &A1

XEIE O RAREKE RARELXA Minkowski 4 b3k

MSC (2000) E£REsHZE 11H50,11H55

1 3|5

BREGZE ] R™ th—A> n 4EkE A ST A B = {by,...,b,} MERELMEA G4, A
A=7by @& ®Zb, = {3 wib | w0 €Z,1 <i<n}, BRI AL Yn>1H, # AGLEH
ZAHHE, EANTZ B AR B R B T AR RV ERE GL, (2).

AR, BEE A% TS DB A TUANWIR N, AR RGBOR 2 3 N T T T SR 27 (0 Ok 2 AUk
L BlnAE T SEARE VHEEOE DL R A TR, SO PR A i) AU A 3 SRAE R R TR P R
ZIBUAE (PRI [1-3] 55). P AR I8 —, wlg SR AR BRI (RIS Z1k), J ik
P i) B R AR DL B i 1) R TR IR AT RS

JTAERF I, A SC R KR S R S R A A L

KREBIEKE (Successive Minima) n Z4ikg A WK A (A), ..., A (A) ESCH (F]
S, 4] B (1, 5 1 )

Ai(A) :=inf {r > 0 | B(0,r) P EHFAMLIETC R FIEALS, WiL]S| > i}, 1<i<n,

B X (A) A RAR S DAL A b 0 ANEE TGO ) B R PR BRIK R R AR, A e R K R i
A P FEEREZ —. I XA, A(A) < -2 < A(A).
TORBIERKE (SMIV)  n 4itg A PR DMHPEMTRA S = {s1,..., s} FRAMKKES
TR,
|sill = min {||s}|| | s; € AR sy, s 1 ZRMETRY, 1<i<Ek.

5| A& Wang Y H, Shang S K, Gao F, et al. Some sufficient conditions of the equivalence between successive minimal
independent vectors and Minkowski-reduced basis in lattices (in Chinese). Sci Sin Math, 2010, 40(8): 723-730
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HHE LA, [[s1]] < -« < lsill FEH, BARE
Ai(A) < max{[[s1]], ..., [[sil[} = [|si]-

F— 710, X Ve >0, BUr = N(A) +¢, HH \(A) X, B(0,r) PRSI MIMED {t,..., 4},
Hp R ¢ 5 s1,..0,8i010 RPETEI O SMIV 152 30, w40 (s < 1G]] < 7 = M(A) +e. &
e — 0, BATFE |55 < Mi(A), N

R 1.1 SMIV K EME—HIC . 5 {s1,...,80) 2FE A I—4 SMIV, N

llsill = Ni(A), 1<i<Ek.

EFE A PEHLRNEL B = {by,..., b} AT, W B GBI 7N A —410E
5 [4] H, BT RPRRIAE (primitive) (YRR, (HAERKIE, A LMK A R A R R
AR

RBREETFERERKE  RETHRIREHRRE, A1 R i AR

pi(A) == inf {r > 0| B(O,r) PEAEFAMIETES LS| > i}, 1<i<n

XA R A PEEAHE, HHEARA 1 (A) < < pa(A).
Minkowski 91L& BT SMIV & X, n 4k A —HH TR B = {by,...,b,} KA
Minkowski Z1H0FE (RN M- JE), 2R

3] = min 6] | 8, € AFgby,..., by, MIRIETHEY, 1< <n.
M- FERORT b AT, B M- SEPEE. disE I, (o]l < --- < [1ball, 6 HL
N(8) < () < bill, 1<i<n,

16 M- SE O H R AR P SEF R by (KR TT AN — BT LIRS A (0 M- B2 ARME— (. A3, 3ok
[5] PP R IR S R, A ) Mo BEPR 4 AN ORI 1, A0 A (A), - Aa(A).
B 1.2 W B={by,....b) SF A4 M- JE, U]

[bll = Mi(A) = pi(A), 1 <i<min{4,n}.

B4 6 > 5 B, = AMKEHAZRTAAAESER () 1.3, W [1, 5 7 ). M H, Ryskov 1) TAERH,
MU > 7 B, AFAEAS A, FEASTR] M- OGN B (FEL [6]).

Bl 1.3 Won >4, ARKIRAER R Tl b =2, (1<i<n—1) Mb, =(1,....,1)7 KWK n
Ykt G50 B = {2e1,...,2e,} 5 A HIEE] N(A) =2(1 <i<n) FI—4 SMIV, HEIAZE A I3 5
—J7IH, A AR A AN BB A TR R b, 2 n > 5 I [|b]] = > A (A) = 2.

H b, Ma > 5 B A A T M- B b KA R N (A) AL SMIV B BE T4
SR A8 T IO () 1) 0. AN S Jeb A v R e 1k TG DG 4 S5 A OGS T AR Z IR O R IS, IE I T — N0
5P (Key Lemma). FIFX 450, TAILH T i > 5 B M- Feh i o; BEWIAE] N (A) 0267
A FIRERE T2 1 B, BATIHE T SMIV ik M- ZEFAEMIS1E, IERH Tt 3 A m 4Lkt SMIv
E AR M- BETAE TN 4 AN SMIV # AR M- 5T, HUBEEARF IR — G o, JFR I T2
T 4 AW R SMIV i M- JFER D& Ba, SHAIERE H SMIV 5 M- 3450 1L
Ao SAE
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2 XHE5IE

B BRI P S B B R AN 1B 156, N RO M) AT AR M, N A AR B
AR

5138 2.1 ([7, % 2 5], WK R B0 PR Hermite [IE M7 HNF) & M € 27 2 —ANifk oy
B, WIAFAE U € GL,(Z), 13 M = UH, X8 H = (hyy) & NSRS = /07, AN
TCEINT ARSI FTC. IXFE, BRI ¢ 45 hyy = 1, WILTAESD R 955 0 DN ERALA )6 ep. 1X
FE) H B85 (5B M 1)) Hermite AR,

5138 2.2 & B = {by,...,b,} KK b —4Ik Ik m &, B* = {b%,...,b5} X B {E
Gram-Schmidt 1EAA G143 B IEAZ ) 4, WX 2 € spang(B), fF7EM & a € spany,(B), #1715

x_a:Zﬁlb:a ﬂieRa
=1
WAL 85 < 1/2 R 1< i < n #BEOL.

ERR W 2 = Y, a;b) € spang(B), L an = [an] NI o, WIEWELR, o = 2 — axb, =
ST akby, BT b A by, fF spang{b,..., b5} LI, M

@) 1
UK TR i =n—1,n— 1 *J&ﬂab&u& AT o FEETR. O

R E&EE*TTJ;-EJE{\ ‘B Gram-Schmidt 1EASEE REUP A E < 1/2 BT, — i
HRELIL (size-reduction). VFZAREELM LA, 112544 1) LLL 5032, # A FZ 7 200 08 2L k47
21k

N T BRI WA S T A R AR

SIEE 2.3 CREESIHE)  BEA R n 4R, S = {s1,..., s} & A PN R, WAFEAE
A= DIETE R = {r,...,r} AT IEBE BRI =M T e 2% 13 S = RT. 3
—, WSt = {st, ., si ) MR =y, o) v ailad S M R A Gram-Schmidt 1EAZ 45 2 IEAT
WAL WA s = tyrd, FFHIMERM 1<i <k,

(1) 4ty =1, W r; = 553

(2) W ¢ > 2, FH

i—1 *112 2 ||5 |2 ||s
Z 55 \/ \/
||/"L‘|| < \l || || |S H < = e

Jj=1

WERR HFRUEM k=n . Mk <n B % S PN A o AL R

T, AT A 4158 R = {o), ...l ), WAFAESEREERE 77 € 270 ffif} S = R'T'. T
S RLMETRN, det(T7) # 0, B T/ 3Rk, RIS 2.1, /745 U € GL,(Z), (3 T' =UT, T H
J7FE T' 1f] Hermite 1IEMIY. & R=R'U, W R = {r,...,r,} Wk A B35, - HE

S=RT =RUT = RT.
XHE,
spang{si,...,s;} =spang{ry,...,r}, 1<i<n.
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M S* Al R* J& S Fl R A Gram-Schmidt 1EAZALIS2IHT, BT LA
spang{sy,...,s;} =spang{r],...,r’}, 1<i<n.

T st s 505004 s; Bl vy 76 spang {r, ..., 3 FIOEGE, MOSFTAR 1 <i<n, B sf = tyr.
WK i =1, n, R T H0 A ICHIG O, TEEIE ) & ey 2h:

(1) H ty; =1 I, 512 2.1, T 195 ¢ F AL e, B vy = s;. OIS AR %

(2) W, AEH t; > 2. Wu=r; —rf, W u € spang{s1,...,si_1}. HTIEL 2.2, fEEHRS AT

VELS1 D DLsi1 CLr D DLri—q,

i u—v=3") 85y, WL |8 < 1/2. Aif

2
3l

i—1 i1 ||s*
lu—vl? =3 Blls;I? < Y~
j=1 Jj=1
Ll =r—v, B i L(u—v) M

i=1 %2 ]2

e e Ly e e -

=1 i

ol A% v, W) {ry, oo, vl rign, o UDERE A I — 4138, AWiidh R.OIEEE, S X R AR

FRHEHE T st ST § SURII i — 1 7GR RER AN, HLS ¢ SILLR MR R
RIIE, B FHERE T AHRHE § < o, ARV T 3150451

RIS WA e, AR IG § A (1) A0 (2) 10 A 41 ©

HEIL 2.4 AERBESIEER, B EA S = {s1,..., s} BIHT k — 1 AN S 74, Wl L1

S R= (sv,. . ser, ) B K — 1 e RROOJEBE T, G4 S — RT, IR HIISE G

b, 45 5 FRITHE

i

- s s 12
Irsll < | 2 0+ T - <
=1

MERR FEOCHE BRI, B B v, 1S R = {s1,..., 861, 7} MG A RIERIEFAE, W) S K
T R AAARFEREIIRT £ — 1 FI g2 . ik, SR ERE G v, TN re. IXFE, 2 S A2
FEFAER, thr > 2, 1320 . (H R 4518, O
FIE AR 2.4, HIOTHEAS G 1.2.

k * k
VEL s S sl vk
< <=
2 2 2

max{||s;]| | 1 <1< k}.

3 Minkowski AHEREEKEIAE] N\, BIFEDFH

HB 1.3 AT o> 5 B M- JER ) A — o e IR SR Ui i I 5. AT IR 3 B, n SRA 1
MR UR o K A A S 3 TR AR A, L M- BRI ) K R R IA B IR e R KB

EIE 3.1 Bno>5, W g AL ST (A2 <3N (A)? GRS 0)), Xt 5 <j <k #
BT, XS A AR — M- JE TP (b, b, A

051 = A (A) = pji(A), 1<j<k.
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IERR NRHUAghEE. i 1.2, 291 < g <4 I GRBNOT. R EEERT 1 < < k-1 #or, it
B {b1, ... bg—1} 24l SMIV, B b}, € A, {73 {b1,...,bk_1, 0, } WAIE—HL SMIV, W] |6, || = A (A).
(1) ﬁﬂ%‘ﬁ {b1, ceey bk_l, b;c} %g/l\%¥;%7 J”JPE

1Bkl < 110RI1 = A (A) < s (A) < [lbw]]-

(2) 70, HEE 2.4 JRAAE Oy, APEESETHE (by.. . by, i} 73

(A2

[ :

R, | M- SR 5E XA

<

\/25;11 16:l1* + (|01 \/Zf=1 Ai(A)?
Tl < 5 = 5 = Ai(A),

1681l < llrell < Ax(A) < pr(A) < bx]l-

Zitr (1) M (2), 4 j =k B, g tsor. thIEghE nl 4538 BT O

e, AT RIS I A0 S A R

EH 3.2 =5, W 0 gl AR Ao <0 5 <<k #BEOT, X A AR M-
ST (b, b},

051 = A (A) = pi(A), 1<j<k.
WERR B, Mi=5 W, H

4

Z)\i(A)Q <AA(A)? < 3A5(A)?,

i=1
B Cs SEBOLI. A BB €5y AL, B Aot < 2 AT Rk

j—1 j—2
Ai(A)? =) (A2 4+ X1 (A)? <3N 1 (M) + X1 (M) = 40,-1(A)? < 3)N;(A)?,
=1 =1

B PE O or. JKREAIE Oy 5 < < b SO, HAEEE 3.1 ATRERIE. 0

4 HORREEXERA M- EFRIFTDFH

AATFRA TR PR KR L TE R SMIV FEAT A4 N RECH — N8, B /8 T i fij
WA 4.1 W {by, ..., bx} ST n GRS A T4 SMIV, WUR {by,... b} AEIETHE, W'E—ESR M-
FEPAE, BUZREAS M- JERIET & AN, R EA

bl = Ai(A) = pi(A), 1<i<k.

ERR HSE b 2 A PEENEHER R, B Minkowski ZLIEFE 1 AN, ik
{b1,... b1} A REHEA Minkowski ZJMLIERIHT @ — 1 AW, B o, € A A {by,... by, b} 2
HEAS Minkowski ZI4LFEMIHT @ N, BAREATLMETCIS. BT o] = Xi(A), HIA1

[[0s]] = Ai(A) < pa(A) < [|B7]]-
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N {by,... b} RAFETHE, B Minkowski Z16HEM)E X, EAXEH {br,..., 0} HE—A M- BT,
FL 0[] = Xi(A) = pa(A) = [[07]]. A 2L e, O
TR E B AT A 1R
EH 4.2 W {by,..., bk} £ n 4EKE A 141 SMIV, I
(1) M 1<k <3BF, {br,... by} A& M- FETAE, BB (|b;] = Mi(A) = wi(A) (1< i < k).
(2) 4 k=4 B, fEERE M5 0 € A, AT1F {b1, b2, b3, b} FIRE M- B4R, IF A IEHE4L ¢, 1115

by € dbil + spanZ{bl,bg, bg}

(i) 47 d =1, W {b1,ba,bs, bs} & M- FETHE BUIN [|by]| = As(A) = pa(A);
(i) # d > 1, W) {b1, b2, bs, ba} A M- FETEE. BEIF by, bo, bs, by & HAHIEAS S K M &, H.

3
1
bﬁl = Q(ijbj +b4>,
J=1

oy = £1, [0 = \(A) = py(A), 1<5 <4

(3) 4 k>4 I, 5 AT S0I70 N (A)2 < 3 (A)? (B ) 4 < j <k BROL, W {by,..., bi}
M- T HA (o] = X(A) = 1y (A) A< <k).

HERR (1) 1< k<3, EERAOL, WA § < kAT (b1, ... by} TR {b1,...,b;}
AEIETAE, IRPEHEIS 2.4 TN, A IEFAE {by, ... by 1,7y} AL
Vi
2
T AR (|bs]] = A (A) < Iy, AT .

(2) B (1) F1, {b1, b2, b3} & A M DEETH T {b1,..., b}, HORHEEGI L, AAARITAE {by,. ..,
bz, by} FIIEREEL tay, 1S by € tyab) +spang{by, ..., b3}. & d = ty, WAH:

(i) #7 d =1, WA by € dby + spang {by, b, bs}, T {by, ..., ba} WIREEETEE, 4510 MOL.

(i) 7 d > 1. BRI, B [Joa]] < [Jo2]] < [10a]l < [Jball, 7521

ERTT T EITISTCRRYo Deitd [ VO Seien (15
||b4||A4<A><||ba||<¢Z iy L1 VEaly <V ] < bl

sl < 5= 11051 < [1;1]-

, 4 az = 2 2
7j=1

PRI, E TN A K R — AR A, XA (104 = (b1l = - = [[bal], FEH. d = 2, [|b5]] = [[b;]], %

1< <4 #or, IR {by, ..., b5} 42 {b1,...,bs} il Gram-Schmidt IEAZAF I 4. L, X 5F
N1 <4, b =by XFERE] by, by RBILIEAZRSFK RS, 1T d=2, AKX

3
2b£1:ijbj+b4, €T 7.
j=1

TR AT,

3
4l[41% =D a3 11b;1* + l1bal?,

Jj=1

B 2f 4+ 2 + 23 + 23 = 3, I 27 = 1,2; = +1,1 < j < 3. 45R3RILE.
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(3) FREHHEG 2.4, 2 {br, ..., ba) ARIETHE, WAFLEIETIE (b1, by, b4}, 449
SR AP
ol = () < i < Y20 ; _ VAT Tl

2

= [1all;

REIPIE. B {by,. .. e} & M- BETHR 0 5 < <k, MM Cf MIFEIFERGHEEL, HIAG0EnI15
{br,... bk} A= A M- HEF4R O

EIE wH 4.2(2) 1Y (i) KM, H 4 DR SMIV W RAEIE TR, A EHAEEE 1

WG REIT. 2 n =40, {21,2€2,2e3,2e4} 2k A )41 SMIV, (HEIAZ A (2. Ak

{2e1,2e0,2e3,1} 1 1= (1,1,1,1)" $UF2E S50, 2¢

%M?%@32&Mﬁ

EH 4.3 Bn>5 45 G AL S0, (M) <3002 JFH MR < B X5 <<k
HERAL, WA SMIV{bl,.. b} M- T HAT ||b4||:)\4() (M), 1< 5 <k

WERR MRAEE R 4.2(3), BATHFHERALRANT Cf XF 5 < j <k HEAL é j =51,

Z Ai(A)? = 23: Ai(A)? 4+ A5 (A)? < 40g(A)? < 3M5(M)?,
RISt CF Wor. s B354 gj’l L AT, )
le Ai(A Z Ni(A)2+ X 1(A)? <401 (M) < 3),(N)3,
HIHZATI 2, 28 CF X 5 < j < k #AL. O

W, it E—1 EPEIE 3.1 fl 3.2, WAVH BN SMIV 5 M- FeFEEM T 0 414
FHE 4.4 W B={by,....b} & n 4k A PRILMET R M EA,

(1) 4 1 <k <min{3,n} HT N B & SMIV& B J& M- 374,
(2) 4 k> 4 i},

(i) %At (C)) *t < J
(

<k %ﬁiu N B /& SMIV& B & M- 574
i) #5&AF (C) oL, IFH.

Ai-1(d) _ V3
(A T2

X5 <G <k WAL, W B & SMIVe B & M- AL 4R |

S 3k

1
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Some sufficient conditions of the equivalence between successive
minimal independent vectors and Minkowski-reduced basis in lat-
tices

WANG YuanHua, SHANG ShiKui, GAO Feng & HUANG MingQiang

Abstract In this paper, we discuss the relationship of vector length among the subsets of basis, successive
minima independent vectors and Minkowski-reduced basis. We get some sufficient conditions under which the
length of Minkowski-reduced basis reaches successive minima. Furthermore, some sufficient conditions are given
under which successive minima independent vectors become Minkowski-reduced basis.

Keywords: lattice, successive minima, successive minimal independent vectors, Minkowski-reduced basis
MSC(2000): 11H50, 11H55
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