SCIENCE CHINA @ CrossMark
Mathematics ¢

« ARTICLES - October 2025 Vol.68 No.10: 2285-2312
https://doi.org/10.1007/s11425-023-2372-1

The Lang-Trotter conjecture for the elliptic curve
y? = x>+ Dx

Hourong Qin

School of Mathematics, Nanjing University, Nanjing 210093, China

Email: hrgin@nju.edu.cn

Received September 27, 2023; accepted December 24, 2024; published online May 23, 2025

Abstract Let E be an elliptic curve over Q. Let ap denote the trace of the Frobenius endomorphism at a
rational prime p. For a fixed integer r, define the prime-counting function as 7g ,(r) = Zpéx,mAE,ap:r 1.
The Lang-Trotter conjecture predicts that

7E@) = i 20 +o( 1)

logx

as x — oo, where Cg , is a specific non-negative constant. The Hardy-Littlewood conjecture gives a similar
asymptotic formula as above for the number of primes of the form axz? + bx + c. Assuming that the Hardy-
Littlewood conjecture holds, we determine the constant Cg,, . for Ep : y2 = 23 + Dz. As a consequence, we
establish a relationship between the Hardy-Littlewood conjecture and the Lang-Trotter conjecture for the elliptic
curve y2 = 23 + Dxz. We show that the Hardy-Littlewood conjecture implies the Lang-Trotter conjecture for
y? = 23+ Dz. Conversely, if the Lang-Trotter conjecture holds for some D and 2r (for y? = x3 + Dz, p{ D, ap is
always even) with the positive constant Cg, ., then the polynomial 22 4 12 represents infinitely many primes.
For a prime p, if ap = 2r, then p is necessarily of the form x2 4+ r2. Fixing r and D, and assuming that the
Hardy-Littlewood conjecture holds, we obtain the density of the primes with a, = 27 inside the set of primes of
the form 22 + r2. In some cases, the density is 1/4, which aligns with natural expectations, but this does not

hold for all D. In particular, we give a full list of D and r when there is no prime p for ap = 27.
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1 Introduction

In this paper, we establish a relationship between the Hardy-Littlewood conjecture and the Lang-Trotter
conjecture for the elliptic curve y? = 23 + Dz. Let us recall these two conjectures first.

Let E be an elliptic curve defined over the rational number field Q with discriminant Ag. For any
prime p, we denote the finite field of p elements by ;. As usual, we use Ep for £ ®z, ), if E has good
reduction at p. When F has good reduction at a prime p, we define a, to be the trace of the Frobenius
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automorphism ¢, on the first étale cohomology of El; it is known that a, = 1+p— #Ep (Fp) is an integer.
Then ¢, satisfies the equation

2? —ay,z+p=0. (1.1)

The problem of determining the precise value of a, is of special interest but is very difficult in general.
We only know the necessary and sufficient condition for a, = 0 in the complex multiplication (CM) case.
Suppose that K is an imaginary quadratic field and £ has CM by an order in K, i.e., Endg(F) @ Q = K.
Then by Deuring’s theorem [5], for any prime number p of good reduction for E, we have

ap = 0 & p is inert in K.

Let E be an elliptic curve defined over K. In 1987, Elkies [6] proved that in the non-CM case, if [K : Q)
is odd, then E has infinitely many supersingular primes.

By the Hasse inequality, a, € (—2,/p,2./p). Two celebrated theorems describe the distribution of 2‘1—\%
in (—1,1) as the rational prime p varies. In the CM case, it is Deuring’s theorem [5]; in the non-CM case,
it is the Sato-Tate conjecture (1960) and proved by Clozel et al. [3], Harris et al. [9] and Taylor [26].

For a fixed integer r, define the prime-counting function

e (x) = Z 1.

p<z,ptAp,ap=r

Observe that a, € (—2,/p,2,/p). If we conceptualize Prob(a, = r) having an asymptotic value ﬁ, then
1 1 &

WE,T(Z‘)% —_—— .
= 4,/p 2logx

By studying a probabilistic model consistent with the Chebotarev density theorem for the division fields
of E and the Sato-Tate distribution, Lang and Trotter [16] generalized the Mazur conjecture, as explained
below, and formulated the following conjecture.

The Lang-Trotter conjecture (1976). Let E be an elliptic curve over Q and r be a fixed integer.
If r = 0, we have to assume additionally that E has no complex multiplication. Then
NG N O( NG >

r =C rt T
() B logx logx

as ¢ — 0o, where Cfg , is a specific non-negative constant.

This conjecture has not been proved for any single elliptic curve. If the constant C'g , = 0, we interpret
the asymptotic to mean that there are only finitely many primes p for which a, = r.

The phenomenon of a, = 1 is of special interest and such primes are named anomalous primes by
Mazur [17]. By [17], one can see that the anomalous primes are critical in the study of the Shafarevich-
Tate group and Iwasawa theory of an abelian variety. Mazur [17] asked the following question:

Can an elliptic curve possess an infinite number of anomalous primes?

Furthermore, Mazur [17] proposed the following conjecture.

The Mazur conjecture (1972). Let D be a rational integer which is neither a square nor a cube
in Q(v/=3). For the curve Ep : y* = 23 + D, there are infinitely many anomalous primes for the elliptic
curve Ep. More precisely, let A.P.p(N) denote the number of primes less than N which are anomalous
for the elliptic curve Ep. Then we have the asymptotic estimate

VN

APD(N) ~ ClOgN

as N — oo

for some positive constant c.

We have proved in [18] the following result.
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Theorem 1.1.  The Hardy-Littlewood conjecture implies the Mazur conjecture, except for D = 80d°,
or D = —268912d°, where d € Z[H'T‘/:D’] with d° € Z is a nonzero integer. Moreover,

A.P.p(N) ~ as N — oo

ClogN
for some positive constant c.

Conversely, if the Mazur conjecture holds for some D, then the polynomial 12z + 18z 4 7 represents
infinitely many primes.

For related discussions and further results, we refer to [1,4,12,14,15,19].

Before we state the Hardy-Littlewood conjecture, let us take a look at the polynomial 2% + 1, a specific
example in degree two. A natural question is the following:

Can p = 2?2 + 1 represent infinitely many primes (z € N)?

This question is sometimes called the Euler conjecture in the literature. It is the first one of four basic
questions about primes listed by Landau in his talk in ICM1912 in Cambridge. We have no answer to
this question yet. However, progress can be found in [11].

When we consider the same question for general quadratic polynomials, we have the well-known Hardy-
Littlewood conjecture.

The Hardy-Littlewood conjecture [8]. Let a, b and ¢ be integers subject to the following
conditions:

e @ is positive;

e (a,b,c) =1;

e a+ b and c are not both even;

e D =b? — 4ac is not a square.
Let P(n) denote the number of primes less than n which are of the form az? + bz + c¢. Then we have the
asymptotic estimate

P(n) ~ d(a,b,c) 1;/;; as n — 0o, (1.2)

where

D
ged(2,a + b) p ( () >
d(a,b,c) = =—">= | I — 1-— (1.3)
Ve plamlbp_lp’(a p-1
p>2 p>2

is a constant. In particular, there are infinitely many primes of the form ax? + bx + c.
Let us compare this conjecture with a classical result due to Dirichlet.

Dirichlet’s theorem. Let m and a be relatively prime positive integers. Then there exist infinitely
many primes p such that
p = a (mod m),

i.e., mx + a represents infinitely many primes.

Let w(n,m,a) denote the number of prime numbers p < n such that p = mx + a. Then

1 n

— — 00.
¢(m) logn as n 0

m(n,m,a) ~

Here, ¢(-) is Euler’s totient function.
Therefore, Dirichlet’s theorem provides the asymptotic formula for the number of primes represented
by polynomials of degree one, and thus establishes the existence of infinitely many such primes. However,

when we consider the situation for the polynomials of degree two, the problem becomes exceedingly
difficult.
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The purpose of this paper is to study the Lang-Trotter conjecture for the elliptic curve y2 = 2 + Dz.
Roughly speaking, we show that in our situation, the validity of the Hardy-Littlewood conjecture and
that of the Lang-Trotter conjecture are equivalent.

Let D be a nonzero integer and Ep be the elliptic curve of the affine equation y? = 2% + Dx. Then
Ep has CM by Q(v/—1). By Deuring’s theorem, if a prime p = 3 (mod 4), then a,(Ep) = 0. On the
other hand, if p =1 (mod 4), then p is the sum of two squares. It turns out that for p = r% + 22, we have
ap(Ep) = +2r, +2x. Meanwhile, if a,(Ep) = 2r, then p must be of the form r? + z2. Fix r. If a prime
p belongs to the quadratic progression 72 4+ 22, then there are four possibilities for a,(Ep). All primes
p belonging to 72 + 2 for which a,(Ep) = 2r represents, asymptotically, a non-negative fraction of the
total number of primes of the form 2 + 22. We refer to this fraction as density. A natural question is:
is this density 1/47 In some cases, the density is 1/4, but it fails to be true for all D. It happens that
for some D and r, there are no primes p such that a,(Ep) = 2r. We give a full list of such D and r.
Furthermore, the Hardy-Littlewood conjecture implies that for any D and even r, it is impossible that
the density for a,(Ep) = 2r is equal to 1/4. Assuming that the Hardy-Littlewood conjecture holds, we
show that this density exists for each D. The explicit values for the density will be given as the main
results of this paper. Applying the density results and the Hardy-Littlewood conjecture again, we show
that the Lang-Trotter conjecture holds for 42 = x> + Dax.

Theorem 1.2.  The Hardy-Littlewood conjecture implies the Lang-Trotter conjecture for y?> = x>+ Dx.
Moreover, for any non-zero integer r,

TEp,2r(T) ~ 0 as T — 00

' logz

for some non-negative constant 9.
Conversely, if the Lang-Trotter conjecture holds for some D and r with the positive constant Cg,, 2r,
then the polynomial x2 + r? represents infinitely many primes.

The constant ¢ will be given explicitly in this paper. In particular, we give a full list when the constant
§ = 0. Recently, joined with Hu and Lei'), we show that the constant § keeps consistent with the constant
suggested by Jones [13]. In this paper, we will directly cite some knowledge about quartic reciprocity
and elliptic curves without further explanation. Readers may refer to references such as [7,10,20-25].

2 Preliminaries

Let D be a nonzero integer and Ep be the elliptic curve: y? = 23 + Dx. For any odd prime p { D,
ap =1+ p—#Ep(F,). The following well-known result is useful for us to compute the values of a,.

Lemma 2.1 (Gauss). Letp=a?+ 8% (o, B € Z) with a =1 (mod 4) be an odd prime. Then

(:%) = 2a (mod p).

I
Proof.  See, for example, [2]. O
Lemma 2.2.  Let p be an odd prime. Then fort 0 (mod p — 1),

p—1
Z ' =0 (mod p)
=0
and
p—1
Za:p_l = —1 (mod p).
=0

D Hu L X, Lei K S, Qin H R. The Lang-Trotter conjecture for CM elliptic curves and the Hardy-Littlewood conjecture.
Preprint
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Proof.  The result follows immediately from a direct computation. O

Lemma 2.3. Let E be the elliptic curve: y*> = 2 + Dx, and p=1 (mod 4) be an odd prime. Then

p1 —
ap, = pzl D™+ (mod p).

Assume further that p = o®+ 32 (o, B € Z) with a = 1 (mod 4) is a prime. If pt D, then a, = +2a, +20.
More precisely,

2a, if DY =1 (mod p),

—2a, ifDI%1 = —1 (mod p),

®=428  #D* =2 (modp),
«Q

—28, szprl = —g (mod p).
Proof.  Let p{ D be an odd prime. Then
p—1 3 p—1 , 3
- +D +D
#ED(FP) = 1+Z <1+ <w>> = 1+p+z (W)
=0 z=0

Note that

3 D p—1
(m) = (2®+ Dz) = (mod p).
p

Hence, if p =1 (mod 4) is a prime, then by Lemma 2.2,
p—1 3 p—1 p—1
x° + Dx p—1 = p—1
ap(Ep) = — Z (p) =-— Z(x?’ +Dzx) 7 = (;;21 ) D™+ (mod p),
=0 z=0 4

and if p =3 (mod 4) is an odd prime, then a, =0 (mod p), and hence a,, = 0 by the Hasse inequality.
Now assume that p = o + 82, where o, 3 € Z with @ = 1 (mod 4) is a prime. By the Gauss lemma

p—1
(1731) = 2a (mod p).

4

(see Lemma 2.1),

On the other hand, D = +1, j:g (mod p), so the result follows by applying the Hasse inequality
again. O

Let D be a nonzero integer. Fix an integer r. If p { D with a, = 2r # 0, then p must be of the form
r? + 2. In fact, since p { D and a, # 0, p is the sum of two squares. By Lemma 2.3, we can write
p = r? + 2% On the other hand, if p = r? + 22, then a,(Fp) = £2r, +2z. There are four possibilities
for a,(Ep). We are interested in the distribution of such four possibilities for a,(Ep). To study this
distribution, we introduce the following definition.

Definition 2.4. Let Ep : y2 = 2% + Dx. Put
Q(r,N) = {p| p prime,p = r* + 2> < N}.

For any integer r, we put

#{p | aP(ED) =2r,pe Q(T, N)}
#Q(r,N) '

ap(Ep,2r) =limy_ e

We simply write a,(2r) for a,(Ep, 2r).
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Therefore, a,(Ep,2r) represents a natural density for all primes with a, = 2r inside primes of the
form 72 + 2. We show that a,(Ep,2r) exists in the next section.

We now recall some basic facts about the biquadratic residue. By definition, a nonunit a + bv/—1
€ Z[\/—1] is primary if either a = 1,b = 0 (mod 4) or a = 3,b = 2 (mod 4). Let 7 be a prime primary
element in Z[y/—1] with 7 { 2. For any A € Z[\/—1], relatively prime to , the biquadratic residue symbol
(character) (2)4, which takes values £1 and =£+/—1, is characterized by the congruence

<A>4 =277 (mod 7).

s

Theorem 2.5 (The law of biquadratic reciprocity).  Let A and 7 be relatively prime primary elements
in Z[/=1] with 12 and A\12. Let (2)4 denote the biquadratic residue character. Then

(2),= (5), o

For a rational odd prime p = o? + 32 with a odd, by a choice of signs, we assume that 8 > 0. Suppose
that p = pp is its prime factorization in Z[v/—1]. Assume that p = a+ Sv/—1 is primary. When D is a
nonzero integer with p 1 D, for convenience, we use (%)4 for (2)4. Under this setting, in Z/pZ, we have

V-1=a/p (mod p) and ’
(D)4 = D" (mod p).

p

The following lemma gives the precise value (%)4 for D = 2.

Lemma 2.6.  We have the following formula for 2t T (mod p):

1 (mod p), if 3=0 (mod 8),
—1 (mod p), if =4 (mod 8),

[\)
S
N
Il
SRS

(mod p), if B =2a (mod 8),

_g (mod p), if B =6a (mod B).

Proof.  Let p = a? + 32 with a odd be a prime. Clearly (5) = 1. Since (o + B)? + (o — B)? = 2p, we

have
(0‘ + 5) _ (—1)k(e+B?-D
p
and ( 9)? 8
o+ _
= 2- o (mod p)
Hence,
p—1 p—1
p—1 (77 a+p)z
2" 1 = ( P L (mod p)
o 4 o 2
It follows that
2" T = (a+ﬂ)p2l . ﬂip_l (mod p)
o~ 2
_ pillatp)’-n  p-rgt
- a%((cﬁ-ﬂ)?—l) ) a*% (mOd p)
_ Bian)
= 1@ (mod p)
aB
= p (mod p).

Q
o2
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Note that § = 2« (mod 8) if and only if af = 2 (mod 8), and 8 = 6a (mod 8) if and only if a8 = 6
(mod 8). Hence, ' =1 (mod p) if and only if 8 =0 (mod 8); 2fr =1 (mod p) if and only if 8 =4
(mod 8); 2f T = g (mod p) if and only if 8 = 2 (mod 8); 25T —g (mod p) if and only if § = 6
(mod B). O

Remark 2.7. Dirichlet gave a beautiful criterion for the solvability of z* = 2 (mod p). The proof
given above was inspired by his idea.

As an immediate application of the law of biquadratic reciprocity, we have the following lemma.
Lemma 2.8. Letp=1r2+22 andp' =r>+ 2% be two primes. Assume that D is an odd integer.

(i) If z =2’ (mod D), then (%) = (L.

p

(ii) If x = 2’ (mod 4D), then (% 4= (5)4.
(iii) If z = 2’ (mod 8D), then (%)4 = (21)—[,))4.

We conclude this section by giving the following lemma, which is useful in the next two sections.

Lemma 2.9. Letl =3 (mod 4) be a prime. If 1 >3 and 1 <k < %, then

-1
ordl< 4 ) =1;
k(l—1)

(k(l;ll)) =0 (mod D).

Proof.  Assume that m is a positive integer. For a fixed prime [, we write m = ag + a1l + --- + a,l",
0 < a; < I. A useful formula for ord;m! is the following:

in particular,

1
ord;m! = ﬁ(m— (ap+ a1+ -+ ay)).

It is easy to see that

12—1_3l—1+l—3l
4 4 4 7
E(l—1)=1—k+ (k- 1),

2-1 1-3 31— 1
1 —k(l—l)—<4 —k)l+4 +k

Since [ > 3,

This completes the proof. O

3 a,=2 (mod4)

In this section, we consider the case where a, = 2a with o =1 (mod 4) being a fixed integer. Suppose
that p = o2 + 2 is a prime. Assume that 3 takes the values from the arithmetic progression 4Dx + 2k.
Consider the quadratic polynomial in one indeterminate x:

p(D,a,k,x) = o® + (4Dz + 2k)* = 16D?*x? + 16kDx + 4k* + o> (3.1)

One can see that p(D, «, k, x) satisfies the assumption in the Hardy-Littlewood conjecture if and only
if (4k* + a2, D) = 1.
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Let
H(D,a)={k|1<k<2D,(D,4k* +o?) = 1}. (3.2)

To count the elements in H(D, «), we introduce the following notation.

Notation. Given a prime [, we define

(") i, if =3 (mod 4) or [ =2,
T f—
I"=Y(1-2), ifi=1 (mod 4).

Extend this definition to any integer D € Z by defining 7(4+1) = 1 and

(D) = [[r@).

1D

It is clear that for two nonzero integers D and ¢, Ep is isomorphic to Ep;a. Thus we may assume that
the general D is of the form as follows:

D=+27pi--prqr--qs)* (b 1),

where ¢ = 0,1,2,3 and p;,¢; and [; are distinct odd primes. We write D = dd, where (d,d) = 1 and for
any odd prime [ if [ | d, then ! | . By this definition, (D, ) | d, but it is possible that (D, a) # d. For
a non-zero integer n, we define Rad(n) = H”n l, where the product is over all odd prime factors of n.
Then d and d are determined by D = dd, d > 0 odd, Rad(d) | a and (a,d) = 1. With this notation, we
have the following lemma.

Lemma 3.1. Let ¢(-) be Euler’s totient function. Then #H(D,«) = 2¢(d)7(d). In particular, If
(D,a) =1, then #H (D, a) = 27(D).

Proof. By definition, we have
H(D,a)={k|1<k<D,(D,4k* +a?®) =1} U{k | D+ 1<k <2D,(D,4k* + o?) = 1}.
We have
#{k|1<k<D,(D,4k* + o) =1} =#{k | D +1< k <2D,(D,4k*> + o?) = 1}.
Write t(D, o) = #{k | 1 <k < D, (D, 4k% 4+ o2) = 1}. If D = D, D, with (D1, D) = 1, then
t(D,a) = t(Dy,)t(Da, ).

We see that t(d,a) = ¢(d) and t((d,a) = 7(d). Hence, #H (D, a) = 2¢(d)(d).
When (D,a) =1,d=1and D = d, hence #H (D, a) = 27(D). O

It is easy to see that H (D, «) can be partitioned into the following disjoint union of two subsets:
H(Daa):HI(Daa)UHII(Dva)v (33)
where

Hi(D,a)={k e H(D,a) | k=1 (mod 2)}, (3.4)
Hi(D,a) ={k € H(D,«a) | k=0 (mod 2)}.

We use Q (o, 00) for the set of all primes which are of the form p = o? + 82. For a positive integer N,
let

Qla, N) ={p < N |p € Q(a,00)}. (3.6)
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For k € H(D, ), put

P(D,a,k,N)={pe€ Q(a,N) |p=p(D,a,k,z) for some z € Z}, (3.7)
P(D,a,k) ={p € Q(a,00) | p=p(D,a, k,x) for some x € Z}.

So we have a disjoint union

Q(a,N) = U P(D,a,k,N). (3.9)
k€H(D,x)

The Hardy-Littlewood conjecture predicts that for the fixed D, « and k,

VN
P(D,a,k,N) ~c¢(D,a, k)—— 1
HP(D. k. N) ~ e(Do ) (3.10)
as N — oo, where ¢(D, o, k) = §(16D?,16kD, 4k* + o?) is a constant. Applying the explicit expression
of the constant given by the conjecture, we can show that ¢(D, «, k) does not depend on k € H(D, a),
which enables us to write ¢(D, a, k) = ¢(D, a). Therefore,

#Q(a, N) ~ (1, 0,042)@\/_ ~ 2¢(d)T(d)c(D, a)@v. (3.11)
Suppose that pr,, Pk, - - - Phy, py € Q(a, 0) with pg, € P(D,a,k;) and pg, 1 D. Put

P(D, ) = {prysPrss - -+ s Phor i }- (3.12)

Corresponding to the partition of H(D, «), the primes set P(D, «) can be partitioned into
P(D,a) = Pr(D,a) U Pr(D,a), (3.13)

where

Pr(D,a) ={pr € P(D,a) | k=1 (mod 2)}, (3.14)
Pri(D,a) ={px € P(D,&) | k=0 (mod 2)}. (3.15)

Then #P(D,a) = #H(D, a).
We introduce the following summations:

S Pmy= 3 (?)7 > YD) = (?)4. (3.16)

pEP(D,a) pEP(D,a)

2(2)(D) (resp. 2(4)(D)) will be simply denoted by 2(2) (resp. 2(4)) if no confusion arises. For
oc=2,4and k =1,II, we put

Z:’) - (?)U' (3.17)

pEP.(D,a)

Of course, (%)2 = (%) is the Legendre symbol.
It is immediate that

Z(U) = Z(:) + ZS) . (3.18)

We want to determine the exact number of primes p € P(D, o), for which (%)4 equals a fixed value in
{£1, +i}.
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Let
xa:#{p‘aP:2avp€P(Daa)}a
T = #{p ‘ ap = —20£,p € P(D,Oé)},
'T/B = #{p | ap = 2B7p S P(D,O{)},
g = #{p | ap = _257]9 € P(D,Oé)},
equivalently,

To =#{p| D& =1 (mod p), p € P(D,a)},
v_a=#{p| DT = -1 (mod p), p € P(D,0)},

xg = #{p’Dy41 = g (mod p), p € P(D,a)},
T_g= #{p‘Dp‘ll = —g (mod p), p € P(D,a)}.

Theorem 3.2.  Assume that the Hardy-Littlewood conjecture holds. Then
e

Ep,2a) = ————— Ep,—2a) = —————. 3.19
B2 = ity @) 2@ (19

Proof.  Recall that
Q(r,N) = {p | p prime,p = r* +2° < N}.

By definition,
#{p ‘ ap(ED) = 27",]) € Q(T, N)}

ap(ED, 27’) = th—)oo

#Q(r, N)
Let p = a® 4+ 22 be a prime. By Lemma 2.8, if p,p’ € P(D, a), then (%)4 = (}%)4. With the notation as
above, we suppose that 1 < k;,...,k;, < 2D are integers such that

(G5e)
— ) =1
pk‘j 4

#{p | ap(Fp) = 20,p € Q(a, )}
#Q(a, N)
ijil #P(D, «a, kij)
#Q(a, N)
xac(D,a)lg\[
#H (D, a)e(D, o) 225

We have

ap(Ep,2a) = limy 00

=limy oo

=limy 00

Lo

2¢(d)7(d)
The case where a, = —2a can be checked similarly. O

Lemma 3.3. Let D and D’ with (D,D’) =1 be two odd integers. Then for x = 1,11,
sP(DD') ==P(D)SP(D), =M (DD') = £ (D)D) (3.20)

Proof. Tt is sufficient to show that %" (DD") = n® (D)E,(f) (D). By the Chinese remainder theorem,
we see that there is a canonical bijection between the set of {2k (mod 4DD’),k is odd} and the set of
pairs {(2t (mod 4D),2s (mod 4D")),t and s are odd}. The same is true if we replace “odd” with “even”.
With the help of the law of biquadratic reciprocity, we obtain (3.20). O
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We set the following notation:

Y =#H(D,«a) =2¢(d)7(d). (3.21)
Lemma 3.4. IfX® € 7Z, then
! @ | 9@ 1 @) _ oy(@)
xa:Z(ZJrZ +2%5%), x,a:Z(ZJrZ —2¥xW).
Proof. It follows immediately from the system

To+T_gt+xg+a_g=2,
To —Too+ (15 —2_5)Y/—1 =350, (3.22)
To+T_o—25—2_5=23),

This completes the proof. O

In the following, we first establish the density results when D is a prime. The conclusions are applicable
for D to be any nonzero integer. In the following lemmas and theorems, except for Lemma 3.12, we assume
that the Hardy-Littlewood conjecture holds.

It is immediate that for any odd prime [, 252) = §21) .

Lemma 3.5.  For any odd prime l, 232) = (121) =-1.

Proof.  Let | be an odd prime. Fix . Then

1
) o + 9%\ _
E ;= E (l =—1 (mod I).
y=1
Clearly, we have |Z§2)| < I, and hence

Z(IQ) =—-1 or Z(:) =1-1.

However, Z(IQ) is odd, and hence Z?) =-1 O
Lemma 3.6. Let [ be an odd prime. Fix an odd integer . Then
(1)
z:(4) L if 1=5,7 (mod 8),
I -1, i 1=1,3 (mod 8).
(2)

Z(4) R if 1=3,5 (mod 8),
11 -1, f 1=1,7 (mod 8).
(3) Forp € Pr(D,a), (%)4 = —1, and for p € Pr;(D, ), (771)4 =1.
Proof.  Assume that [ = 1 (mod 4) is a prime. For any prime p of the form o? + (4ly + 2k)?, we may

assume that o + (4ly + 2k)v/—1 is primary. Write [ = pp for the prime factorization of [ in Z[v/—1]. By
the law of biquadratic reciprocity,

! _ PP
<a+(41y+2k)ﬁ>4 B (a+(4Zy+2k)m>4
_ (a+(4ly+2k)\/?1> <a+(41y+2k)ﬁ>
P 4 P 4
=(a+ 2k\/—71)%(a —2kv/=1)30D (mod p).
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Therefore,

l

0 =3 (a+26v=1)T (a - 2kv/=1) D (mod p)

k=1
= Z (2kv/=1) 7 (—=2kv/=1)50= (mod p)
k=1

(1= D)(=1)30"D (mod p)
(mod 1), ifli=5 (mod 8),
(mod l), ifl=1 (mod 8).

Since |E§4)| is odd up to I,
E(4) _ ]., ifl=5 (mod 8),
! ~1, ifl=1 (mod 8).

It is easy to see that for a prime I =1 (mod 4), 234) = Z%).
Assume now that [ =3 (mod 4). If k is odd, then by the law of biquadratic reciprocity,

(v vames) () (),

Hence,

l
S =N (a+2ky/1)F ) (mod 1)

= Z(zkf)

(mod 1)

2

=—(—1)(=1)"= (mod I)

»n@ _ (71>12T71 _ -1, ifl=3 (mod 8),
! 1, ifl=7 (mod 8).

If k is even, then the law of biquadratic reciprocity implies that

(a+(4lyi2k>ﬁ)4 B (WL

A similar computation as above shows that

121 1, ifl=3 (mod 8),
S =—(-1)F = o
-1, if1=7 (mod 8).

This proves (1) and (2).
(3) is immediate.

Theorem 3.7. Assume that D =1 is an odd prime.
Ifl =1 (mod 8), then

-5 -1
a,(2a) = a
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Ifl =5 (mod 8), then
-1 -5
Clp(QOé) = U,p(—QOé) = m

Ifl =3 (mod 4), then
-1

41 -
Proof.  We have the following computation for ¥, £(2) and X4,
For I =1 (mod ),

ap(20) = a,(—20) =

y=2(1-2), 2®=_-2 3xW=_9

For I =5 (mod 8),
y=2(1-2), 2@ =_2 x@W=2

For I =3 (mod 4)
vy=2, 2@ =_—2 x@W_=y

Now the result follows from the formula, i.e.,

1 1
zo = 7 (2 + @ pox®) gz, = ks 2@ _9xn®),

This completes the proof.

For
D=42"py--pelqr--qs)* (- 1e)?,
where 0 = 0,1,2,3 and p;, q; and [; are distinct odd primes. We define
e §=0if D>0and d =1if D <0;

o ri=#{l|p1-prl =i (mod 8)};
o ti=#{l|l--1;,l =i (mod 8)}.

2297

For a rational odd prime p = a? + 32 with « odd, replacing o by —a if necessary, we can specify a

uniquely by a« = 1 (mod 4). This choice is assumed from now on.
Theorem 3.8.  Assume that (D,a) = 1. If D =1 (mod 4), then

-1 r+t 2(—1 ri+r7+s+ti+tr
a,,@a):(u (-1) (-1)
4 T(pl"'prll"'lt) T(pl"'pr(h"'CIsll"'
(_1)T+t 2(_1)r1+r7+(‘3+t1+t7

ay(=20) = i(l + -

T(prpeli b)) (P prqu e gsl o lt)

If D =3 (mod 4), then
(1

ap(20) = ap(—2ar) = i(l +

Proof.  We compute ¥, 2 and @, First, we have ¥ = 27(D). We see that

@ =@ = (1) (g1 q0)?) - (I 1)

Hence,
S@ =2(=1)" (g1 qs)?) - (1)
We have

B = (—pyntratsttttatdy, g

If D = 1 (mod 4), then (—1)rtrststtittstd — (_qyrtrrtsthtiz - and if D

(_1)T1+T3+S+t1+t3+5 — _(_1)T1+T7+S+t1+t7’ and hence

$@) _ 2(—1)rtrotsttttrg g 2. 12 if D=1 (mod 4),
0, if D=3 (mod 4).

T(pl "'pTll Zt)

él% . lt2’ EYL) _ (_1)7‘1+T7+S+t1+t7

= 3 (mod 4), then
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Now the theorem follows from Lemma 3.4.

Theorem 3.9.  Assume that (D,«) =1 and 4||D.
If 2 =3 (mod 4), then

1 —1)rtt 2(—1)r1trrtsttitty
4 T(pr-peli-ol) o TP prg o gsli - ly)
1 (_1)T+t 2(_1)r1+r7+(‘3+t1+t7 )
a,(—2a)=—-(1+ — .
p( ) 4( T(pl"'prll"‘lt) T(pl"'pr(Il"'QSll"'lt)

If £ =1 (mod 4), then

B B 1 (_1)7‘+t
ap(20) = ap(—2a) = 4 (1 + T(p1--prly - lt)>.

Proof.  Observe that £ (D) = 42 (2) 5V (D) = —42(2) and 2\ (D) = 43} (2). Using the

results for D /4, we have the following computation for ¥, £(?) and £(4:

¥ =27(D),
n(@) — 8(_1)r+t7_((q1 . (Is)2) (- lt)Q,
2(4) _ 8(71)r1+r7+s+t1+t7q1 - qsl% R l?, if % =3 (mod 4)7
0, if 2 =1 (mod 4)
Then the theorem follows from Lemma 3.4. 0

Theorem 3.10.  Assume that 2||D or 8||D. Then
1
ap(20) = a(—2a) = 1

Proof.  Assume that 2||D. The situation that 8||D is analogous. We claim that ©(2) = 0 and ) = 0.
In fact, for any prime p = p(D, «, k, ), we have (%) =—-1if k€ H;(D,a) and (%) =1if ke Hi (D, ).
On the other hand, for D/2, 2(12) = 2(121). Hence, ©(?) = 0.

We introduce a new partition for H(D, a):

H(D,a) = H(D,Oé)]_ U H(D,Oé)g,

where for H(D,a)1, 1 < k < D, and for H(D,a)s, D +1 < k < 2D. We establish the following one to
one correspondence from H (D, a); to H(D, a)s as follows:

e, = o2 + (4Dy + 2k)? — pp, = o® + (4Dy + 2D + 2k)2.

Note that
() G
Pri Ju \Pro )4
().~ Go)
Pky /4 Pk 4.
Hence, £ = 0. Now the theorem follows from Lemma, 3.4. O

In particular, taking o = 1, we have the following corollary, which answers a question proposed to the
author by Mazur.
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Corollary 3.11. (1) If D=1 (mod 4) or D/4 =3 (mod 4), then

1 (_1)r+t N 2(_1)r1+r7+s+t1+t7 )

a,(2)=—-(1+
»(2) 4( TP1-- by ) TP1 o prqr e qsli oo ly)
1 (_1)r+t 2(_1)7"1+7”7+S+t1+t7

a,(—2)=-(1+ — .
o(=2) 4( T(p1---prli- - 1y) T(pl"’prq1"'q$l1"'lt)>

(2) If D=3 (mod 4) or D/4 =1 (mod 4), then

o = a0 = 1(1+

(_1)T+t )
Lopel ) )
(3) If 2||D or 8||D, then
1
2)=a(-2)=-.
a(2) = a(-2) = ;

We turn to deal with the general case and thus the case (D, «) > 1 is included. We need some notation.
Recall the notation above Lemma 3.1 and further assume that

d=dy-d?-d}, d=+2°d,-d,”-d°,

where d,,,dq, d; and d_p, d_q, d; are all square-free integers. We define
o« = #{]1] dy):

o = {0 1] d

t=H#{|1]d};

ri=#{l|dp, | =i (mod 8)};

i =#{l| dp, | =i (mod 8)};

ti=#{l|d, =i (mod 8)};

t! =#{l|d;, | =i (mod 8)}.

Lemma 3.12.  Given any nonzero integer D, assume that

p=p(D,a,k,z) =’ + (4Dx + 2k)?

is a prime. For any odd prime factorl of D, if | | «, then (%) =1 and

B 1 (mod p), if l=1,3 (mod 8),
| =1 (mod p), ifl=5,7 (mod 8),

provided that k is odd,
2t 1 (mod p), if l=1,7 (mod 8),
~ | -1 (mod p), ifl=5,3 (mod 8),

provided that k is even.

Proof.  Since p =1 (mod 4), we have

(©)-0)-()-

On the other hand, by assuming that « + (4lz + 2k)/—1 is primary, we see that

!
' =
<a + (4lx + 2k)v/—1

)4 (mod p).

If I =3 (mod 4), then

(a0 (),
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1

(—1)* (4l + 2k)y/ 1) 7
(1" (mod ).

If =1 (mod 4) and I = pp is the prime factorization of [ in Z[/—1], then

<a+(4ly-l|—2k)ﬁ>4 - (Oé+(4ly[f2k)\/?1)4
_ <a+(4ly+2k)ﬁ> <a+(41y+2k)ﬁ>
p A B \

= (2kV/—1) 7 (—2ky/—1)3(-D
= (—1)17Tl (mod p).

This proves the lemma. O

Theorem 3.13.  Assume that Rad(D) | «, i.e., for any odd prime factor ! of D, 1| c.
(1) If D=1 (mod 4), then

—_

ap(20) = 5(1 4 (1ot

2
1
ap(72a) = 5(]_ _ (71)7"3+7‘5+t3+t5).

(2) If D =3 (mod 4), then

ap(20) = ap(—2a) =

(3) Assume 4||D.
If 2 =1 (mod 4), then

ap(20) = ap(—20) = %

If £ =3 (mod 4), then

—_

ap(20) = 5 (1 + (—1)rtrethetio),

T2

1
ap(—2a) = 5(]_ _ (_1)T3+7‘5+t3+t5).

(4) If 2||D, or 8||D, then
ap(20) = ap(—2a) =

[\ S

Proof. By Lemma 3.12, if p = p(D, o, k,x) = o + (4Dx + 2k)? is a prime, then for odd &,

Dt (—1)rstrittstt (mod p),

and for k even,
DT = (71)T3+T5+t3+t5 (mod p)'

If D=1 (mod 4), then
(_1)T5+T7+t5+t7 — (_1)7“3+7“5+t3+t5

and if D =3 (mod 4), then
(_1)r5+r7+t5+t7 _ _(_1)T3+T5+t3+t5'

Note that 47 = (%) (mod p) and (%) = —1if k is odd, and 1 if k is even. Hence, the assertions (1)—(3)
follow.

If 2||D or 8||D, then for odd k, 25 £ +1 (mod p), and hence a, # £2a. On the other hand, if 2||k,
then 2% = —1 (mod p), and if 4 | k, then 2 =1 (mod p). Hence, a,(20) = a,(—2a) = 1. O
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Remark 3.14.  We can make an explicit computation of ¥, (2 and X to give an alternative proof of
the above theorem. For example, in the case (4), the proof of Theorem 3.10 works here. Hence, »@ =0
and 4 = 0, and consequently, a,(20) = a,(—2a) = 1.
Theorem 3.15. (1) Assume that D is odd.

If D=1 (mod 4), then

B 1 (_1)r"+t” 2(_l)rg+rg+tg+tg+r1’+r;/+t’1’+t’7’+s”
ap(20) = et R ,
4 T(dp~dl) T(dp~dq~dl)
1 _1 T”+t” 2 _1 T/ +T/ +t, +t’5+7‘”+r,/+t/,+t’,+5”
ap(—Qa):f 1+( _) o ( )3 5 3_ _1_7 1 t+t7
4 T(dp'dl) T(dp'dq'dl)

If D =3 (mod 4), then
1 (_1)T//+t//
ap(Qa) = ap(7206) = Z <]. =+ W .
P
(2) Assume that D is even.
If4]|D and £ =1 (mod 4), then

(—1>r”+t”>.

ap(20) = ap(—2ar) = i(l + T(d}, e

a (204) B 1 - (_l)r/ltt/, N 2(_l)ré+Tg+tl37+t:"";Ti,":’”;/+tl1l+t’7’+s”
P 4 T(dp -dp) T(dp dy - dl) ,
1 -1 r' 4t 2(_1 Té+ré+t,3+tl5+7"1/+7”/7/+t'1/+t’7'+5”
ap(—2a) = L(14 CUTIT 2opmimee
4 T(dp . dl) T(dp . dq . dl)

If 2||D or 8||D, then

ap(2a) = ap(—2a) = %

Proof. (1) We have

2@ = 26(d)n? (d) = 2(~1)"" " p(d)7(d,” - d,”),
SW o L1y ) g )2,
) (Lqyribr e ) g2

If D=1 (mod 4), then

(_ l)rg +roptytn 4y bt 4t 4" 46 (_1)rg+rg +totti+ry ey )+l 48"
b

and if D =3 (mod 4), then
(_1)rg+r;+tg+t’7+r’1’+rg/+t’1’+tg’+s”+6 _ _(_1)7-g+7-’5+t’3+tg+ri’+'r§’+t’1’+t/7'+s”'
Hence, if D =1 (mod 4), then
D@ = g(—1)rstrsttattbri bt gy G )

and if D =3 (mod 4), then
=™ =0,

Then the formula in Lemma 3.4 gives the desired results.
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(2) For 4||D, we can use

D D D
2D =45 (2), s00) = -as(§). s - a5 ()

to obtain the assertion.
For 2||D or 8|| D, we have (2 = () = 0.
This proves the theorem. O

4 a,=0 (mod4)

Let 8 > 0 be a fixed even integer. In this section, we consider the case where a, = 28 =0 (mod 4). The
idea here is analogous to a, = 2 (mod 4), but some different technical details are needed. Throughout
this section, except for Lemmas 4.5 and 4.7, we assume the Hardy-Littlewood conjecture. Changing «
to 3, we collect some corresponding, but modified, notations from Section 3. Suppose that p = 3% + a?
is a prime. Assume that « takes values from the arithmetic progression 4Dx 4 2k + 1. Consider the
quadratic polynomial in one indeterminate x:

Then p(D,S3,k,xz) satisfies the assumption in the Hardy-Littlewood conjecture if and only if
(2k+1)*>+ %, D) =1.

We have
H(D,B)={k|1<k<2D,(D,(2k+1)*+ % =1} (4.1)
and its partition
H(D,B)=H(D,B)U H(D,B), (4.2)
where
Hi(D,8)={ke HD,B) | k=1 (mod 2)}, (4.3)

Hi(D,B)={ke H(D,3) | k=0 (mod 2)}.

Then #H (D, 8) = #Hi1(D, ) = ¢(d)r(d) and #H (D, ) = 2¢(d)7(d).
In correspondence to H(D, ), we have the primes set P(D, ) and its partition

P(D.8) = Pi(D, 8) U Pi1(D, B), (4.5)
where
Pr(D.B) = {px € P(D,#) | k=1 (mod 2)}, (4.6)
Pri(D,B) = {px € P(D.8) | k=0 (mod 2)}.
Define

Y= 2 () 2= 2 G, 49

peP(D,B) peP(D,B)

Again, we simply write 2(2)(D) (resp. 2(4)(D)) as 2(2) (resp. 2(4)).
We also have

(0) (0) (0)
Z :ZI +ZH, (4.9)
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where for 0 = 2,4 and k = 1,11,

(o) D>
= — ] . 4.10
U= x (3) (410
As in Section 3, we put

xp = #{p | ap = 28,p € P(D, )},
—s=#{pla,=-28,pe P(D,B)},

=#{p|ap =20a,p € P(D,B)},
T-a =#{play,=—2a,p € P(D,B)}.

Then

L+ T g+ 2o +Tog =2,
(5 — T )V =1+ 2y —2_q=2X", (4.11)
—T3—T_g+ Ty +T g = »®),

This implies the following lemma.
Lemma 4.1. IfX® € Z, then
1
Tp=T—_p = Z(E — 2(2)).
Theorem 4.2.  Assume that the Hardy-Littlewood conjecture holds. Then

_ s _ T-8
ap(Ep,2B) = 20(d)r(d)’ ap(Ep, —28) = o) () (4.12)

Proof.  See the proof of Theorem 3.2. O

Lemma 4.3. Let !l be an odd prime. Fixz an even integer 3. Then
(1) = == = -1;

bl

(2) forl =1 (mod 4),
ST

for 1 =3 (mod 4),

(2a) if 2||8, then SV = x£l¥) =1,

(2b) if 4 | B, then 2§4> =y =1
Proof. (1) The proof for the fixed odd « works for the fixed even £.

(2) For any prime of the form p = (4ly + 2k + 1)? + 32, we may assume that 4ly + 2k + 1+ 8/ —1 is
primary.

Let [ =1 (mod 4) be a prime and [ = pp be the prime factorization of I in Z[v/—1]. It holds that

! pp
<4ly+2k+1+ﬁﬁ)4<41y+2k+1+ﬁﬁ)4
<41y+2k+1+5ﬁ) (4zy+2k+1+ﬁﬁ)
a P 4 p 4
_<2k+1+6ﬁ> <2k+1+6\ﬁ)
P 4

= (2k+ 14 B8V=1) 7 (2k+1— V1)1~ (mod p).

Hence,

l
522k+1+ﬁf) Y2k +1— BvV=1)i0"D (mod p)
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(2k+1)'F +- + (BV=D)'T)

MN

k=1
x (26 + 130D 4o (=pV=T) D) (mod p)

(2k + 1)1 (mod p)

MN

B
=

—1 (mod p).

Hence, 2(14) =—1.
Let I =3 (mod 4) be a prime. Then

( ! ) (1)g(41y+2k+1+5ﬁ>
Aly4+2k+146v—-1), l A
s (2k+1+pv—1
(),

l

Hence,
1
4 B 2k +1+ Bv—1
Zg ) — (_1)2 Z (l
k=1 4
B ! 12-1
=(-1)2 ) (2k+1+pv—-1) = (modl)
k=1
B ! 14+1
=(-1)7 > (2k+ 1)) 5 (mod )
k=1
=—(=1)7 (mod I).
Therefore, 2(14) = —1if 2||5, and Zyl) =1if4]|g.
It is clear that 2(14) = E(ﬁ). This proves the lemma. O

Theorem 4.4.  Assume that D =1 is an odd prime.
Ifl =1 (mod 4), then
-1

(-2

ap(28) = ap(—28) = 1

Ifl =3 (mod 4), then
[+1

ap(26) = ap(—2p) = TR

Proof. By Lemma 4.3, ) ¢ Z. Applying the results on ¥, X(® and Lemma 4.1 leads to the

formulae. O

Lemma 4.5.  Given any nonzero integer D. Assume that p = p(D, 3, k,x) = 3% + (4Dz + 2k + 1)? is
a prime. For any odd prime factor ! of D, if l | B, then (%) =1 and

=

1 1 (mod p), 4fIl=1 (mod 4),
—1 (mod p), 4f1=3 (mod 4),

provided that 2||5;

I'= =1 (mod p),

provided that 4 | 5.
Proof.  This proof follows similarly to that of Lemma 3.12. O
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As in the case a, =2 (mod 4), for any nonzero integer D, we write

D = dd,

where (d,d) = 1, and for any odd prime [ | d, we have [ | 3, i.e., Rad(d) | 8 and (8,d) = 1. Note that
d (d > 0) is odd. We adopt all notations from the case a, = 2 (mod 4).

Theorem 4.6.  Assume that D = dd with D odd or 4||D.
(1) Ifd =1, then

_1\r+t
ap(28) = ap(~26) = 111<1 7, '(";)rll"'lt))

(2) If d has no odd prime factor, then

ap(26) = ap(—=2p) = 0.
(3) If d has some odd prime factor, then
1 —1)H
ap(28) = ap(—2p) = 1 <1 - (7'(d_)c71)>
P

Proof. (1) We always have (%) € Z, so we only need to compute ¥ and £(?). Clearly, ¥ = 27(D). We
see that
2P =5 = (-0 (@ 00)”) - (1)
Hence,
n(@) — 2= ((qr---qs)?) - (I -+ 1h)?,

and (1) follows.

(2) By the assumption, for any odd prime [ | D, we have [ | 8. For any prime p = 32 + 2?2, by
Lemma 4.5, DY =41 (mod p). On the other hand, applying the Gauss lemma (see Lemma 2.1) and

p—1

<pzl> =2« (mod p),

we see that

—1
ap = (:;21 )Dp41 # +25 (mod p).
1
(3) We have ) )
¥ =2¢(d)%(d) = 2¢(d)7(d)
and
2@ = 20(d) 2 (d) = 2(—1)" " $(d)7(d,” - di).
This proves the theorem. O

Lemma 4.7. Let p=a?+ 32 witha =1 (mod 4) and 8 =2 (mod 8) be an odd prime. Then

(129)4(22) =26 (mod p). (4.13)

i
Proof.  Since f =2 (mod 8) and « =1 (mod 4), by Lemma 2.6,

) Eg (mod p).

2
DJ4

However,

This proves the congruence (4.13). O
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The lemma above shows that for 2||D and 2|5, determining the values of a,(28, D) and a,(—28, D) is
reduced to some computations of the case for D/2.

Theorem 4.8.  Assume that 2||D.
(1) Assume that 2||8, and write 8 =2 (mod 8).
(la) d =1.
For D =2py--pr(qu - ¢s)*(l -+ 1t)°,
(—1)r+t 2(—1)ritrsttitats
T(p1-prly - ly) * T(p1prqr - gsh "'lt)>

28 = 7 (1+

1 1 r+t 2(—1 r1+r5+t1+ts+s
S L )
4 T(pl"'prll"'lt) T(pl"‘pr(Il"'QSll"'lt)
For D = =2py - pr(qu---qs)*(li - 1t)%,
1 —1)rt+t 2(—1)rrtrsttittsts
ap(@8) = (14 T o 2 )
4 T(pr-peli b)) T(preprqu e gsl o)

(_1)r+t 2(_1)T1+T5+t1+t5+s
T(Pl coepply e 'lt) T(Pl Ce el Qs 'lt)).

D

ap(28) = %(1 F(-1)2ED) g, (-28) = %(1 —(~1)FE-D),

(2) Assume 4|8. Then

_1\r+t
ay(28) = ap(~26) = i(l 7, '(";ill"'lt))

Proof.  Assume that 2||D and 2||5. By Lemma 4.7,

(2)4 (?i) =28 (mod p),

where 8 =2 (mod 8). Hence, for a prime p = 82 + 2%, we have a, = (D/2)p4;1 (mod p). It is reduced to

calculate
#{p € P(D/2,B) ‘ <Dp/2)4 - 1} and #{p € P(D/2,B) ‘ (Dp/g>4 = 1}.

We have £ (D/2) = 2(=1)"**7((g1 -+ ¢5)?) - (I -+ - 1¢)? and
21 (D/2) = £)(D/2) = (1) ettt g2 g2,

One can check that under our assumption,

1 2@ 9n@) 1 (@) 9ynM)
ay(28) = 4<1+E+ > )7 ay(—28) = 4<1+E 5 )7

where ¥ = %(D/2) and £(?) = %(?)(D/2) for o = 2,4. Using the formula, we obtain (1a).
(1b) is a consequence of Lemmas 4.5 and 4.7.
(2) For 4| 8, we have (%) =1 and (%)4 = +1, which depends on 4||8 or 8| 5. Hence,
Y4D)=+2%(D/2) € Z,
so we only need to apply the known result on ¥ and X(?). Recall that
S = £ = (070100 - (1)

This proves the theorem. O
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Theorem 4.9.  Assume that 8| D.
(1) Assume that 2||8, and write 8 =2 (mod 8).

(la) d =1.
For D = 8p1 c 'pr(q1 e qs)Q(ll e lt)3a
1 —1)r+t 2(—1)rrtrsttittsts
t29) = (14 e - 2 )
4 Tpr-peli b)) T(preprqr e gsl o)
1 1 r+t 2(—1 r1+r5+t1+ts+s
ap(—25)2<1—|— (=1 (=1) )
4 T(pl"‘prll"'lt) T(pl"‘pr(Il"'qSll"'lt)

FOT D — 78p1 .. .pr(ql . qs)Q(ll e lt)g,

1 —1)r+t 2(—1)rrtrsttittsts
ap(2ﬂ)_<1+ (=1) L2 >
4 T(propelicle) o TP pequ e gsli )
1 r+t 2(—1 r1+rs+t1+ts+s
ap(—w):<1+ (=1 __2=h )
4 T(pr-peli--l) o T prg gl )

(1b) d = +2 (equivalently Rad(D) | B):

1

w(28) = 5(1 - (~DHED) 0 (-28) = (14 (~DHED),

(2) Assume 4|3. Then

(28) = a(-20) = 3 (1- ),

1 pTll +

Proof. (1) For 2|8, we have (2) = —1, and hence, (%)4 = —(%)4. So the proof is reduced to that of
Theorem 4.8. O

Theorem 4.10.  Assume 2||D and d has some odd prime factor.
(1) If 2||8, writing 8 = 2 (mod 8), then for D > 0,

1 r/l+t// 2(_1)T1/+7.g/+t/1/+tg/+s//+%
- + — :
4( d dl T(dp-dq-dl> )
1 1 7_//+f// 2 _1 Ti’—i—ré’—i—ti’-&-té’—’—s”-‘,—%
(%)<+<> =y )
4 (d dl) T(dp-dq-dl)
For D <0,

1 71 r//+t// 2 71 r/1/+rél+tlll+t/5/+sll+%
we =3 (1+ S - AT ),
4 T(dp~dl) T(dp~dq dl)

_1 T”th” 2 _1 T/1/+T/5,+t,1,+t'/5/+51,+%
ooy = (14 T 2y
7(dp - dy) T(dp - dg - di)

(2) If 4] 8, then
(lp(zﬂ) = ap(_Qﬂ) = Z <1 — 77’((1_;0 ' Jl) >

Proof. (1) As in the proof of Theorem 4.8, we have

1 2@ 9n@) 1 (@) 9nM)
ap(2p) = 4(1+E+ > )7 ap(—2B) = 4<1+Z 5 >7

where ¥ = %(D/2) and £(?) = %(?)(D/2) for ¢ = 2,4. A computation based on Lemma 4.5 shows that

% = 2¢(d)%(d) = 2¢(d)7(d),
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£ = 2¢(d)s@ (d) = 2(~1)" " 3(d)r(d,” - di”),

5 = 20(d) ) (d) = 2~ 1) EHH S g ) r(d,” - d)?

4.

So (1) follows.
(2) For 4| 8, we have *(D) € Z. Now

% = 26(d)%(d) = 20(d)7(d), 2P =26(d)xP(d) = 2(-1)" " ¢(d)r(d,” - di)
give the assertion of (2). O
Theorem 4.11.  Assume 8||D and d has some odd prime factor.
(1) If 2||B8, writing 8 =2 (mod 8), then for D > 0,
1 71 T//th/, 2 71 T1I+T'/5/+til+tg/+s/l+g
we =3 (1+ S - AT,
4 T(dp'dl) T(dp~dq dl)
1 _1 T”+t” 2 _1 T’1/+’r‘/5/+t/1/+tg+sn+ﬂ
ap<—25>:(1+< ) gy )
4 T(dp-dl) T(dp'dq'dl)
For D <0,
1 _1 T//th/, 2 _1 T1/+Tg/+til+t15/+8//+g
ap(2ﬂ)(1+( —) = + ( ) T T 5 - )7
4 T(dp'dl) T(dp~dq dl)
1 _1 T//+t// 2 _1 T1/+Tg/+t;/+t/5/+sll+ﬂ
ap(_25):(1+( —) = — =) O - >
4 T(dp-dl) T(dp-dq-dl)
(2) If 418, then
1 (_1)7‘Il+t//
268) =a,(—268)=-(1— ——-— ).
op(28) = ay29) = 1 (1- S
Proof.  The proof follows a similar approach to that of Theorem 4.10. O

5 The Hardy-Littlewood conjecture and the Lang-Trotter conjecture

Let r be a nonzero integer. Let p(r) = 0 if 7 is odd and p(r) = 1 if r is even. We have seen that under
the assumption of the Hardy-Littlewood conjecture, the necessary and sufficient condition for

p(D,r, k,x) =12+ (4Dx + 2k + p(r))* = 16D%*2x* + 8(2k + p(r)) Dz + (2k + p(r))* + 72

to represent infinitely many primes is (D, (2k + p(r))? + 72) = 1. If k; and ks are two integers satisfying
(D, (2k; +p(r))? +72) = 1 for i = 1,2, then the constants are the same (see the asymptotic formula (1.2)
and the constant expression in the Hardy-Littlewood conjecture (1.3)). This constant is denoted by
o(D,r).

Lemma 5.1. Let D and r be two non-zero integer. Then the necessary and sufficient conditions for
ap(2r) = ap(Ep,2r) =0 are given in Tables 1 and 2.

Proof.  We see from the formulae for a,(2r) that the necessary conditions for a,(2r) = 0 are 7(d, - d;)
=7(d,-dy-d;) = 3. Hence, d = +2' - 5,427 . 53 +2F . 3 +£21. 33 where i, 4, k,1 € {0,1,2,3}. Then one
can check case by case to obtain a full list given by Tables 1 and 2. O

Remark 5.2. For the elliptic curve Ep : 4> = 2% 4+ Dz, it has bad reduction at a prime p if and only
if p | D, where a, # 2r for any non-zero integer r. Hence, the assertion that there is no prime p with
a, = 2r is equivalent to a,(2r) = a,(Ep, 2r) = 0.
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Table 1 a =1 (mod 4)

D=1 (mod 4) or %53 (mod 4) r3 4715 +t3+ts =1 (mod 2) ap(2a) =0
d=41,44 r3+ 715 +t3+ts =0 (mod 2) ap(—2a) =0
~ D=1 (mod4) T4+ rh 4+t +ti =1 (mod 2) ap(20) =0
d = +5,+3,+5% 433 rh +rf+th +t, =0 (mod 2) ap(—2a) =0
. % =3 (mod 4) rh+rf+th +tf =1 (mod 2) ap(2a) =0
d=+4-5+4-3,+4-53 4433 rh 471l +th +t, =0 (mod 2) ap(—2a) =0
Table 2 =0 (mod 2)
Doddor4 || D
Rad(D) |8 ap(26) = ap(=28) = 0
2||Dor8|D,B=2 (mod8)
J= 49 % =1 (mod 4) ap(—28) =0
5 =3 (mod 4) ap(28) =0
D _ —
I is g =1 (mod 4) ap(28) =0
5 =3 (mod 4) ap(—28) =0
d=2-5,2-53,-2.3 -2.33, d=1 (mod 4) ap(2B8) =0
-8-5,-8-5%,8-3,8-3 d=3 (mod 4) ap(—28) =0
d=2-3,2-3%,-2.5,-2.553, d=1 (mod 4) ap(—28) =0
—8-3,-8-3%8-5,8-53 d=3 (mod 4) ap(28) =0

Theorem 5.3.  The Hardy-Littlewood conjecture implies the Lang-Trotter conjecture for y?> = x>+ Dx.

Moreover,

TEp.2r(N) ~6(D,r) - 1<\>/§v as N — oo,
where the constant §(D,r) = §(1,0,7%)a,(Ep, 2r), in which the constant §(1,0,72) is given by the Hardy-
Littlewood conjecture and a,(Ep,2r), is given explicitly in theorems in Section 3 when r is odd and
Section 4 when r is even. In particular, if D and v are not in Table 1 or Table 2, then the constant
0(D,r) is positive.
Conversely, if the Lang-Trotter conjecture holds for some D and r with the positive constant Cg,, or,
then the polynomial x2 + r? represents infinitely many primes.

Proof.  Since there are only finite primes with p | Ag,, up to a constant,
TEpor(N) = > 1
PN, ptAE, ap=2r
=#{p | ap(Ep) =2r,p € Q(r, N)}
= ap(Ep, 2r)#Q(r, N)

N
~ a,(Ep,2r)6(1,0,72) - IZ)/g?V as N — oo.

Conversely, if a,(Ep) = 2r, then we must have p = 22 + 2, and hence the assumption that the Lang-
Trotter conjecture holds for Ep and r with the positive constant Cg,, 2, implies that 2 + 72 represents
infinitely many primes. O
Example 5.4. (1) D = 1. We have a, = 2« if and only if p = a? + 22. In particular, a, #Z 0 (mod 4).
Hence,

as N — oo.

g 20(N) ~ 6(1,0,02) - logV
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In addition, for r = —1 (mod 4) or r =0 (mod 2), we have §(1,2r) = 0.
(2) D = —1. We have

2, ifp=a?+22=1 (mod8),
a, =
P —2a, ifp=a®+2%2=5 (mod 8).

Hence,
1 VN
TE_, 2a(N) ~ 55(1,0,042) TogN as N — oo
and
1 N
TE_y,—2a(N) ~ 55(1’0,042) . VN as N — o0

In addition, for » =0 (mod 2), we have 6(1,2r) = 0.
(3) D =2. We have
2a, if p=a?+ (87)2,
A, =
g —2a, ifp=a’+ 8z +4)%
When 8 =2 (mod 8), a, = 23 always holds for p = 32 + z?; in particular, a, # —23. Hence,

1
7TE272a(N) ~ *5(1,0,0&2) .

N
1 g as N — oo,

1
TEy,—20(N) ~ 15(1,0,012) oaN N — o0

and

as N — oo.

VN
TE,28(N) ~ 8(1,0, %) - TogN

Moreover, §(2,—28) = 0, and for 5 =0 (mod 2), §(2,25) = 0.

(4) D = —2. We also have

~ J2a,  ifp= a? + (87)2,
= {—204, if p=a?+ (8z +4)2

Hence,
™ (N) ~ =6(1,0,a?) VN as N — o0
E_52c s Uy 1 gN )
N
TE_»—20(N) ~ =5(1,0,0?) - lg/gj\f as N — oo
and
N
7TE727*25(N) ~ 6(1?07ﬁ2) : IO\/g?V as N — oo.

Moreover, §(—2,28) = 0, and for 8 =0 (mod 2), §(2,23) = 0.

(5) D = —21. This is the case where D = 3 (mod 4). All eight constants, which appear in the following
asymptotic formulae, can be computed by theorems in Sections 3 and 4.

(a) 3 @, THa: iy, 420(N) ~ 18(1,0,02) - 22 as N — cc.

(b) 3| o, THa: T y 22a(N) ~ £6(1,0,0%) - XX as N — oo,
(¢)3ta,7|a: Tg_y +2a(N) ~ L
(

§0(1,0,02) - k‘)/gv as N — oo.
0

1,0,a2) - VN a5 N — oo.
logN

d) 3 | 04,7 | (6N 7TE721’:‘:2Q(N) ~

1
2



Qin HR Sci China Math  October 2025 Vol. 68 No. 10 2311

€) 318,718 mp_,, +25(N) ~ £6(1,0,8%) - 2L as N — oo

£) 318,718t mp_y 225(N) ~ 28(1,0,82) - 22 as N — oc.

(

(

() 318,71 B Tp_py228(N) ~ 35(1,0,8%) - 22X as N — oo,

(h) 3| B,7] B: the constant is §(—21,£28) = 0. So we omit the asymptotic formula since it is trivial.

(6) D = —n?, where n is a non-zero integer. The curve y*> = 23 — n2x is called the congruent elliptic

curve if n is square-free. Let p{n be an odd prime. Then
2
2a, if p = o? + 2% with <n> =1,
ap =

2
—2a, if p=a®+2? with <n) =-1

and ap # 20, if 2 | 5. Hence, for (n,a) =1,

1 N
TE,2,2a(N) ~ 55(170,012) . lgfg?\f as N — oo
and
1 2 \/]V
WEW,L*?C!(N) ~ 55(1707C¥ ) TogN as N — oo.

The constant is §(n?, £23) = 0 if (n,8) = 1. When (n,a) > 1 or (n,3) > 1, one can apply theorems in
Sections 3 and 4 to calculate the constants, which are omitted here.
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