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Abstract We characterize bounded simply connected planar W1P-extension domains for 1 < p < 2 as those
bounded simply connected domains Q C R? for which any two points 21,22 € R2\ Q can be connected with a
curve v C R? \ Q satisfying

dist(z, 00)17Pds(z) < C(Q, p)|z1 — z2|>7P.
5

By combining earlier results, we obtain the following duality result: a Jordan domain Q C R? is a W1:P-extension

domain, 1 < p < oo if and only if the complementary domain R?\ Q is a WLp/(P—=1)_extension domain.
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1 Introduction

In this paper, we study those planar domains Q C R? for which there exists an extension operator
E: WhP(Q) — WLP(R?). Here, the Sobolev space WP 1 < p < o0, is

WhP(Q) = {u € LP(Q) : Vu € LP(Q,R?)},
where Vu denotes the distributional gradient of u. The usual norm in W1P(Q) is
lullwrr@) = llullLe@) + [[VullLe@)-

More precisely, E: W1P(Q) — WP(R?) is an extension operator if there exists a constant C' > 1 so that
for every u € W1P(Q), we have

[Eullwrr®e) < Cllullwir@)
and Eu|lg = u. Notice that we are not assuming the operator E to be linear. However, for p > 1,
there also always exists a linear extension operator provided that there exists an extension operator
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(see [16,38]). Finally, a domain  C R? is called a W'P-extension domain if there exists an extension
operator E: WhP(Q) — W1P(R?). For example, each Lipschitz domain is a W1 P-extension domain for
each 1 < p < oo by the results of Calderdn [6] and Stein [40]. However, as proven by Jones [23], the class
of extension domains is much larger. The boundary of a W1 P-extension domain can be of full Hausdorff
dimension and it can include fractal parts.

In this paper, we prefer to use the homogeneous seminorm |u||z1.r) = ||Vu| rr(). This makes no
difference because we only consider domains 2 with a bounded (and hence compact) boundary; for such
domains, one has a bounded (linear) extension operator for the homogeneous seminorms if and only if
there is one for the non-homogeneous ones (see [21]). In what follows, the norm of the extension operator
is usually with respect to the homogeneous seminorms.

The main result of our paper is the following geometric characterization of simply connected bounded
planar W1 P-extension domains.

Theorem 1.1. Let 1 < p < 2 and let Q C R? be a bounded simply connected domain. Then € is a
WhP_extension domain if and only if for all z1,z2 € R?\ Q, there exists a curve v C R? \ Q joining 21
and zo such that

‘/dmuaaaﬂ*mw@)<cx94»u1—zﬂ%w. (1.1)
A

Both the necessity and sufficiency in Theorem 1.1 are new. Notice that the curve v above is allowed to
touch the boundary of ) even if the points in question lie outside the closure of 2. This is crucial: there
exist bounded simply connected W 'P-extension domains for which R?\ Q has multiple components (see,
e.g., [7,25]).

When combined with earlier results, Theorem 1.1 essentially completes the search for a geometric
characterization of bounded simply connected planar W'P-extension domains. The unbounded case
requires extra technical work and it will be discussed elsewhere.

The condition (1.1) on the complement in Theorem 1.1 appears also in the characterization of W14-
extension domains when 2 < ¢ < co. For such domains, a characterization using the condition (1.1) in
the domain itself with the Holder dual exponent ¢/(q — 1) of ¢ was proved in [39, Theorem 1.2] (see also
earlier partial results in [5,26]).

Theorem 1.2 (See [39]). Let 2 < g < oo and let Q be a bounded simply connected planar domain.
Then € is a W4 —extension domain if and only if for all z,, z5 € Q, there exists a rectifiable curve v C Q
joining z1 and zy such that

2

/mm@mm%w@gcmgmrwﬁ%. (1.2)
A

The above two theorems leave out the case p = 2. This is settled by earlier results [13-15,23], according
to which a bounded simply connected domain is a W'-2-extension domain if and only if it is a quasidisk
(equivalently, a uniform Jordan domain). Thus, 2 is a bounded simply connected W !?-extension domain
if and only if Q is a uniform (bounded) Jordan domain which in turn is true if and only if © is a Jordan
domain and R? \ Q is uniform or, equivalently, if and only if € is bounded and simply connected with
R2\ Q a W2 extension domain.

By combining (the proof of) our characterization in Theorem 1.1 with Shvartsman’s characterization
stated in Theorem 1.2, we verify the following duality result between the extendability of Sobolev functions
from a Jordan domain and from its complementary domain in Subsection 4.7.

Corollary 1.3. Let1 < p,q < oo be Hélder dual exponents and let Q C R? be a Jordan domain. Then
Q is a WYP-extension domain if and only if R? \ Q is a Wh9-extension domain.

Corollary 1.3 was hinted by the example in [28] (see also [32,37]) that exhibits such a duality.

Corollary 1.4. Let Q C R? be a bounded, simply connected WP -extension domain, where 1 < p < 2.
Then there is q > p so that Q is a W'*-extension domain for all 1 < s < q.

The case 1 < p < 2 follows from Theorem 1.1 together with the fact that (1.1) implies the analogous
inequality for all 1 < s < p+ e. The case of smaller s is essentially just Holder’s inequality (see [30]),
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while the improvement to larger exponents follows from Lemma 2.3 that relies on ideas in the proof of
[39, Proposition 2.6]. Again, the case p = 2 of Corollary 1.4 was already known to hold: one then has
extendability for all 1 < s < co.

By combining Corollary 1.4 with results from [26,39], we obtain an open-ended property.

Corollary 1.5.  Let Q C R? be a bounded, simply connected WP -extension domain, where 1 < p < oo.
Then the set of all 1 < s < 0o for which Q is a W1*-extension domain is an open interval.

Actually, the open interval above can only be one of 1 < s < 00, 1 < s < ¢ with ¢ < 2,0r ¢ < s < o0
with ¢ > 2.

Let us comment on some earlier partial results related to Theorem 1.1. First of all, bounded simply
connected W1P-extension domains are John domains when 1 < p < 2 (see, e.g., [25, Theorem 6.4],
[14, Theorem 3.4], [33, Theorem 4.5] and the references therein). The definition of a John domain is
given in Definition 2.18 below. However, there exist John domains that fail to be extension domains
and, even after Theorem 1.1, there is no interior geometric characterization available for this range of
exponents. Secondly, in [27], it was shown that the complement of a bounded simply connected W1:i-
extension domain is quasiconvex. This was obtained as a corollary to a characterization of bounded simply
connected BV-extension domains. Recall that a set E C R? is called quasiconvez if there exists a constant
C' > 1 such that any pair of points 2,22 € E can be connected to each other with a rectifiable curve
~ C E whose length satisfies le(y) < C|z1 — #2|. In [27], it was conjectured that the quasiconvexity of the
complement holds for every bounded simply connected W'P-extension planar domain when 1 < p < 2.
This conjecture follows from Theorem 1.1 (see Lemma 2.2), but again, quasiconvexity is a weaker condition
than our geometric characterization.

Next, we describe the idea of the proof as follows. We show the necessity of (1.1) in Section 3 by
first verifying this condition under the additional requirement that the domain in question is a Jordan
domain. This additional assumption together with the extension property allows us to construct suitable
test functions that are employed to verify (1.1) (see Lemma 3.3). These are motivated by the function
u(z,y) =% on Q= {(z,y) : 0 <y <0<z <1} In the complex notation, we have |[Vu(z)| < C|z|~!;
a variant of this property (see (3.2)) holds for the function ¢ constructed in the proof of Lemma 3.3.
The curve 7 in (1.1) in the case of a Jordan domain is given as the image under the exterior Riemann
mapping function of a uniform curve (in the sense of Definition 2.27) that we construct by hand in the
exterior of the unit disk (see Figure 3). For readers who are familiar with conformal geometry, it might
be helpful to think of the constructed curve in the exterior of the unit disk as almost a quasihyperbolic
geodesic for which many useful geometric properties are preserved under conformal maps.

The general case is then handled via an approximation argument, for which we fill {2 by an increasing
sequence of Jordan W1'P-extension domains with control on the norms of the respective extension
operators (see Theorem 3.9). These domains {2, are the images of B(0,1 — %), n = 1,2,..., under
the Riemann mapping function from the unit disk onto the domain €. To prove the uniform W1P-
extension property, we employ a variant of the technique used by Jones [23] to construct extensions from
Q,, to . The main differences with the setting in [23] are that we only extend to an annular region and
that the uniformity of the domain considered by Jones is with respect to the Euclidean metric, while in
our case, it is with respect to the inner metric of the domain.

For sufficiency, we again first deal with the Jordan case and then use a compactness argument to pass
to a limit. This is done in Section 4. The crucial point in the proof is the introduction of a new version
of the Whitney extension technique in the case of Jordan domains. The extension operator is defined in
Subsection 4.3. In order to build this extension, we assign a Whitney square of {2 to each complementary
Whitney square of size at most the size of Q. In [23], Jones chose a square of the comparable diameter,
and the uniformity gives that each Whitney square of €2 gets assigned to at most uniformly finitely many
Whitney squares of the exterior. Roughly speaking, this gives a bi-Lipschitz correspondence between
Whitney squares. In our case, this kind of correspondence cannot be expected. To overcome this problem,
we pick a Whitney square whose shadow along hyperbolic rays has the diameter comparable to that of the
shadow of the complementary square. In a sense, we reflect with respect to harmonic measure. Hence,
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the diameter of a “reflected” square can be much larger than the diameter of the original one and we
cannot uniformly bound the number of exterior squares that correspond to a single Whitney square of €.
Nevertheless, (1.1) allows us to eventually establish appropriate bounds on our extension. Towards this,
roughly speaking, we establish estimates on the many-to-one map from the collection of the exterior
Whitney squares to Whitney squares of 2 (see Lemma 4.13). This is obtained through a delicate analysis
of the locations and sizes of those complementary squares that share a “reflected” square.

The reader familiar with Sobolev extensions may wonder why do we not simply employ the existing
extension operators such as those in [17,38]. This is because we have not been able to directly show
that these operators work under our assumptions. However, once we know by our main theorem that
the domains are extension domains, we conclude that also these extension operators work under our
assumptions.

The rest of this paper is organized as follows. In Section 2, we introduce notation and initial results.
Theorem 1.1 gets proven in Sections 3 and 4. Finally, Corollary 1.3 is proven at the very end of this
paper in Section 5.

2 Preliminaries

Let us fix some notation. When we make estimates, we often write the constants as positive real numbers
C(-) with the parentheses including all the parameters which the constant depends on; we just simply
write C if it is absolute. The constant C(-) may vary between appearances, even within a chain of
inequalities. By a < b, we mean that a < Cb for some constant C > 2. Then a ~ b means that both
a < band b < a hold. If we need to stress the dependence of the respective constant C' only on data A,
we write a <4 b and a~ 4b, respectively. The Euclidean distance between two sets A, B C R? is denoted
by dist(A, B). By D, we always mean the open unit disk in R? and by S! its boundary. The interior of a
set A is denoted by A° and the closure by A. Given a measurable set A of strictly positive area |A| and

a function u € L*(A), we write
1
Ug = udz:—/udz.
fA 1Al Ja

2.1 Curves and integrals over curves

Let us next define the curves and line integrals that we use throughout this paper. A continuous map
v: I — R? is called a curve when I is a (possibly unbounded) interval. When there is no danger of
confusion, we sometimes refer also to the image v(I) C R? by . Recall that the derivative 7/ (t) exists for
almost every t € I for a locally Lipschitz . Then the Euclidean length of such a curve can be defined by

te() = [ (0l
In general,

k
) =sup { 3 40) =161

where the supremum runs over all k > 1 and all t; < ty < -+ < tg41 € I. If le(y) < oo, which is the
case for the Lipschitz curves defined on compact intervals, we call the curve v rectifiable. In this case,
after a reparametrization, we may assume that ~: [0,1] — R? and that |7/(¢)| = le(y) almost everywhere.
We call such a parametrization a constant speed parametrization. Alternatively, we may parametrize the
curve v by arc-length. In this way, we obtain 4: [0,le(y)] — R? with |¥/(¢)| = 1 almost everywhere. A
change of variable argument shows that reparametrization does not change the length of the curve. From
now on, when using the term rectifiable curve, by default, we assume the constant speed parametrization
on [0, 1], unless otherwise stated.
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Notice that we are not requiring our curves to be injective. However, if £ C R" is a continuum with
H'(E) < oo, then for any z,y € E, there exists an injective curve 7, ,: [0,1] = E with v(0) =z, v(1) = y
and le(7,,,) < H'(E) (see [8, Lemma 3.12]).

The line integral of a measurable function f: R? — R along a rectifiable curve « is defined as

/f )ds(z /f DI (¢ Idt/f

whenever the integral on the right-hand side exists. Alternatively, for the arc-length parametrization

le(7)
/ f(2)ds(z) = / FG (0t

We equip [0, 0o] with the topology whose basis consists of restrictions of open sets of R to [0, 00)
together with all the intervals (M, o] with M > 0. A function f: R? — [0,00] is then continuous at
zo € R? where f(z9) = oo, if for every M > 0, there exists e > 0 for which f(z) > M for all z € B(zo,¢).
The continuity of f at each xy where f(z¢) < oo has the usual meaning.

for v, we have

By the Arzeld-Ascoli lemma, we have the following result.

Lemma 2.1. Let v;: [0,1] — R?, i € N be a collection of rectifiable curves so that J; v:([0,1]) is
bounded and sup;le(v;) < oo. Then there exist a sequence i; ,/* 0o and a rectifiable curve Yoo so that
i, (t) = Yoo (t) for all t € [0,1] when j — co. Moreover, for any continuous function f: R* — [0, 0c], we
have

f(2)ds(z) < liminf f(z)ds(z).

Yoo Jree Vi

In particular,
le(7so) < liminfle(y;;).

*)OO

If v1,72: [0,1] — R? are two non-constant rectifiable curves with v1(1) = 72(0), we define their
concatenation vy * vo by

(tle(%) +le(y2) 19(71)) i _le(m) ct<1
2 le(7y2) le(y2) )’ le(y1) +le(72) s

For a curve v, we define the reversed curve by 5 by setting 5 (¢) = v(1 — ). Because of possible
noninjectivity, a restriction of a curve to a subcurve between z,y € v can be defined in many ways. We
use the first times in the parameter space, where we hit z and y, i.e., the restriction y[z, y] is defined as

Vo, yl(8) = A ((1 = t)ta + tty),

where ¢, = inf{t € [0,1] : y(t) = «} and t, = inf{t € [0,1] : 7(t) = y}. Notice that with this definition,
we have [z, y](0) = x and [z, y](1) = y, and the subcurve might go in the reversed direction along .
For x,y € R?, we also use the notation [z,y]: [0,1] — R?: t — (1 — t)x + ty to denote the line segment
from x to y.

Let Q C R? be a domain and z,y € Q. We say that a curve v: [0,1] — R? joins = and y in Q, if
v(0) = z, v(1) = y and ¥([0, 1]) C QU{z,y}. We then define the inner distance with respect to {2 between
x, y € Q by setting

distq(z, y) = ’;Iclf le(w),

where the infimum runs over all the curves joining = and y in ). We postpone the proof of the fact
that distq is a distance on Jordan domains to Lemma 2.16. Note that any pair x,y € Q is rectifiably
joinable in Q, but the inner distance from x € Q to a point y € 9Q might well be infinite. If distq(z, y)
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< 00, we say that x and y are rectifiably joinable in Q. The inner diameter diamq (F) of a set E C € is
then defined to be the supremum of distq (2, y) over pairs of points z,y € E and

Bo(z,r) ={y € Q| distq(z, y) <r}
denotes the open ball in Q with respect to the inner distance.
2.2 Curve condition

We begin by recording a consequence of (1.1) that essentially follows from [39, Lemma 2.1] (see also the
proof of [11, Theorem 2.15] and [30]). Since the results of [39, Lemma 2.1] are stated for curves contained
in open sets, we check below that the arguments work in our setting.

Lemma 2.2. Let1<p<2, QCR? be a bounded simply connected domain, and 21,z € R?\ Q.
(1) If
max{dist(z1,09), dist(z2, 00)} < 2|21 — 22/, (2.1)

and v C R?\ Q is a curve joining z1 and 2 so that
/dist(z,@Q)lfpds(z) < Chlz — 2?77,
~
then we have

le(7) < C(p, C1)|z1 — 2.

(2) If
max{dist(z1,00Q), dist(z2, 0Q)} > 2|21 — 22/, (2.2)

then the line segment [z1, z2] C R?\ Q joining z1 and z» satisfies
/ dist(z, 0Q)' "Pds(z) < C(p)|21 — 22> 7.
[21,22]

Especially, if the curve condition (1.1) holds, then R?\ Q is quasiconvex with a constant depending only
on p and C.

Proof.  Let us first verify the part (1). We claim that
v C B(z1,¢|z1 — 22]) \ Q (2.3)

with ¢ = ((2 — p)(Cy + 1) +327P)1/2=P) _ 2 If (2.3) holds, then for any z € v, according to (2.1), we
have
dist(z,0Q) < dist(z1,09) + ¢|z1 — 2| < (2 + ¢)|z1 — 22|,

and by 1 <p < 2,

(24 ¢)Plzy — 20" Ple(y) < /dist(z,aﬁ)l_pds(z) < Chlz — 20277,
gl

Hence,
le(y) < C(p, Ch)|z1 — 22,

and we conclude that we only need to establish (2.3).
Let us verify (2.3). By the curve condition on =, the triangle inequality and (2.1),

Cilz1 — 2P > /dist(z,@Q)l_pds(z)
8!

> /(dist(zl, ON) + |z — z1]) "Pds(z)
~
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> /(2|21 — 2| + |z — 21]) " Pds(2). (2.4)

Suppose that v C R? \  is not contained in B(z1,c|z1 — 22|) \ Q. Then by restricting the curve to the
part contained in the disk B(z1,¢|z1 — 232]), we further have

clz1—z2|

/mﬁ—@+p—mwwww>/‘ (221 — 20| + 1)1t
Yy

|21 —22]

— z|2P
e (ST ) (25)
By combining (2.4) and (2.5), we arrive at

1
Tl <0

which is impossible for our choice of ¢. Thus, we conclude (2.3), and we have proven the part (1) of our
claim.
Towards (2), clearly (2.2) implies [21, 2] C R? \ Q. With possibly changing the roles of z; and z, we
may assume that
dist(z1, 0Q) > 2|z — 23].

Thus, we have
/ dist(z, 0Q) 7P ds(z) < |21 — 22]2P Mdist(z1,00) 7P < C(p)|z1 — 22)* 77,
[z1,22]

where we used the facts that 1 < p < 2, and that by (2.2) together with the triangle inequality, we have
that for each z € [z1, 29],

1
dist(z,0Q) > dist(z1,00) — |21 — z| = dist(21,00) — |21 — 22| > Qdist(zl,aﬁ).

This gives the claim of the second part. O
We establish the following self-improving property of (1.1) via ideas from the proof of [39,
Proposition 2.6].

Lemma 2.3. Let Q C R? be a bounded simply connected domain for which (1.1) holds for R? \ Q.
Then there exists € > 0 that depends only on p and the constant C1 = C(Q,p) in (1.1) so that for every
1<p<p+eandall 2,20 € R?2\ Q, there exists a curve v C R?\ Q joining z; and zo such that

/ﬂmuﬁmk%q@<CmCMQ—@Pf
;

Proof. ~ We begin by showing that under the assumption of the lemma, for any pair of points 21, z2 €
R2\ Q, there exists a rectifiable curve v C R? \  joining them with le(y) < C|z; — 22| such that for all
w1, wy € 7, any subcurve y[wy, ws] C v joining wy and wy satisfies

/ dist(z,00Q)' P ds(2) < clwy — wo]*7P, (2.6)
ylw1,we]

where the constants C' ande depend only on p and C;. In the case where z; and zo satisfy (2.2), we claim
that we may take v = [z1, 22|, the line segment joining z; to zo. Towards this, we may clearly assume
that

dist(z1,09) > 2|21 — 22].

Then since every subcurve of our line segment +y is still a line segment, we have

/ dist (2, 99) 1 ds(2) < C(p)|wn — wsdist(z1, 90)1 7
[wi,we]
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< C(p)lwr — wallz1 — 22" 77 < C(p)|wy — wa|*7?,

where we used the facts that 1 < p < 2, and that by (2.2) with the triangle inequality, we have that for
each z € [z1, z2],

1
dist(z,0Q) > dist(z1,00) — |z1 — z| = dist(21,00) — |21 — 22| > adist(zl,aQ).

Thus, (2.6) holds whenever (2.2) holds.

We are left with the case where (2.2) fails. Then (2.1) holds. We claim that there exists a curve
v C R%\ Q that joins z; and z2 and minimizes the integral in (1.1).

Let 7; be a sequence of curves joining z; and 2z such that

/ dist(z,00)' "Pds(z) < ¢jlz1 — 2> 7P,
Vi
where ¢; < C) converge to the infimum c of such constants c; for the pair z;,22. Then this condition
ensures that

le(y;) < Clz1 — 29|

for all j by Lemma 2.2(1). Therefore, by Lemma 2.1, there exist a sequence j; — oo and a limit curve =
so that ~y;, (t) — ~(¢t) for all ¢t as i — oo and

/ dist(z, )" Pds(z) < liminf / dist(z, 9) ' Pds(2) < |zt — 227 2.7)
~ 1—> 00 ~;

Now, fix 21,22 € R?\ Q satisfying (2.1), and let v C R? \  be a minimizer for the integral in (1.1) for
z1 and zo. We claim that any subcurve y[wy, ws] of 7 is also a minimizer for w; and wy. Otherwise, let
v'[w1, ws] be a minimizer for wy and we. Because of symmetry, we may assume that vy passes z1, wy, ws
and zo in this order. Then by the linearity of the integral, we have

/dist(z78§2)1_pds(z) = (/ —l—/ +/ )dist(z78§2)1_pds(z)
2l ylz1,w1] ywi,ws] Ywz,22]

> (/ +/ +/ )dist(z,aQ)l_pds(z)
ylz1,w1] V' [wy,wa] v[wa,z2]
:/ dist(z, 0Q)' ~Pds(z),
,yl

where
v = [z, wi] x ' [wr, wa] * Yws, 2]

joins z1 and zo. This contradicts the minimality assumption on . Thus, our claim follows, and hence
(2.6) also holds for points satisfying (2.1).

To conclude, for any pair of points 21,22 € R? \ €, there exists a rectifiable curve v C R? \  joining
them with le(y) < C|z1 — 22 so that (2.6) holds. In other words, the curve v satisfies the so-called “strong
a-hyperbolicity” in [39, Definition 2.4] with o = 2 —p. Thus, we can use the proof of [39, Proposition 2.6]
to conclude the lemma. For the sake of completeness, let us give the details of this argument.

We first show that whenever a curve v satisfies (2.6) and wy,ws € -y, we have

1

S dist(z,00)"Pds(z) < C(p,¢) min  dist(z, dQ)17P. 2.8
] Lo, 00 ds(2) < O ) (2. 09) (2.

z€7[w,we]
We have two cases. If
max _dist(z, 9Q) < 2le(v[w1, wa]),
z€7[w1,w2)
thenas 1 <p <2,
min  dist(z,0Q)' 7P > 21 7P le(y[wy, wa]) P,

z€v[w,wa]
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Therefore,

/ dist(z, 0Q)' "Pds(2) < clwy — wa*7P < cle(y[wy, wa)) le(y[wy, wg]) P
y[wi,we]

< C(p,c)le(y[wy,ws]) min  dist(z,0Q)' 7P,

z€vy[w,wa]

and (2.8) follows. If
max _dist(z,9Q) > 2le(y[wy, ws]),

z€y[wr,wa)
then by the triangle inequality,

max dist(z,00) < min dist(z,90Q) + le(y[w1, wa))

zE€y[wi,wa) z€y[w1,w2]

1
< min  dist(z,0Q) + = max dist(z, 09).

z€vy[wr,we] 2E€~[w1 ,wa]

Thus,
min  dist(z,0Q) < max dist(z,002) <2 min dist(z, 9Q),

z€v[wi,wa] z€v[w1,wa] z€v[w1,wa]

and (2.8) again follows from (2.6).
Now let us complete the proof by relying on le(y) < Clz; — 22, (2.6) and (2.8). Parametrize v by
arc-length, v: [0,le(y)] — R?\ 2. Then (2.8) gives the estimate

1 2
_— dist(y(t), ) "Pdt < C(p,c) min dist(y(t), Q)P
[t — t1] Jy, tE[t,t2]
for all 0 < t; < ta < le(y). This implies that w(t) = dist(y(¢), 9Q)! 7P is a Muckenhoupt A;-weight on
[0,le(y)]. By the reverse Holder’s inequality (see, e.g., [18, 15.3]), there exists 8 > 1 that depends only

on C(p,c) such that
( 1 /le(’)’) ( )le )[13 O( ) 1 le(’)’) ( )d
— w(t)”dt < C(p,c —/ w(t)dt.
le(y) Jo le(y) Jo

This estimate together with (2.6) and the fact that |z — 22| < le(y) < C|z1 — 22| implies the claim. O

We close this subsection with the following technical existence result that will be employed in Section 4.
Lemma 2.4. Let % < R < 1and 1 < p < 2. There are an absolute constant § > 0 and a
constant C(p) that depend only on p so that the following holds. Let wy € D\ B(0,R) and wi # we
€ B(z1,6(1 — |wi1|)) \ B(0, R). Then there is a curve v C B(wy, (1 — |w1])/2) \ B(0, R) joining wa to w
so that

/dist(zﬁB(O, R)UOB(wy, (1 — |w1])/2)) "Pds(z) < C(p)|wr — wa|*7P.
¥

Proof. ~ 'We prove the claim with § = 1/30. Fix R, w; and ws as in our assumptions. If ws lies on the
radial segment through w,, then we may clearly choose v to be the radial segment between the points wo
and wy. Otherwise, consider the additional points &; = (|w1| + |we — wﬂ)l%l, Jj=1,2. We let ; be the
radial segment from w; to §; for j = 1,2 and let 3 be the shorter arc on the circle S(0, |w1 | + |we — w1])
from &; to &. We can estimate the lengths of these curves by

le(y2) = |wa — &o| = |wi] — |wa| + |w2 — wi] < 2[wy — wi]

and
le(yz) < 7€ — &of < 27wy — wy|

since wy, wy, &1,& € D\ B(0, %) We define 7 as the concatenation v = ;1 * 3 * 2. Then

le(y) <le(y1) +1e(y2) + le(ys3) < |wa — wi| 4 2|wy — wy| + 27w — wy] < 10jwe — w1 ]. (2.9)
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Moreover, clearly v N B(0,R) = 0. Since 73 C S(0,|wy| + |wa — wy]) and |wi| > R, we have
dist(~s,0B(0, R)) > |wgy — wy|. Furthermore,

dist (7, 0B(w1, (1 = |w[)/2)) = (1 = |wa])/2 = 10Jwy — w1 | = 5wy — w|

by (2.9) since w; € v and 29 € B(z1, (1 — |wi])/30. This together with (2.9) yields
/dist(zﬁB(O, R)UOB(wy, (1 — |wy])/2)) "Pds(2)
.

< [ dist(z,0B(0, R)) "Pds(z) + [ dist(z,dB(0, R))*Pds + 20wy — wy|' 2.
Y1 Y2
The claim follows by integrating since 7; and - are radial segments and both are of the length no more
than 2‘1112—7111‘. O

2.3 Hyperbolic metric

Recall that the hyperbolic distance between z1, zo € D is defined to be

2
disty,(21,22) = inf | ———ds(z),
ist (21, 22) in /71_ EE s(z)

where the infimum is taken over all rectifiable curves =y joining z; to z2 in ID. Notice that the density above
1

is comparable to T = dist(z, dD) L. The infimum is achieved by a unique curve joining z; and z that
we call the (geodesic) hyperbolic segment between z; and zo. It is an arc of a (generalized) circle that
intersects the unit circle orthogonally. Especially, if the hyperbolic segment contains the origin, then it
is a Euclidean segment. Conversely, each Euclidean segment that contains the origin and is contained in
D is a hyperbolic segment. It is not obvious from the definition that the hyperbolic distance is preserved
under conformal self maps of the disk, but this is indeed the case and follows from the fact that conformal
self maps of the disk are Mobius transformations of D onto itself.

The hyperbolic distance in a simply connected domain is defined via a conformal map. Precisely, given

a simply connected domain 2, we pick a conformal map ¢: D — Q and define, for z,y € €,

disty, (z,y) = dists (¢~ (2), o (y)).

This is independent of the choice of ¢ since ¢ is unique modulo composition with a Mobius transformation
that maps D onto . Equivalently,

disty (z,y) = inf/ Mds(z),

v Sy 1=lg(2)P

! and the infimum is taken over all rectifiable curves that join x to y in Q. Hyperbolic

where g = ¢~
segments in {2 are then both minimizers of this integral and images of hyperbolic segments in the unit
disk. Even though the hyperbolic metric is defined via conformal maps, one can estimate it without

knowing the map in question. For this, one uses the following Koebe distortion theorem.

Lemma 2.5 (See [1, Theorem 2.10.6]).  Suppose that ¢ is conformal in a domain Q G C with p(Q) =
Q' G C. Let 29 € Q. Then

i|<p’(zo)|dist(20,89) < dist(¢(20), 0") < |¢'(20)|dist(20, I9).

By the Koebe distortion theorem, the density in the definition of the hyperbolic distance is comparable
to dist(z,0)~! with absolute constants. For example, in the upper half-plane H, the hyperbolic metric
has the density y~! at the point (x,%y) € H, and the hyperbolic geodesics are circular arcs perpendicular
to the real axis (contained in half-circles with the center on the real axis) and segments of vertical lines
ending at the real axis. See [1, Chapter 2] for more information on the hyperbolic metric.
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We also need the hyperbolic distance in the complement of the closed unit disk and in complementary
Jordan domains. Towards this, we recall that the hyperbolic distance in the punctured disk D\ {0} is
defined via the density p(z) = m and this time taking the infimum over curves in D\ {0}. For the
exterior of the closed unit disk, we transform this density and the hyperbolic distance via the (conformal)
Mobius transformation ¢(z) = % Then the density of the hyperbolic distance is still controlled from above
by an absolute constant multiple of ‘Z‘%l = dist(2,0D) ! (and also from below when z € B(0, 10)).

Recall that a Jordan curve divides the plane into two domains, the boundary of each of which equals
this curve; we refer to the bounded one as a Jordan domain 2. Then the Jordan domain €2 is conformally
equivalent to the unit disk and the corresponding unbounded domain Q= R2 \ Q2 is conformally equivalent
to R? \ D. We define the hyperbolic distance and the corresponding density in Q via the conformal map
and our hyperbolic distance and density in the exterior of the closed unit disk. This does not depend
on the choice of the conformal map in question since any two conformal maps from the exterior domain
of the unit circle onto our Jordan domain can only differ by a precomposition with a rotation. This
follows since the composition of the inverse of the second map with the first one would be a conformal
self map of the exterior domain of the unit circle. Each such map is a rotation. This can be seen by
pre- and postcomposing with the Mébius transformation ¢(z) = % so as to obtain a conformal self map
of the punctured disk, noticing that the origin is a removable singularity and mapped to the origin by
the extension. Thus, we obtain a conformal self map of the unit disk that maps 0 to 0. Such maps are
rotations.

Given a Jordan domain Q and a conformal map ¢: D — Q or ¢: R2\ D — R?\ Q, our map ¢ extends
homeomorphically up to the boundary by the Carathéodory-Osgood theorem [34, Theorem 4.9, p.445].
Then the hyperbolic ray in ), ending at z € 91, is the image under ¢ of the radial ray from the origin
to o~ 1(2), or in R?\ Q, is the image under ¢ of the radial half-line starting from ¢~1(2). Most of the
hyperbolic rays in a Jordan domain 2 have finite length in the sense that

le(o([0,w))) < oo for a.e. w € S* = ID. (2.10)

This follows since

/ " / 1 (re )| drd = JECIE W?( / |<P’(Z)|2>1/2 - w“?( / J¢<z>)1/2

by Hoélder’s inequality and the Cauchy-Riemann equations; the integral of J, over D) is the area of € and
hence finite and |¢’(2)| is bounded in B(0,1/2) since ¢ is smooth.

The following lemma provides us with estimates on the oscillation of |¢’(z)] in terms of the hyperbolic
metric.

Lemma 2.6 (See [1, Theorem 2.10.8]).  Suppose that ¢ is conformal in U, where U is the unit disk D
or U=R?\D, and let z,w € U. Then

exp (=3dista (2, w))[¢' (w)] < [¢'(2)] < exp (3dista (2, w))|¢' (w)].

We also record the following estimates, referred to as the Gehring-Hayman inequalities, e.g., in [35,
Theorem 4.20, p. 88]. They show the significance of hyperbolic segments.

Lemma 2.7 (See [10]). Let ¢: D — Q be a conformal map. Given a pair of points x,y € D, denoting
the corresponding hyperbolic segment in D by I'y ,,, and by 7, any curve connecting x and y in D, we
have

le(p(Tsy)) < Cle(@(ya,y))

and
diam(p(I';,y)) < Cdiam(p(7z,y)),

where C is an absolute constant.
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We close this subsection with the following lemma that employs hyperbolic segments. In general, the
internal distance between two boundary points of a Jordan domain can well be infinite. However, such
points cannot be obtained as Euclidean limits of sequences of points with uniformly bounded internal
distances.

Lemma 2.8. Let Q be a Jordan domain and xj,y; € 2, j € N be points so that x; — z € Q and
y; =y € Q with y # x. Then
le(I'y ) < Climinf disto(x;,y;)
J—00
for the hyperbolic segment I'y, between x and y in Q, where C is an absolute constant. Especially, if
disto(z;,y;) < M < oo for all j, then disto(z,y) < CM.

Proof.  Let x;,y; € Q be points so that z; — z € Q and y; — y € Q with y # . We may assume that
x; # y;. Pick rectifiable curves +y; joining x; to y; in Q so that

le(y;) < 2disto(z;, y;)- (2.11)

Fix a conformal map ¢: D — Q. By the Carathéodory-Osgood theorem, we may extend ¢ homeomorphi-
cally up to the boundary. We refer also to this extension by ¢. Write z; = ¢~ (z;) and w; = ¢~ (y;).
By Lemma 2.7, we conclude that

le(p(T5)) < Cle(v;) (2.12)

for the hyperbolic segment I'; := T',, 4, between z; and w; in I with an absolute constant C. Since
¢ is uniformly continuous, z; # y; and limj o z; = = # y = limj_, y;, there exists § > 0 so that
|zj —wj;| > 6 for every j > 1. Because each I'; is a hyperbolic segment and hence an arc of a (generalized)
circle that intersects the unit circle orthogonally, we deduce from this the existence of a 6’ > 0 and points
& €T sothat |§;| >1— ¢ for all j > 1. Define

e =13 gi’
J

where Ej is the complex conjugate of £;. Then T is a conformal (Mobius) self map of I and maps &; to
the origin. Now, T} oI'; is a hyperbolic segment that contains 0 and hence a Euclidean line segment. On
the other hand, a subsequence of the points &; converges to some ¢ with |{] > 1 — ¢’ and a subsequence
of the corresponding 7j o I'; converges to some curve a by Lemma 2.1. Clearly, « is a FEuclidean line
segment that contains the origin and hence also a hyperbolic segment. Define

_2=€
B 1+Ez.

T(2)

Then T is a conformal self map of the disk and hence T~! o a is a hyperbolic segment between ¢~ (z)
and ¢~ 1(y). Consequently, I' := ¢ o T~ o « is a hyperbolic segment in 2 with endpoints  and y.

We are left to estimate the length of I'. By switching to a subsequence in the beginning of our proof,
we may assume by (2.11) and (2.12) that

liminfle(o(T';)) < 2C liminf disto(z;, y;).
j—o0

J—00

Since ¢ is uniformly continuous, the above subsequence T o I'; converges to o, and Tj_1 converges to
T, we have that poI'; converges to ¢ o T~ !'oa =T. Hence, we may deduce from Lemma 2.1 that

le(I") < 2C lim inf disto (x5, y;)-

J]—00

This completes the proof. O
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2.4 Whitney-type set

A dyadic square in R? refers to any set
[mi27% (m; + 1)27% x [m;27%, (m; +1)27"],

where m;, m;, k € Z. We denote by £(Q) the side length of the given square (). The barycenter of a set
A C R? with positive and finite Lebesgue-measure will be denoted by x4, and for ¢ > 0, the dilation of
A by factor ¢ will be denoted by

cA={c(r—xa)+xza:2z€ A}

We use these concepts in particular for dyadic squares Q.

Recall that any open set in R2, different from the entire R?, admits a Whitney decomposition (see,
e.g., [40, Chapter VI]).

Lemma 2.9 (Whitney decomposition).  For any open set U # R?, there exists a collection W =
{Q;}jen of countably many closed dyadic squares such that

(1) U=Ujen Qj and (Qk)° N (Q;)° =0 for all j, k € N with j # k;

(i) £(Qx) < dist(Q, OU) < 4V3(Qu) for all k €

(iil) 10(Qr) < UQ;) < 44(Qr) whenever k,j € N and Qr N Q; # 0.

The above squares @); are called Whitney squares of U. We also need the following more general concept
since the image of a Whitney square under a conformal map needs not be a Whitney square.
Definition 2.10. A bounded connected set A C U # R? is said to be of A-Whitney type in U (with
constant A > 1) if the following hold:

(i) There exists a disk with radius +diam(A) contained in A.

(ii) ydiam(A) < dist(A4,0U) < Adiam(A).

For example, the Whitney squares in Lemma 2.9 are 41/2-Whitney-type sets. Conversely, each -
Whitney-type set A C U intersects at most N(A) Whitney squares of U. By Lemma 2.9(ii) and
Definition 2.10(ii), we have

Q C B(z,C(N)dist(z, 0U))

with C(\) = v2(A+ 1) + X for any = € A and any Whitney square Q of U that intersects A, and that
Q) = (5v2) " dist(4, oU)

for any such Q.
Observe that for a A-Whitney-type set A in U and any = € A, by the triangle inequality and
Definition 2.10(ii), we have

dist(A4,0U) < dist(x,0U) < (1 + X)dist(4, 9U). (2.13)
Thus, if a pair A1, Ao of A-Whitney-type sets has non-empty intersection, then
diam(A4;) ~ diam(As) (2.14)

with the constant depending only on A.
In terms of hyperbolic metric, Whitney-type sets have a uniformly bounded diameter in the following
sense.

Lemma 2.11.  Let Q be a Jordan (or exterior Jordan) domain in R? and A C Q be a \-Whitney-type
set with A > 1. Then
distp(x,y) < C(N) (2.15)

for all x,y € A.
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Proof.  Let z,y € A be fixed. Let r = Ldist(A,9Q) and consider the cover {B(z,7)}.ca of the
set A. By the 5r-covering lemma, there exists a pairwise disjoint subcollection {B(z;,7)}¥, so that
AcC Uf\il B(zi,5r). For every i, we have

B(z;,r) C B(z,diam(A) +r) C B(x, 11r).

Hence, since B(z;,7) are pairwise disjoint, we have N < (11\)2. By the fact that A is connected, there
exists a sequence {i(k)}AL, with M < N so that @ € B(z),5r), y € B(zian,5r) and B(z),5r)
N B(2i(k41),07r) # O for all k =1,..., M — 1. Then the curve

v = [z, zi)) * [zir), zi)) * - * [zin—1), zion ] * [zian » V)

satisfies le(y) < 10(N + 2)r and dist(vy, 0Q) > dist(A4, 0Q) — 5r = br.
Since the density of the hyperbolic metric is bounded from above by dist(z, 9Q)~! up to a multiplicative
constant, we have

distp (z,y) < C’/ dist(z,092) " tds(z) < C'le(y)dist(y,09Q) ™' < 2C(N + 2),
¥

concluding the proof. O

Given a \-Whitney-type set A C D, one has disty(z,w) < C(\) for all z,w € A by (2.15). Hence,
Lemma 2.6 implies |¢'(z)| ~ |¢’(w)| with a constant depending only on A. By this (applied to suitable
disks) in combination with Lemma 2.5, one can prove that the images of Whitney squares of a simply
connected domain 2 under a conformal map of € onto ' get mapped to Whitney-type sets. Following
the idea from [9, Theorem 11], we see that a more general version of this can be proven with the help
of Lemma 2.5 and [41, Theorem 18.1]. Since we use it later on, let us recall that [41, Theorem 18.1]
gives the following: there exists a universal increasing (continuous) function ©: (0,1) — R such that
lim,_,o+ ©(z) = 0, lim,_,;- ©(z) = oo and for every conformal map ¢: Q — Q' with domains Q,Q’ & R?

and each point = € 2, we have
lp(x) — #(y)l |z —y
< : 2.1

dist(p(x), oY) © dist(x, 00) (2.16)

for every y with 0 < |z — y| < dist(x, 9).

Lemma 2.12.  Suppose that p: Q — Q' is conformal, where Q, Y g R? are domains and A C Q is a
A1-Whitney-type set. Then o(A) C QV is a Ay-Whitney-type set with Ay = Aa(A1).

Our next estimate shows that a conformal map from the unit disk (or from the exterior domain of the
disk) onto a simply connected domain (to an exterior domain) is Cx-bi-Lipschitz modulo a scaling factor
on each A-Whitney-type set.

Lemma 2.13. Let ¢: U — Q be conformal, where U =D or U = R2\D. If A C U is of \-Whitney
type and zg, z1, 20 € A, then

C5 e’ (20)l122 — 211 < [(22) = ¢(21)] < Cal¢' (20) |22 — 21,
where Cy depends only on A.
Proof. Fix zg,z1,29 € A, where A C U is of A-Whitney type. As in the proof of Lemma 2.11,
let r = 15dist(4,0U). Then dists(z,21) < C for an absolute constant when z; € B(z1,5r). Hence,
Lemma 2.6 gives us the estimate

|o(22) = ¢(21)] < exp(C)¢(21)]]22 — 21 (2.17)

if 29 € B(z1,5r). Let us assume that zo ¢ B(z1,57). Then |29 — 21| > 5r. Let v be the curve from the
proof of Lemma 2.11 for the pair 21, 22. Then le(y) < (11A\)%r and disty(z, 21) < 2C(2 + (11M\)?) =: C;
for each z € . Hence, Lemma 2.6 gives

(11X?) exp(C1) |’ (21)]]22 — 21].  (2.18)

[S =

|p(22) — p(21)] < / | (2)|ds(2) < exp(C1)l¢'(21)|le(v) <
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By combining (2.17) and (2.18), we see that Lemma 2.11 together with Lemma 2.6 allows us to further
deduce that

le(22) = @(21)] < CVIE' (21)l122 — 21| < C"(N)I¢ (20)]22 — 2.

Towards the opposite inequality, notice first that dist, (w, 2) < C with an absolute constant whenever
2 € Qand @ € B(2,dist(£,00Q)/2). This holds since the density of the hyperbolic distance in this disk is
bounded from above by a fixed multiple of dist(Z, Q). Especially, dist, (o1 (£), o~ (2)) < C for each
€ € B(2,dist(2,09)/2). By Lemma 2.6, we conclude that

' (071 (2))] < Cale! (™ ()] (2.19)

for all £ € B(2,09)/2). Since =1 (€) = from (2.19), we deduce the estimate

1
@' (p=1(&)’

™D (O <Gl (2)]- (2.20)

Let I be the Euclidean line segment between Z € ¢(A) and given @ € B(2,dist(2,09)/2). Then I C
B(%,dist(z,00)/2). By integrating the estimate (2.20) over I, we conclude that

o™ (@) — 7 ()] /| " (O)lds(€) < Cal(e™) (2)lld — 2| < Ol (971 (@) b — 2] (2.21)
Especially, if @, 2 € p(A) satisfy
i — 2| < %max{dist(é, 09), dist (i, 00)}, (2.22)
then by (2.21), Lemmas 2.6 and 2.11, we get

o (@) — o7 (3] < Camax{le (7 (€))7 : € € (A} — £ < CL(N) sl (20)| b — 2.

We are left to consider the case where (2.22) fails. By Lemma 2.12, we know that ¢(A) is of Cy(A)-

Whitney type. Hence,
diamyp(A) < Cs(N)dist(p(A), 0Q) < Csdist(2,00) (2.23)

for each Z € A. If (2.22) fails, then dist(Z, Q) < 2|w — 2| and we conclude that
diam(p(A)) < 2C5(N)|w — 2|

and further that

&

S>

diam(A) = diam(A)|w — 2|~
2C5(\)diam(A)diam(p(A)) ™!
It only remains to be noticed that |¢’(z9)| is comparable to dist(¢(zg),9Q)/dist(zg, 0U) with absolute

constants by Lemma 2.5, that Cs(\)dist(¢(z0),09Q) > diam(p(A4)) by (2.23) and that diam(4) <
Cs(N)dist(z, 0U) since A is of A-Whitney type in U with zy € A. O

—zl.

2.5 Conformal capacity

Let Q C R? be a domain. For a given pair of disjoint continua E,F C Q, define the conformal capacity
between E and F in  as

Cap(E, F,Q) = inf{||[Vul2(q) : u € A(E, F,Q)},

where A(E, F,Q) denotes the class of all u € W,52(Q) N C(QU E U F) that satisfy u = 1 on E, and
u = 0 on F'. We remark that in general, one has to be careful when defining the capacity of continua that
are allowed to intersect the boundary of the domain. However, for our purposes, the definition above is
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enough, so we can avoid considering the prime-end compactification of 2 and the more subtle definitions
of capacity. The conformal capacity is by definition increasing both with respect to the sets £ and F
and with respect to 2. We refer to this by the monotonicity of conformal capacity. Also notice that
Cap(E, F,Q) = Cap(F, E, ), as seen by switching a given test function u to v =1—u.

Let us introduce the properties of conformal capacity, which will be used in the rest of the paper
(see, e.g., [41, Chapter 1] for more properties). We remark that even though [41] (as well as some other

references below) states estimates for “modulus”, “modulus” is equivalent with conformal capacity in our
setting below (see, e.g., [20, Theorem 2.6] and [36, Proposition 10.2, p. 54]).

Lemma 2.14.  The conformal capacity is conformally invariant, i.e., for domains  and € in R?, a
conformal (onto) map ¢: Q — Q' and disjoint continua E and F in Q, we have

Cap(p(E), p(F),Q') = Cap(E, F, Q). (2.24)
Moreover, if ¢ has a homeomorphic extension, still denoted by ¢, p: Q — ', then (2.24) also holds for

disjoint continua in Q). Especially, this is the case if both Q and Q' are Jordan.

In what follows, whenever we mention the conformal invariance of conformal capacity, we always refer
to the above lemma.

We have the following estimate for the conformal capacity in the unit disk D (and in its exterior domain
R2\ D). Let E and F be disjoint continua in D. Then

(2.25)

Cap(FE, F,D) > clog (1 + min{diam(E), dlam(F)})7

dist(E, F)

where ¢ > 0 is a universal constant. Moreover, the analogous inequality holds for E, F C R?\D. For these
results, see [42, Lemma 7.38] that gives (2.25) for the entire plane instead of D, and see [12, Remark 2.12]
and [20, Theorems 2.6 and 2.8] that allow us to deduce the desired estimates from the global one.

We call a domain A C R? a ring domain if its complement has exactly two components and at least
one of the components is compact. If the exterior components of A are Uy and U, then we write
A = R(Uy, Uy). It follows from topology that also A has two components, Vo = UgNA and Vi = U; N A.
If Uy, Vp and V; are compact, we have

Cap(Vp, Vi, A) = Cap(Uy, V1, AU Uy); (2.26)

indeed, “<” directly follows from the definition and “>” follows by extending each u € A(Vy, Vi, A) as
constant 1 to Uy \ Vo (see also [41, Theorem 11.3] and its proof). Furthermore, we have the following
estimate for the capacity of the boundary components of a ring domain.

Lemma 2.15.  Let A = R(Uy,U;) C R? be a ring domain with Uy unbounded. Assume that Vo = UgNA

and Vi = Uy N A are compact. There exist two universal increasing functions ¢;: (0,00) — (0,00),7 = 1,2
so that limy_,04 ¢;(t) = 0 and lim;_, ¢;(t) = 0o, and so that

N ( diam(Up)

2.2
diSt(U(], U1) ( 7)

) < Cap(Vo, V1, 4) < ¢2 <diam(U0)>.

diSt(Uo, Ul)
We need the fact that the inner distance satisfies the triangle inequality [4, Lemma 2.3].

Lemma 2.16.  Let Q be a Jordan domain and z1, 22, 23 € Q be three distinct points. Then
disto (21, z3) < distg(z1, 22) + distq (22, 23).

We record the following estimate, which states a kind of converse to (2.25). It builds on [29, Lemma 2.2].
(Recall from Subsection 2.1 that diamg and Bq(z,r) refer to the diameter and ball in the inner distance
with respect to 2.)

Lemma 2.17.  Let Q be a domain and E, F C Q be a pair of disjoint continua. Then if Cap(E, F,Q) >

dg > 0, we have
min{diamq (E), diamq(F)} 2 distq(E, F), (2.28)
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where the constant depends only on dy. Especially,
min{diamgq (F), diamq(F)} 2 dist(E, F),
and if Q =R?,
min{diam(E), diam(F)} 2> dist(E, F). (2.29)
If we further assume that Q is Jordan, then (2.28) also holds if E C Q and F C Q are disjoint continua
with Cap(E, F,Q) > do.
Proof. Step 1.  We begin with the case where E, F' C Q. By switching E and F, we may assume

that diamg(FE) < diamg(F). We may also assume that 2diamq(F) < disto(FE, F); otherwise, the claim
holds trivially. Fix z € E, and write 9525 — 17 We define

diamg (E)
1, if distq(z, z) < diamq(F),
u(z) = 0, if distq(z, z) > distq(E, F),
1 . B .
og(distq(FE, F)) — log(distq(x, z))’ otherwise.
log(M)

Then w is locally Lipschitz and
|Vu(z)| < (log M) distq(z, 2) "
for all € Q with diamq(F) < distq(z, 2) < disto(F, F), and [Vu(z)| = 0 elsewhere. Write
R = Bq(z,distq(E, F)) \ Ba(z,diamg(E)),

and for ¢ > 1,
A; = Bq(z,2'diamq(E)) \ Ba(z,2" 'diamg(E)),

where Bq(z,r) is the disk centered at z with radius r with respect to the inner distance. The assumption
Cap(E, F,Q) > §p > 0 and a direct calculation via our dyadic annular decomposition with respect to the
inner distance give

do < / |Vul*dz < (logM)_Q/ disto (z, 2) *dx
Q R

< (log M) ™2 Z/ 22 % diamq (F) ?dx

[log M]+1
2(log M)~ Z 4T

< (log M)~ 210gM < (log M) ™",
where [log M] denotes the integer part of log M, and in the third inequality we used the fact that

Bq(z,7r) C B(z,r). Hence, M < C(dp), which means that disto(F, F) < diamg(FE).

Step 2.  We continue with the case where at least one of the sets E and F' intersects 9€2. We cannot
directly use a test-function defined like the function u from the previous step since it would not necessarily
be continuous in QU EU F.

To begin, let p: D — Q be a homeomorphism, conformal in I, given by the Riemann mapping and
Carathéodory-Osgood theorems. Since

Cap(Ea F7R2) 2 Cap(E7FaQ) > 50

by monotonicity, we conclude by (2.29), which is given by Step 1, that neither F nor F is a singleton.
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Suppose that E C 952. Then ¢~ 1(E) is a closed nondegenerate arc contained in the unit circle and
hence (2.10) provides us with w € ¢~ 1(E) for which le(p([0,w])) < co. We choose 0 < tg < 1 so that

diamg (p([tgw, w]) U E) < 2diamq (F)
and )
dista(p([tpw,w]) UE, F) > idiStQ(E, F).

Set E' := ¢([tpw,w]) UE = p([tpw,w] U ¢ (E)). Then E’ is compact and connected. Notice that E’
intersects Q and E C FE'.

If E intersects 2, we simply let £/ = E. We construct F’ in an analogous manner, considering now
the internal distance to E’. Then E’, F' C Q are continua,

diamg(E') < 2diamg(E), diamg(F’) < 2diamg(F)

and
disto(F, F) < 4distq(E’, F').

Moreover, E C E' and F C F’, and hence monotonicity of capacity together with our capacity assumption
ensures that
Cap(Elv Fa/ Q) 2 50-

Hence, it suffices to prove (2.28) for E’ and F’ instead of E and F. For simplicity of notation, we refer
to B/ and F’ by F and F in what follows.
By switching the roles of E and F' if necessary, we show that

Cdiamg(F) > distq(E, F) (2.30)

for some constant that may depend only on §y. At this point, it is perhaps worth pointing out that the
right-hand side is finite since both F and F intersect €.

Towards (2.30), we first pick zgp € ENSQ and choose a new conformal map ¢: 2 — D so that ¢(zp) = 0.
This can be done by post-composing ¢! with a suitable conformal self (M6bius) map of the disk. Given
j =1, we define E; = ¢~ 1((1 — %)w(E)) and F; = ¢~ 1((1 — %)w(F)) Here, tA for a subset of the unit
disk is the image of A under the map f(z) = tz. Then E;, F; C (2 are disjoint continua. By conformal
invariance and monotonicity,

Cap(E;, Fy, Q) = Cap(b(E,), v(F;), D) > Cap <w<Ej>,w<Fj>,B(o, - j)) (2.31)

Notice that ¢(E;) = (1— %)w(E) and ¥ (F;) = (1— %)w(F) are the images of ¢(F) and ¢ (F), respectively,
under the conformal map f(z) = (1 — %)z, and B(0,1 — %) is the image of the unit disk under this map.
Hence, conformal invariance gives

Cap (W5 6(7), (0.1~ 1 ) ) = Cap(u(B).6(F).D) = Cop(B. P (232
By combining (2.31) and (2.32), we conclude from our capacity assumption on E and F' that
Cap(E;, F;,Q) = dg
for all j > 1. Hence, we are allowed to infer from Step 1 that
disto(E;, Fj) < Cdiamg(E;) (2.33)

with C' = C(dp) and all j > 1.
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We proceed with a limiting process that relies on (2.33). First, notice that 0 € ¢/(E;) for all j. Hence,
by Lemma 2.16, there exists z; in E; so that diamg(E;) < 3distq(¢~1(0), 2;). Thus,

diamg (E;) < 3le(v~([0,¢(2)])), (2.34)

where [0,7(z;)] is the radial segment between the points 0 and (z;). Since ¥(E;) = (1 — %)’(/)(E), the
point & = (1 — %)_lw(zj) belongs to ¥(F). Since also 0 € ¥(FE), we deduce that

diamg (E) > disto (v~ 1(0), 47 (&))-
By Lemma 2.7, we conclude that
le(v~1([0,&;])) < Cidiamg(E) (2.35)

with an absolute constant Cy. By the definition of &;, we have [0,%(z;)] C [0,&;], and hence (2.34)
together with (2.35) gives the uniform estimate

diamq (E;) < 3C;diamg(E). (2.36)

Next, (2.33) and Lemma 2.7 provide us with points z; € Ej, y; € F; and corresponding hyperbolic
segments I'; between z; and y; in Q so that

le(I‘j) < ngiamQ(Ej), (237)

where Cs depends only on dg. Since (2 is a Jordan domain, it is especially bounded, and hence by switching
to a subsequence if necessary, we may assume that z; — = and y; — y, where z,y € €. This together
with (2.36) and (2.37) allows us to employ Lemma 2.8 so as to conclude that

disto(z,y) < Csdiamg(E).

By construction, ¥ (z;) € (1— %)E and ¢¥(y;) € (1— })F7 and since v is homeomorphic up to the boundary,

we deduce that € E and y € F. Thus, we have established (2.30) and the proof is complete. O

2.6 John domains

Let us recall the definition of a John domain.

Definition 2.18 (John domain).  An open bounded subset 2 C R? is called a John domain provided
that it satisfies the following condition: there exist a distinguished point zy € €2 and a constant J > 0
such that for every z € €, there is a rectifiable curve v joining x and x( in 2 and satisfying

dist(y, R?\ Q) > Jle(v[z,y])

for all y € . Such a curve 7 is called a J-John curve, J is called a John constant, and we refer to a John
domain with a John constant J by a J-John domain and to z¢ by a John center of Q.

We continue with results related to John domains. For the convenience of the reader, we refer to [33]
whenever possible, even when the result in question has a longer history.

As an example, every disk is a 1-John domain with the center as the John center and radial segments
as John curves. In fact, one can always choose hyperbolic segments for the John curves in the simply
connected situation.

Lemma 2.19 (See [33, Theorem 5.4]). If Q is a simply connected J-John domain, then hyperbolic
segments from the John center xo to points in Q are J'-John curves, where J' depends only on J.

Remark 2.20. Actually, also the hyperbolic segment I' connecting z¢ and y € 99 is a J'-John curve
for a simply connected planar J-John domain Q with the base point zy. This follows from the preceding
lemma and the definition of a hyperbolic segment: the hyperbolic segment between xy and a point x on
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this segment is the part of I" between zy and z. Consequently, any two points z,y € € are rectifiably
joinable and the diameter of a simply connected John domain with respect to the inner distance is finite.
For further reference, let us record the following consequence that deals with integrals as in (1.1). Let
l<p<2
Parameterizing I" via arc-length, the John condition and integration gives

/ dist (2, 00) 1 Pds(2) < ()P le(7)2P < C(p, J')dist (w0, )2,
T

We move towards explaining the role of John domains in our work.

Definition 2.21. A set E is of bounded turning if there is a constant C such that any pair of points
z1 and zo can be joined by a curve v C E whose diameter satisfies diam(y) < C|z1 — 2z2|. We then say
that E is of C'-bounded turning.

Recall that quasiconvexity was defined analogously but with the length instead of the diameter. Hence,
being of bounded turning is a weaker condition than being quasiconvex.

Lemma 2.22 (See [33, Theorem 4.5]).  Let Q be a bounded simply connected planar domain. Then
is John if and only if R?\ Q is of bounded turning. This equivalence is quantitative in the sense that the
John constant and the constant in bounded turning depend only on each other.

By Lemma 2.2, the complement of a bounded simply connected domain whose complement satisfies
(1.1) is C’-quasiconvex and hence also of C’-bounded turning with a constant that depends only on
the exponent p and the constant C' in (1.1). Hence, we obtain the following important corollary to the
preceding lemma.

Corollary 2.23.  Let Q) be a bounded simply connected domain whose complement satisfies (1.1). Then
Q is J-John with a constant J that depends only on the exponent p and the constant C in (1.1).

We need the fact that the boundaries of bounded simply connected John domains are of area zero.

Lemma 2.24. If Q is a bounded simply connected planar John domain, then the Lebesgue area of OS)
18 zero.

Conformal maps from the unit disk onto a John domain behave nicely with respect to the inner distance.
In order to state this quantitatively, we need a definition.

We say that a homeomorphism ¢: D — € is quasisymmetric with respect to the inner distance if there
is a homeomorphism 7: [0,00) — [0, 00) so that

|z — x| < tly — x| implies dista(p(2), p(2)) < n(t)dista(e(y), ¢(x)) (2.38)

for each triple z, z and y of points in D.
It follows from the definition that the inverse of a quasisymmetric map is also quasisymmetric, i.e.,

dista (2, ) < tdista(y, ) implies [¢™"(2) — ™ (2)| <n(1/H) " ™ (y) — ¢~ (2)]

when z,x,y € Q.

Roughly speaking, the definition means that the homeomorphism ¢ maps round objects to essentially
round objects (with respect to the inner distance). The following result will be an important technical
tool for us.

Lemma 2.25 (See [33, Theorem 7.2]).  Let Q C R? be a simply connected domain and p: D — Q be
a conformal map. Then € is John if and only if ¢ is quasisymmetric with respect to the inner distance.

This statement is quantitative in the sense that the John constant and the function n in quasisymmetry
depend only on each other and on diam()/dist(¢(0), 09).

Remark 2.26. Notice that quasisymmetry is a strong version of uniform continuity of the conformal
map from the unit disk onto ) equipped with the inner distance. Hence, the quasisymmetry condition
extends up to the boundary: one is allowed to use (2.38), when correctly interpreted, for triples of points
in D. For example, when Q is a slit disk, every other point of the slit than the tip corresponds to two
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different points with respect to the completion of € in the inner metric. In what follows, we only use the
quasisymmetry condition up to the boundary in situations, where €2 is a Jordan John domain where this
is not an issue. However, we will later employ the fact that a conformal map from the unit disk onto
a bounded simply connected John domain extends continuously to dD), with respect to the Euclidean
distances. This follows since quasisymmetry of a quasisymmetric map from the unit disk implies uniform
continuity with respect to the Euclidean distances.

Recall that hyperbolic segments in the unit disk are arcs of (generalized) circles perpendicular to the
unit circle. Hence, they are essentially the shortest connecting curves and stay “optimally away from the
boundary”. The following definition gives an analog of this property.

Definition 2.27 (Inner uniform domain). A domain Q is called inner uniform if there exists a positive
constant €g such that for any pair of points z,y € €2, there exists a rectifiable curve v C 2 joining x and y
and satisfying

le(v) < idistg(:v, y) and dist(z,0) > ¢o min{le(y[x, 2]),le(y[z,y])} for all z € . (2.39)
€0

Since a conformal map of the unit disk onto a John domain is quasisymmetric, the definition of
hyperbolic segments and Lemma 2.7 suggest that each bounded simply connected John domain should
be inner uniform. This is indeed the case.

Lemma 2.28 (See [33, Theorem 2.29 and Example 2.18(2)]).  Let Q be a bounded simply connected J -
John domain. Then Q is inner uniform with an associated constant ey that depends only on J. Moreover,
the curves in the definition may be chosen to be hyperbolic segments.

We continue by relating the inner and Euclidean diameters of boundary arcs of a Jordan John domain.

Lemma 2.29. Let Q be a Jordan J-John domain and v C OS2 be a subarc containing its endpoints.
Then we have

diam(y) < diamg(y) < Cdiam(y),

where C' depends only on J.

Proof.  'We only need to show that diamg(y) < Cdiam(y) since the first inequality is trivial. Pick
x,y € v such that diamg(y) < 2distq(x,y). By the definition of the inner distance, the hyperbolic
segment I joining x and y satisfies disto(x,y) < le(T"). Let z be the midpoint (in the sense of the length)
of I'. Then since (2 is a John domain and I" is a hyperbolic segment, by applying Lemma 2.28 to pairs of
points on 7 converging to the endpoints of v, we deduce that

le(T) < O(J)dist(z, 99).

Hence, we have
diamg(y) < C(J)dist(z, 09). (2.40)

Fix a conformal map ¢: D — . Since 2 is Jordan, ¢ extends to a homeomorphism (still denoted
¢) of D onto €. Let B be the closed disk of radius §|1 — ¢~*(z)|, tangent to the circular arc ¢~ *(I')
at ¢~ !(z), and contained in the Jordan domain enclosed by ¢~ !(I') and ¢~!(v); recall that o= 1(T) is
a hyperbolic segment in D and hence a circle that meets the unit circle orthogonally at two endpoints
of the arc ¢~1(v) of the unit circle. Since B is a 3-Whitney-type set, by Lemma 2.12, Q' = ¢(B) is a
N-Whitney-type set. Here, A’ is an absolute constant. Let o be the radial projection of B to 8. Then
o C ¢~ !(7) and diam(B) = |1 — ¢~ *(2)| < diam(c). Hence,

1 1
diam(¢~'(y)) > diam(B) > Zdist(B,a) > Zdist(B,ga_l(y)).

Consequently, by (2.25),
Cap(B,¢ '(7),D) =26 >0
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for an absolute constant §. By the conformal invariance of capacity and monotonicity,

§ < Cap(Q',7,9) < Cap(Q',7,R?),

which with Lemma 2.17 implies
dist(Q’, v) < C(6)diam(y). (2.41)

Since @’ is of N'-Whitney type and z € @', we conclude via (2.13) and (2.41) that
dist(z, 00Q) ~ diam(Q’) < dist(Q’, ) < diam(vy),
where all the constants are absolute. This together with (2.40) gives
diamg(y) < dist(z,09) < diam(vy)

with constants depending only on J as desired. O

Based on the above lemma, one would expect 92 to be compact with respect to the inner metric for
each Jordan John domain. This is indeed the case by [4, Remark 3.14] (see also [19]).
We close this subsection with a subinvariance property.

Lemma 2.30 (See [22, Theorem 1]).  Let Q C R? be a simply connected domain and p: D — Q be a
conformal map. Suppose that Q is J-John with the John center (0). Then ¢ maps every J'-John domain
G C D with the John center zg to a c(J,J')-John domain G' = p(G) with the John center ¢(zp).

2.7 Conformal geometry of the exterior domain

Let us fix our notation for this subsection. Let 2 C R? be a Jordan domain and a homeomorphism
¢: R2\ D — R2\ Q be conformal in R? \ D. For z; € 95, define

Az, k) = {z e R\ D | 2" < |z — o7 ()] < 2%} (2.42)
for k € Z. Furthermore, let I'(z;) C R? \ Q be the hyperbolic ray corresponding to z;, and set
T = o(A(z1,k)) NT(21).

We call p({z € R2\D | 2¥71 = |2 — p~1(21)|}) the inner boundary of ¢(A(z1,k)) and p({z € R\ D |
2% = |2 — ¢71(21)|}) the outer boundary of ¢(A(z1,k)). See Figure 1 for an illustration of our notation.
The following technical lemma is a version of a step in the proof of an analog of [3, Lemma 2.7].
Lemma 2.31.  With the notation introduced in the beginning of this subsection, let zo € T'(21), and let
v C R2\ Q be any curve connecting 2, and zo. Let k € Z be such that 2% < |71 (21) — ¢~ 1(22)| and let
Vi be any subcurve of v in p(A(z1,k)) joining the inner boundary and the outer boundary of (A(z1,k)).
Then
le(Ty) ~ dist(T'y, 98) ~ diam(T'y,) (2.43)

and
18(’}%) Z le(Fk)
Here, all the constants are absolute and especially independent of Q0 and the choice of ¢, z1, 7, z2 and k.

Proof.  The fact that le(T'y) ~ dist(T'g, 9Q) ~ diam(T'y) immediately follows from Lemmas 2.12 and 2.13
since by definition, ¢ ~!(T'}) is contained in a 2-Whitney-type disk in R? \ D.

Hence, we only need to prove that le(vx) 2 le(T'y). Observe that since 7 by definition joins the inner
and outer boundaries of p(A(z1,k)), we have

le(p™" (1)) = diam(¢ ™" (1)) > diam(p ™" (') = le( ™' (I'x)) = dist(o™" ('), D). (2.44)

We next argue by case study.
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Figure 1 (Color online) An illustration of the annular parts ¢ ~1(T}) and ¢~ (v;) for k = 0, which are considered in
Lemma 2.31

Case 1.  dist(p (1), 1(Fk)) +dist (e _1(F;€),8D). Write 7 = dist(¢~!(%),0D) = 2*¥~! and
pick w € ¢~ (') so that dist(w, ¢ '(yx)) < §. Then B(w, ) contains a subcurve a of ¢! () of the
length at least r/6 Since ¢ 1(Fk) Ua is contamed in the 3-Whitney-type set B(w, 5) U ¢~ (') and
6le(a) = le(p~1(I't)), Lemma 2.13 gives

le(y) > le(p(a) = [ 1¢/(2)lds(2) > = le(a) | (w)|
N c

1 -1 ! 1 "(2)|ds(z) = 1 e
> Gl O 2 5 [ s = Gl

for an absolute constant C.

Case 2.  dist(¢ (), ¢ 1 (Tx)) = idist(¢ ' (Tx), OD). Let o/ C R?\ € be a curve that joins 7j, and
I Since ¢~(T')) is contained in a (2-Whitney-type) disk B, ¢~!(/) contains a subcurve o C 2B of
the length at least %dist(ga’l(Fk), D). Since %B is of 6-Whitney type, we may again apply Lemma 2.13
to conclude that

le(@) > le(p(a)) > 7 le(T)

with an absolute constant. Hence,
Cdistq (g, I'x) = diam(Ty). (2.45)
Next, by (2.25) for the exterior of the unit disk, (2.44), the fact that
dist(0 ™" (1), ¢~ (Tx)) < 2dist (™" (Tx), OD)

and the monotonicity of the capacity, we obtain
3 L = — I _ -
clog () < Caply™ (7). (T1). B\ B) = Cap(5 T B2\ ) < Cap(7, T B2,

Hence, by (2.45) and Lemma 2.17 for R?, we conclude that
le(vk) = diam(vyg) 2 dist(vyg, k) 2 diam (') ~ le(Tx)

with absolute constants. ]

We record another technical result (see [35, Corollary 4.18] and [3, Proof of Theorem 3.1, p. 645]).
Lemma 2.32. Let Q and ¢ be as in the beginning of this subsection and 0 < o < 1. Let 29 € R2\ D
and let I be an arc of 0D with

le(I) > o(|zo| — 1)
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and

-1
dist(7, zg) < &.

Then there is a rectifiable curve o C R? \ D joining zo to I so that
le(p(a)) < C(o)dist(p(z20), 99),

where C(o) is independent of p, zg, Q.

Proof.  Notice first that it is enough to prove the claim for a subarc of I. Let w € I be such that
|w—zp| < 2dist(I, zp). Then by taking a subarc of I that contains w, we may assume that le(I) < |zo| — 1,
that I is closed and that dist([, zg) < 2@. Define Iy = {t : £ € I} for all 1 <t < |zp|. Then I; is also
a continuum and le(I;) > le(I). According to (2.25) (for R*\ D), the assumptions on I and the conformal
invariance of capacity, we have the estimate

0 < 6(0) < Cap(ljuy), 11, B2\ B) = Cap(p(I1y)), (1), R \ ) (2.46)
for all 1 <t < |zp|. Then, by Lemma 2.17, we conclude that

distga\g(P(Ijzo1), $(I1)) < Clo)diamga g0 (1|z)) < Clo)le((1)2)))-

Hence, we can connect || to I; with a curve 3; for which le(¢(8;)) < C(o)le(o(1)4)))-
By Lemma 2.1, there exists a sequence t; \, 1 so that @ o 3;, converges to a rectifiable curve 3 C R?\
joining ¢(I) to ¢([,,) with

le() < liminfle(o(Br,)) < C(o) le(@(1)z)))-

71— 00
Next, take .J to be a shortest closed subarc of dB(0, |2|) containing both I, and zo. Then

le(J) <le(l).,) + mdist(20, 1|2,|) < [20]1e(I) + 7|20 — w| + wdist(w, I|.,))

|20

-1
< |zo| min((|zo0] — 1), 27) + QWT + 7(|z0] = 1)

< C(0)(Jz0] = 1) = C(o)dist(zp, D).

Since J is contained in a A(c)-Whitney-type set B = J U B(z, ‘Z"g_l), by Lemmas 2.13 and 2.12,
le(o(1)2,))) < le(p(J)) < C(o)diam(p(B)) < C(o)dist(p(B), 090).
Now, take z € I, N ¢ 1(B) and define v = ¢~ 1(B) * J|z, z0]. Then o connects I to zy in R\ D and

le(p(a)) < le(B) +le(p(J)) < Clo)le(p(I)=)) +le(¢(]))
< C(o)dist(p(B),00) < C(o)dist(p(z0), 09).

This completes the proof. O

3 Proof of necessity

In this section, we prove that a bounded simply connected planar W' P-extension domain with 1 < p < 2
necessarily has the property that any two points 21, 2z € R?\ €2 can be connected with a curve v C R?\ Q
satisfying
/dist(z,aQ)l’pds(z) < CUIEIl,p)l=1 — 2.
¥

We first consider the case where 2 is additionally assumed to be Jordan. Under this assumption, we
usually denote the complementary domain of 2 by .
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Theorem 3.1. Let1 < p <2 and let Q be a Jordan domain. Suppose that there exists an extension
operator E: WP (Q) — WHP(R?). Then, given z1, 29 € QU IQ, there is a curve v C QU I so that

/dist(z,@Q)l_pds(z) < CUIE]p)|21 — 22, (3.1)
Yy

where C(||E||,p) depends only on p and the norm of the extension operator.

After this, based on inner uniformity (see Definition 2.27 below), we prove that if Q is a bounded
simply connected W1P-extension domain, then for n > 2, the Jordan domains €, = ¢(B(0,1 — 1)) are
also W1P-extension domains with extension operator norms depending only on p and the norm of the
extension operator for Q). Here, ¢: D — € is a suitable conformal map. Finally, by a limiting argument,
we obtain the result in the general case.

Actually, we remark that when 21, 2z € (NZ, one can require that the curve v in Theorem 3.1 is contained
in Q. For this, see Remark 3.7.

3.1 Necessity in the Jordan case

In this subsection, we prove Theorem 3.1. Recall that the existence of our extension operator guarantees
that Q is a John domain with a constant J depending only on p and the norm of E (see, e.g., [25,
Theorem 6.4], [14, Theorem 3.4], [33, Theorem 4.5] and the references therein). In what follows, J refers
to this constant. Because of technical issues, we first consider the case z1, 29 € 00 = 90 with 29 # 21.
Since  is Jordan, 9Q \ {z1, 22} consists of two open arcs P; and P,. Without loss of generality, we
assume that diam(P;) < diam(P,). For the following four lemmas, let Q, 21, 22, P, and P» be fixed.
We need the following general lower bound on the Sobolev norm.

Lemma 3.2. Let QQ be a square with sides parallel to the coordinate axzes and fixr 1 < p < 2. Let
u € WHL(Q) be absolutely continuous on almost all lines parallel to the coordinate axes. Write

Ao={z e Q|u(x) <0} and A1 ={zec@|uz)>1}.

Suppose further that
max {2 (m1(Ao)), A" (m2(A0))} = 06(Q)

and

max{ (11 (A1)), 2 (m2(A1))} = 60(Q)

for some § > 0, where F' is the 1-dimensional Hausdorff measure, and m; stands for the projection to
the x;-axis for each i =1,2. Then

0Q)* " < C(6.p) /Q VulPdz,

Proof.  We may assume that
/ |[VulPdx < oo;
Q

otherwise the claim is trivial.

Suppose first that s (m1(Ag)) = 64(Q) and 1 (m1(A1)) = 64(Q). If for s -almost every z; €
71(Ap), there exists some x5 € T3(Q) such that u(z1,22) > £, then by our absolute continuity assumption
and Holder’s inequality,

1 p—1 P
1 g/ Ve, £)]dt < 6Q) 5 (/ Vu(acl,t)pdt>
3 Jm@ 72(Q)

for s#1-almost every z1 € m1(Ap), and our claim follows from Fubini’s theorem that

1

)
/QIVulpdx 2/ " )/ o |Vu(zy,t)|Pdtdre, > Hl(m(Ao))g—pé(Q)l"’ > 3775(@)2—?.
™1 0 ™2
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Similarly, the claim holds if for J#!-almost every z; € mi(A;), there exists zo € m2(Q) such that
u(xy, x2) < % If both of the above two conditions fail, we find 2, € m1(A4p) and &, € 71(A1) such that
for all z € m2(Q), u(x1,z2) < 3 and u(d1,x2) > 2. Then by absolute continuity and Hélder’s inequality,
for #1-almost every x5 € m2(Q), we have

< (@, z2) —u(z1,22) < / |Vu(t, z2)|dt < K(Q)%l (/ |VU(ta$2)|pdt> pa
m1(Q)

1
3 1 (Q)

and we again conclude by Fubini’s theorem that

VulPde > Vult, 22) Pdides > H (12(Q)) = Q)P > =£(Q)>.
Q Q) Jm(Q) 3P 3P

If 21 (ma(Ag)) > 00(Q) and 21 (ma(A1)) > 04(Q), the argument for the previous case gives the
asserted estimate after switching the roles of the coordinates 1 and xo. We are left with the cases where

A (m1(Ao)) = 00(Q) and A (m2(Ar)) > 60(Q)

and
A (m2(Ao)) = 6(Q) and A (mi (A1) = 8(Q).

By symmetry, it suffices to consider the first one. As above, if for J#1-almost every x1 € m1(Ap), there
exists some xo € mo(Q) such that u(xy,xs) > %, then we get

1)
Pdr > —0(Q)*7P.
/QVu| i n (@)

Similarly, if for #1-almost every my € ma(A;), there exists some x; € m2(Q) such that u(zy,xs) < %,
then we get

J
Pl > 2-p
/QVu| do > 250Q)

Thus, the only case remaining is the one in which there exist z1 € m1(Ag) and x5 € m2(A1) such that
for all t € m2(Q) and s € m(Q), u(x1,t) < & and u(s,z2) > %, and so that u is absolutely continuous
along these two line segments. This is impossible as these segments intersect. O

We continue with the existence of suitable test functions. Recall that the curves P, and P, are open.

Lemma 3.3. Letc; > 1 and 1 < p < 2. With the above notation, there exists a function ® € W1P(Q)
such that for any 0 < € < é, we have ® > 1 — € in some neighborhood of Py N B(z1,c1|20 — 21]), ® < ¢
in some neighborhood of Ps N B(z1,c1|za — #1|), and ||V<I>||’£p(m < C(p,c1,J)|z1 — 22|*>7P. Here, the
neighborhoods are defined with respect to the topology of €.

Proof.  Let zy € Q be a distinguished point as in Definition 2.18. Denote by 7; the hyperbolic segment
from z( to z; and by 72 the hyperbolic segment from xg to z3. By Lemma 2.19(4), the curves v, and 7,
are John curves. We define 7y = 71 U2. The existence of John curves is actually only guaranteed by the
definition for points inside the domain, but the general case follows easily from this (see Remark 2.20).
Let ¢: D — Q be a homeomorphism, which is conformal inside and satisfies ©(0) = zg. Then it is
clear that the preimages of 7; and v, under ¢ are radial line segments, and o~ 1(P; U~p) is a Jordan
curve. Hence, P; U~y is also Jordan as ¢ is a homeomorphism. It follows that P; U~y bounds a Jordan
subdomain 2, C Q.
Define a function ¢:  — R by setting

1 1
o(x) = max{ inf / _ ds(%2), inf / Ads(é)}
1@ P) Jy(a,py) 12 = 21 1@ P2) Jy(a,py) 12 = 22

for z € Q, where the infima are taken over all the rectifiable curves v(z, Py) C  joining z to Ps.
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Since 2 is a Jordan domain, 7y, P; and P are pairwise disjoint. By the John condition, we have
dist(w, 0Q) > J|w — 21| for every w € ;. Therefore, for w € v;, we get
/ 1 ) dist(w, 00) J
> >
¥(

w) > inf
P(w) Lot

ds(z

w,Pa) m ) = dist(w,@Q) + ‘w _ Zl‘ 711 =: ¢y,

where we have used the fact that y(w, P2) necessarily exits B(w,dist(w,d)) and that for points Z €
B(w, dist(w, 092)), we have by the triangle inequality that

12— 21| < |2 — w|+ |w — 21| < dist(w, IN) + |w — z].

The same estimate follows similarly for w € ~o. Hence, for any point w € €y, we have ¢(w) = ¢y as O
is Jordan and Ps is outside €1; any curve y(w, Py) C Q must cross 7o by the Jordan curve theorem (see
Figure 2).

Fix0<e< %. We claim that we have ¢ < € in some neighborhood of P». Indeed, for any x € Ps, there
is the radius R, > 0 such that B(z,2R,) NP, =0. Let 0 < r, < R,. Then for any y € B(z,r,) N Q,
there is a point z € P» U {z1, 22} such that |y — z| = dist(y, P») = dist(y, 0Q) < r, while dist(y, P1) > R,
via the triangle inequality. By choosing r, sufficiently small, we conclude, via letting v(w, P») be the line
segment joining y and z in the definition of ¢, that

P(y) <R < e

Hence, by taking the union of B(z,r,) N Q over x € P, we obtain a neighborhood of P, in which ¢ < e.
Recall that ¢; > 1. We define a cut-off function by setting

1, if |z — 21| < e1]z1 — 29,
2c1lz1 — 2 .
a(z) = { log, W, if c1|21 — 29| < |2 — 21] < 21|21 — 22,
— 21
0, otherwise

for z € . Using this cut-off function, we define

when z € Q. We also define ®(z) = 1 for x € P; N B(z1,¢1]|21 — 22|), and ®(z) = 0 when € P». Then

by the properties of ¢, we know that for any 0 < € < %,

Py N B(z1,c¢1|21 — 22]), and ® < € in some neighborhood of P, N B(z1,¢1]|21 — 22])-

® > 1 — € in some neighborhood of the set

Py

21

Figure 2 (Color online) The function ¢ is seen to have large value in Q; by observing that any curve ~(w, P2) connecting
a point w € Q7 to P> in Q must intersect 79 = 1 U~2. In order to see that ¢ has small value near P>, one observes that ¢
near x € P> can be estimated by integrating % along a curve with the length at most r; < eRg

€T
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We claim that ¢ is locally Lipschitz in Q with
3 -1
[Vo(2)l < 5 max{]z — 21| lz— 2} (3.2)

for almost every z € . Indeed, for any y € B(z,31dist(z, 9Q)), we have that by the definition of ¢ and
the fact that zq, 29 € 99,

) - 9(2)| < max { /H 15— 21 Ads(2), /H =l as(a)

3 _ _
< 5max{|z — a1l e =z T Hy — 2,

where [y, 2] is the line segment joining y and z. Thus, our claim follows. Furthermore, by applying the
Leibniz rule, we obtain

||V(I)||I£p(g) N ||Voz|| Lr(Q) + HV¢||LP (QNB(21,2¢1|21—22]))
g/ \éle|’pd2+/ 12— 21| P + |5 — 20| Pd5
B(z1,2¢1]|21—22])\B(21,|21 —22]) B(z1,2¢1|21—22])
g C(pa C1, J)|Zl - 22|27p’

by calculating in polar coordinates with 1 < p < 2. Thus, ® € W1P(Q) with the desired properties since
| @]y < 1 and ©Q is bounded. O

Let ¢ : R2\ D — R2?\ Q be a conformal map. Since (2 is Jordan, @ extends homeomorphically up to
the boundary by the Carathéodory-Osgood theorem. We refer to this extension also by . For our fixed
21,22 € 0, let Ty, be the hyperbolic ray starting at $—!(z), where k = 1,2. Pick y € I'y, with

27 (=) =yl = 1871 (22) = &7 (=),
and let a. be a shorter one of the two circular arcs from y; to yo. Define
a=[p" (z1),y] ¥ ac* 2,9 (22)] and v = @() (3.3)

(see Figure 3). We establish the curve condition (3.1) for . The reason for using <y instead of the
correspondmg hyperbolic segment is partlally that this is technically easier.
Let W be a Whitney decomposition of Q given by Lemma 2.9 and set

Wy ={Q: € W | Qiny # 0},

Figure 3 (Color online) The curve 7 is ob‘Eia/ined as the image of the curve o under the conformal map @: R2\D — R2\ Q.
In the illustration, the Whitney squares in W, are highlighted
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We index the squares in W, according to the side length: éﬂ, ey @m are those with the side length 2°
when i € Z, if there are such squares. Notice that since 0f) is bounded, each n; is necessarily finite.

We start with a simple observation on the Whitney squares that intersect the circular part of the
curve .

Lemma 3.4. The number of squares éij ew for which 4,0_1(@17) Nalyr,ys] # O is bounded from
above by a universal constant.

Proof. By Lemma 2.12, we have that @‘1(@1-,]-) is a A-Whitney-type set with a universal constant .
If o= 4(Qij) Nafyr, ya] # 0, we have

|57 (22) — @71 (21)] = dist(D, afy1, yo])
< dist(9D, ¢ (Qiy)) + diam(Z 1 (Qy5))
< (A + Ddiam(§ (@),
s0 ©1(Qi;) contains a disk of radius ﬁ@*l(@) — @ (z1)|. Since for different Q;, these disks are
disjoint, and N
dist(?7" (21), 8™ (Qi)) < diam(e) < 3(@7" (22) — &7 (=),

the claim follows. O

Lemma 3.5. For the curve v defined in (3.3) and each Whitney square @ € W’w we have ij C
B(z1,C|2z1 — z2|), where C = C(J) is independent of z1, zo and .

Proof.  Since Q is John, by Lemma 2.22, the set R? \ Q is of C(J)-bounded turning, where C(J)
depends only on J. Thus, there is a (closed) curve 8 C R?\ Q that joins z; and z and so that

B C B(21,0(J)|21 — 22]).
Now, if Q N 3 # ), we have

Q C B(z1,C(J)|z1 — 22| + diam(Q)) C B(z1, (C(J) + V2C(J))|z1 — 2]),

as z1 € 0N.
Suppose then that Q@ N 38 = . We have

diam(37(8)) > |87 (21) — ¢ (22)] (3.4)

since 21, 20 € 3~ (B). Next, 3~ (Q) is a »-Whitney-type set by Lemma 2.12 with a universal constant A
and ¢~ 1(Q) N a # 0. Hence, the definition of a (v is an inner uniform curve for the exterior domain of
the unit disk) gives

dist(31(Q), & (8)) < min{dist(&™"(Q), & (1)), dist(1(Q), & (22))}
< Cdiam($71(Q)) < C1& ' (21) — & ! (22)]-

This together with (3.4) shows that
C min{diam($~"(Q)), diam(&~(8))} > dist(&~ (@), ¢~ (8)).

Then the version of (2.25) for R? \ D and conformal invariance of capacity give

0<8(C) < Cap(3H(Q),~1(8),R* \ D) = Cap(Q, 8, Q) < Cap(Q, 8, R?),

where in the last inequality, we used the monotonicity of capacity.
Hence, Lemma 2.17 shows that dist(Q, §) < Cdiam(5), and since z; € 5 and diam(8) < C(J)|z1 — 22/,
we conclude that

Q C B(z,dist(z1, Q) + diam(Q)) C B(z1, (1 + V2)dist(z1, Q))
C B(z1, (1 + V2)(diam(B) + dist(3, Q)))
C B(zl,Cdlam(B)) C B(Zl,C(J”Zl - 22|)

This completes the proof. O
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We apply the preceding four lemmas to prove the following estimate for W’w Recall that n,; stands for
the number (if any) of Q;; € W, of the side length 2° and || E|| stands for the norm of the homogeneous
extension operator.

Lemma 3.6. We have
> 2P OB, p)la1 — 27

?

Proof.  We claim that there exists a constant ¢y such that for every @ij € ’WVA,,
c0Qij NPy # 0 # coQyj N Po. (3.5)

Towards this, suppose first that ¢=1(Q;;) N [@ " (2x),yx] # 0@ for k = 1 or for k = 2, where the points
Yk € a are from the definition of a and . Pick 29 € @7 (Qi;) N[¢ ' (2x), yx]- Then le(g~(Py)) = |z0| —1
and dist(p ™1 (Py),20) < |20 — @ *(2x)| < |20/ — 1 for k = 1,2. Hence, Lemma 2.32, applied to both

@ Y(Py) and p~1(P), gives a curve o connecting P; and P, and passing through 2o such that
le(@(a')) < Codist($(z0), 09).

Since éij is a Whitney square, it follows that ¢(a’) C c{)éij, where ¢, = ¢((Cp) > 1, and we conclude
(3.5) for our @”

We are left with the case where @ij only intersects the image of the circular part of o. By Lemma 3.4,
there are only uniformly finitely many such @ij, so there exists a constant ¢ such that

0Q) < ¢y (@ij) and diSt(@z‘ﬁ@) < ¢ (éij)

for each such @ij and some @’ from our first case. By setting co = ¢{¢fj, we obtain (3.5) also in this case.
Next, Lemma 3.5 allows us to infer that

QCo@ij C B(#1,2¢0C|21 — 22]) (3.6)

for each C~2ij € Wv~ Here, C = C(J) = C(p, || E|)-

Let @ be defined as in Lemma 3.3 for the choice ¢; = 2¢oC, where ¢oC is from (3.6). Let s = 1;—”.
Then 1 < s < p.

Since 2 is a WP-extension domain, we have E® € W1P(R?), where E is the corresponding extension
operator. Therefore, denoting the Hardy-Littlewood maximal operator by M and using the boundedness
of M: LP/*(R?) — LP/$(R?) applied to the function |VE®|*, we obtain

Zi Qi * </2

i j=1 COQij

<c<co,p>zfj|@j|( f |VE<I><oc>|5dac)2

i j=1 coQij

s

|VE<I>(1:)|de>

<Clon Y. [ 1M(TE) @) ds

i =1

< Cleo,p) /Q M(VED*) ()

ya
sdx

< C(Co,p)/ |VE®(x)|Pdx
R2
< Cleo, |, p) / V& (2)Pdz < Cleo, c1, 1Bl p)lz1 — 22>, (3.7)
Q

Notice that for any éij S /VIV/W,

diam(y1) ~e¢, g(@ij) ~¢, diam(72)
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for subcurves vy C 200@”- of P, and v C QCoéij of P by (3.5), (3.6) and the definition of ¢;. Then
by Lemma 3.2 (with p = s there) applied to a representative of E® that is absolutely continuous on
almost every line segment parallel to the coordinate axes, relying on the values of ® on P; and P» from
Lemma 3.3, we have

G < Clan)( [ [wER@PE)

coQij

which, by summing over all the squares @ij, gives the estimate

Cl(co,p ZZIQCOQU‘ </2 . IVED(x)|® dl')s > Zn 9i(2-p)
coldij

i g=1
Therefore, (3.7) yields the asserted inequality. O

Proof of Theorem 3.1.  We establish the result via a case study.

Case 1. 21,23 € 0Q. Let 7y be the curve constructed in (3.3) for the pair 21,22. Then oy = a
Since each Q” € W is a Whitney square, its diameter is comparable to dlst(Q”,(‘?Q) which means for
the points w € y N Q” that

dist(w, ) ~ diam(@ij) (3.8)

with absolute constants.
Since «a consists of two line segments and a circular arc, we have

H' (071 (Qiy) Na) < (2 + m)diam(p™" (Qiy)),

and by Lemma 2.12, the set S’E_l(@ij) is of A-Whitney type with an absolute constant A. Thus, by
Lemma 2.13, we get

H (Qi; N7) < CUQy) (3.9)
for some absolute constant C.
By combining the claim of Lemma 3.6 with (3.8) and (3.9), we arrive at

/dist(z789)1_pds< Z B dist(z,00)' ~Pds
5 — JNQij
Qlj
<Cp) Y dist(Qiy, 0927 < C(|E||,p)lar — 27
@z‘jeﬁ;»y

Hence, we have proven the existence of the desired curve when zq, zo € 0f).

Case 2. 21,29 € QUON and at least one of the points belongs to Q. By swapping z; and z9, if needed,
we may assume that z, € Q and dist(z1, ) < dist (22, 99).
Suppose first that
|21 — 22| < dist(z2, 09). (3.10)

Then we may choose 7 to be the line segment [z1, 23] between z; and z2, and the curve condition (3.1) is
satisfied as 1 < p < 2:

/ dist(z, 0Q)' "Pds(z) < / dist(z, 0B (2, dist (29, 902)))* "Pds < C(p)|z1 — 2o|*7P. (3.11)
[21,22] [z1,22]
Assume now that (3.10) fails. Choose z3,z4 € 092 so that

|Zi - Z,’+2| = diSt(Zi, OQ)

for i = 1,2. Then
|21 — 23| + |22 — 24] < 2|21 — 22
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and
|23 — 2z4] < 3|21 — 22]. (3.12)

Let v’ be the curve connecting z3 and z4 obtained from Case 1, and define v = [z1, 23] 7' * 24, 22]. Then,
by (3.11) for [z1, z3] and [z4, 23], Case 1 and (3.12), we get

/dist(z,aﬂ)l_pds(z) < C(IE|,p)(|z1 — z3\2_p + |23 — Z4|2_p + |24 — 22|2_p)
Y
< C(IEl, p)lz1 — z*77,

concluding the proof also in this case. O

Remark 3.7. Let 21,25 € Q. Even though the curve joining z; and 2o which we constructed in the
proof above may touch the boundary 0f2, it can be modified so as to be contained in 2.
To begin, we may again assume that

dist(z1, 02) < dist(z2, 09)

and (3.10) fails. Consider the points z3, z4 € 9 from the proof above and let w; = g~ *(2;) for i = 3,4.
Since ¢ is continuous up to the boundary and (3.12) holds, we find € > 0 so that

|B(w) = G(w')] < 4|21 — 2|

whenever w, w’ € 9D satisfy |w —ws| +|w’ —w4| < €. Recall that the curve «y in the above proof in Case 1
is the image of the curve « that consists of two radial segments and a circular arc (see Figure 4). Suppose
that w3 # wy. Then we may choose w and w’ as above so that the corresponding curve a between w
and w’ intersects the preimages of the line segments between z; and 23 and between zo and z4. This
allows us to reroute our curve so that it does not intersect the boundary. The case of w3 = wy is similar;
choose w and w’ from “different sides” of ws.

Remark 3.8. The inequality in Lemma 3.6 is actually equivalent to (3.1) for our 4. One of the
directions was shown above. For the other direction, we first note that each Whitney square has at most
20 neighboring squares, which tells us that we can distribute the squares in W’v into no more than 21
subcollections {Wk ilzl so that each of them consists of pairwise disjoint squares. Then for any two
distinct éi, @j € Wk, by Lemma 2.9, we have

11~ 11~
109N @i = 0.

Notice that for each @ij € W,y, by definition, we have

11 ~ 1~

1
0 > ).
H (wcz” m) > =UQi)

Thus, by applying the estimate

0(Qiy) < dist(Qij, 0) < 4V20(Qy5),

we have

21

Z dlst(sz,(?Q)Q P < Cp Z /~ dist(z, 0Q)' Pds
k=1 e"“ YNQij

QijeW, =

< C(p) [ dist(z,00) "Pds < C(||E||,p)|z1 — 22|~

Q\

which gives the other direction.



Koskela P et al. Sci China Math  October 2025 Vol. 68 No.10 2379

¢ ([z2, 24])

& ([z1, 23])

ws Wy W3 = W4

(a) (b)

Figure 4 (Color online) The curve constructed in Theorem 3.1 can be modified so as to travel inside Q by perturbing
slightly the starting point and the endpoint of the intermediate curve $(a) and by disregarding the unnecessary parts of
the concatenated curves. In (a), we have the case where the selected points z3 and z4 differ, and in (b), we have the case
where they agree

3.2 Inner extension

We prove the following inner extension theorem in this subsection.

Theorem 3.9. Let ¢: D — Q be a conformal map, where Q C R? is a simply connected John domain
with John constant J. Suppose that ¢(0) is the distinguished point in the definition of a John domain.
Set Qe = @(B(0,1 —€)) for 0 < € < 1 and let 1 < p < co. Then there exists an extension operator
E.: WhP(Q.) — WEP(Q) such that |[E|| < C(p, J).

Fix ¢, and notice that Q is a Jordan domain. Let 2, = R2\ Q. and €, = /N Let ¢ be a conformal
map as in Theorem 3.9, with ©(0) a John center of 2. This map will be fixed through this subsection.
By Lemma 2.30, ¢ is n-quasisymmetric with respect to the inner distance, where n depends only on J.
Moreover, by Remark 2.26, we may extend ¢ continuously to the boundary dD; we denote the extended
map still by .

We are going to modify the method of Jones from [23] to prove Theorem 3.9. We construct a suitable
cover for Q. inside Q and an associated partition of unity. Towards this, recall that @ is John and by
Lemma 2.30, so is €2, with a constant depending only on J. Thus, by Lemma 2.28, we have that €. is
inner uniform and we may use hyperbolic segments of (2. as curves referred to in the definition of inner
uniformity, with constant €y depending only on J.

Fix kg € N with 27%0—1 < ¢ < 27%, We begin by constructing a decomposition of the preimage
A =D\ B(0,1—¢), of Q. under ©, and then obtain a decomposition of Q. with the help of the map ¢
(see Figure 5).

For k € N, let

A =B(0,1—€e+27%)\ B(0,1 —e+27""¢).

For each k > 0, the collection of the 2¥t%0 radial rays is obtained by dividing the polar angle 27 evenly
and starting with the zero angle subdivides Ay into closed (with respect to D) sets. Run this process for
all k£ € N. We refer to these closed sets by @;. They satisfy the version

%diam(@i) < dist(Q;, 8(B(0,1 — €))) < Adiam(Q;) (3.13)

of Definition 2.10(i) with A = 167.
Set S; = ©(Q;) and let W = {S;}. We claim that each S; is a A-Whitney-type set with respect to the
inner distance of €2 and 9¢), in the following sense.

Lemma 3.10.  There exists a constant 0 < ¢ = ¢(J) < 1 such that

Baq(w;, cdiamg(S;)) C S (3.14)
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for some w; € S;,
. = . ~ 1 . ~
cdiamg (S;) < distq(S;, 092) < —diamgq(S;) (3.15)
C

and
~ ~ 1 ~
cdiamq (S;) < diamg(S;) < EdiamQ(Si) (3.16)

whenever §Z N §]’ # (. Here, Bq(z,r) denotes the open disk centered at x with radius r with respect to the
inner distance.

Proof. Let S; be fixed. By the construction of Q; = ¢~ 1(S;), there is a disk B(zo, codiam(Q;))
contained in @; for some absolute constant ¢y < 1. Let z; be an arbitrary point on the boundary of
B(zp, codiam(Q;)) and let zo € Q; be such that

disto(e(22), o(20)) > 3liama(5)); (3.17)
the existence of such a point follows from the triangle inequality. Then
|22 — 21| < 5|21 — 20
and hence (3.17) together with quasisymmetry gives
diamg(gi) < 3dista(¢(22), ¢(20)) < 3n(cy Hdista(p(21), v(20))- (3.18)

By the arbitrariness of z; and the fact that ¢ is a homeomorphism, we conclude (3.14) for a constant

c=c(n) =c(J). N
Towards (3.15), first choose points z3 € 0B(0,1 — €) and z4 € Q; such that

disto (¢ (z4), @(23)) < 2dista (S;, 9Q). (3.19)
Let z € @1 be such that
diam(Q;) < 2|z4 — 2|. (3.20)
By (3.13), N ~
|24 — 2| < diam(Q;) ~ dist(Q;,0B(0,1 —€)) < |24 — 23 (3.21)

with absolute constants. Now (3.21), quasisymmetry of ¢ and (3.19) give
dista(p(za), p(2)) < Cln)dista(p(zs), (z1)) < Cln)dista(S;, ). (3.22)

Let 2o be as in the first paragraph of the proof. By the triangle inequality, |z — zo| > idiam(@i) or
|z4 — 20| > 1diam(Q;). Assume that the latter inequality holds; the other case is handled analogously.
Clearly, |z4 — zo| < diam(Q;) < 2]z4 — z| by (3.20). Hence, quasisymmetry gives

dista(p(20), 9(20)) < n(2)dista((z1), o (2)). (3.23)

Let us argue as in the first paragraph of the proof with the help of the point z5 € Qvl Our assumption
that |z — 20| > 2diam(Q;) > 1|22 — 20| together with quasisymmetry further gives

diamg (S;) < 3dista(p(22), ¢(20)) < 3n(4)dista(w(z4), ©(20)). (3.24)

We obtain the lower bound of the distance in (3.15) by combining (3.22)-(3.24).
Towards the upper bound in (3.15), pick points z5 € 9B(0,1 — ¢) and 2z € @; such that

|25 — 26| = dist(Q;, 0B(0,1 — €)).
Let zg and ¢g be as in the first paragraph of our proof. Then (3.13) gives

|25 — z6] < cal)\|z0 — 2],
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and by quasisymmetry,
disto(S;, 0) < dista((25), ¢(26)) < ey M dista ((z6), (20)) < nley " Ndiama(S;),

as desired.
We are left to prove (3.16). Since S; N §j # (0, both distg(gj,aQe) < distg (S5, 0, + diamg(S;) and
the analogous inequality with the roles of i and j reversed hold. Hence, (3.16) follows from (3.15). O

Given gl € W and M > 1 that will be selected soon, define

ﬁiZ:{.’I]EQ

. s 1. s
dista(x, S;) < MdlamQ(S’i)}.

We claim that we can choose M > 1 depending only on J such that these sets T}Z have uniformly finite
overlaps. Notice that U; C € whenever M > 2/c for the constant ¢ in (3.15).

Lemma 3.11.  IfS; N §j =0, then
max{diamg(S;), diamg(S;)} < C(J)disto (S, S;). (3.25)
Especially, for M > 2C(J) in the definition of the sets U;, we have

1<) xg (@) <9 (3.26)

for every x € SNEE, where x. s the characteristic function of Us.

Proof.  First, observe that C~21 N éj = () gives
dist(Qy, Q;) > C max{diam(Q;), diam(Q;)},

where the constant is absolute. We apply quasisymmetry to show that §1 N gj = () implies
distq(S;, S;) 2 max{diamq(S;), diamq(S;)},

where the constant depends only on the John constant (see also [29, Formula (3.5)] for a version of this).
Towards this, choose w; € S; and wy € S; such that

distq (w1, wy) < 2disto(S;, S;), (3.27)
and let w3 € gl be an arbitrary point. Then since
o™ (w1) — o7 (ws)| = dist(Qi, Q) 2 diam(Qi) = [~ (wn) — ™ (ws))|
with an absolute constant, the quasisymmetry of ¢ applied to ¢~ (w1), ¢~} (w2) and ¢~ (w3) gives
distq (w1, we) 2 distq(wy, ws).
Thus, by the arbitrariness of ws, (3.27) shows that
disto(S;, S;) = diamg(S;).

By replacing w3 € S, with ws € §j and diam(@i) with diam(@j) above, respectively, we analogously
obtain the inequality
diStQ(Si, S]) Z diamQ(Sj),

and (3.25) follows. -
Regarding (3.26), the lower bound is trivial since W forms a cover of ). Since each S; has at most 8
neighboring sets, we obtain the upper bound in (3.26) from (3.25). O
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Figure 5 (Color online) In the inner extension, the annular region Q. is divided into Whitney-type sets that are obtained
by mapping a Whitney-type decomposition of the annulus inside the disk conformally. For the inner part 2., we use a
standard Whitney decomposition. Two pairs of sets (S;, S;) and (S;,S;) are highlighted

We now fix M = max{2C(J),2/c}, where the constant C(J) is from (3.25) and c is from (3.15). Given
S; € W, set N N
¥i(z) = max{1 — 2Mdiamq(S;)~ 'dist(z, S;),0}

for x € Q. Then ; is locally Lipschitz Witll bounded and relatively closed support in Q~, V| <

C(J)diamgq(S;)~! and ;(z) = 1 for any = € S;. Moreover, the support of v; is contained in U;. Define

¥;(x)
0y(0) =
! 22 Yilx)
for z € Q.. Then our collection of the functions ¢; is a partition of unity in Q. : > ¢i(xz) =1in Q..
By (3.26), the functions ¢; are locally Lipschitz and have supports in U;, and

Vo, < C(J)diamg(S;) L. (3.28)

In order to construct our extension operator, we associate each §1 € W with a suitable square ) € W,
where W = {Q1,Q2, ...} is a fixed Whitney decomposition of Q. (see Figure 5).

Lemma 3.12. Given §z € W, there is @ € W such that
diam(Q) = diamq (Q) ~ disto(S;, Q) ~; diamg(S;). (3.29)

Proof.  To see that a Whitney square of the desired size can be chosen, trace back towards ¢(0) along
any hyperbolic ray of € that intersects S; and let @ be a first Whitney square of . intersecting this
hyperbolic ray such that

st~ (@), (5) 2 5 diam(p™ (5)) (330)

where ) is an absolute constant given by Lemma 2.12 so that ¢ ~1(Q) is of >-Whitney type with respect
to B(0,1 —€). We show the existence of such a square via Definition 2.10 and the assumption that
0<e< % Towards this, if such a square does not exist, then

dist(p~"(Q.¢~"(5) _ 1

2
diam(p="(5;)) 9

for all the Whitney squares () intersecting our fixed hyperbolic ray. However, the diameter of @—1(§i) =
Q; is at most 2, while a A-Whitney-type set in B(0,1 — €) containing the origin has the distance to
0B(0,1 — ¢€) at least ﬁ since € < % and A > 1. Therefore, we have

1 dist(e71(Q),97(S)) 1

N < — < —,

8A diam(p~1(5;)) 9A
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which leads to a contradiction. Then the facts that Q is a first square satisfying (3.30), ¢~1(Q) is of
A-Whitney type, ¢~ 1(S;) = Q; satisfies (3.13) and disto(p~1(Q), ¢~ 1(S;)) is comparable to the length
of the segment of our hyperbolic ray between »~1(Q) and ¢~1(S;) allow us to deduce that

diam (™" (S;)) ~ dist(p™1(Q), ¢ (5)) ~ diam(p~(S)). (3.31)

Next, we apply the quasisymmetry of ¢ with respect to the inner distance to establish (3.29). First of
all, choose x1 € S; and x5 € @Q such that

disto(Q, S;) < distq(z1, 22) < 2dista(Q, S;), (3.32)
and let 23 € gl be an arbitrary point. Since x1,z3 € §Z and z2 € @, (3.31) implies that
o7 (1) — ¢ (w2)| = dist(07 (@), 07 (8) = C M (1) — 7 (wa)]
with an absolute constant C', and hence the quasisymmetry of ¢ gives
distq(x1,z3) < C(J)dista(x1, z2).

Thus, (3.32) gives N N
diamg(S;) < C(J)dista(Q, Si) (3.33)

according to the arbitrariness of 3. For the other direction, choose z4 € ¢~1(S;), and x5 € ¢~ 1(Q) such
that

dist(p™(Q), ' (Sh)) < |4 — 5| < 2dist(p™1(Q), ' (Sh)).
Pick x4 € ¢~ 1(S;) such that B
diam(go_l(Si)) < 2|z — x4];

the existence of such a point follows from the triangle inequality. By (3.31),
1 - -
w6 — 4| > Sdiam(p™'(5)) > O~ dist(07(Q), 97 (S1) = C s — wal.
Then the quasisymmetry of ¢ gives

diamg (S;) = dista (p(x6), o(x4)) = n(C) Mdista (e(zs), @(x4)) = n(C)~dista(Q, S;),

which together with (3.33) gives the last equivalence in (3.29). The second equivalence follows by an
analogous argument by changing the roles of S; and @, and the first equality is obvious. O

We now use Lemma 3.12 to pick for each S; € W a square Q € W. By Lemma 3.12, the collection
of those @ that satisfy (3.29) is a nonempty subcollection of W. Recalling that W = {Q1,Qa, ...}, we
simply pick the one of them that has the smallest index amongst those that belong to our subcollection.
For simplicity of notation, we refer to this ) associated with S; by S;.

Then, by (3.29), we know that the inner distance between S; and S; with respect to €2 is no more than
a constant times diamg(S;). By the triangle inequality and (3.16), it follows that

diStQ(Si, SJ) 5 dlamQ(Sz)

if S; N §j # (). Given S; and §j with S; N §j # (), we consider the hyperbolic segment I' in  joining
the barycenters rg, and xgs; of S; and S}, respectively. From Lemma 2.7 and (3.29), we conclude that

the Euclidean length of the hyperbolic segment I' is no more than constant times diamgq(S;). Since
Qe = ©(B(0,1 —¢)) and S;,5; C €, it follows that the hyperbolic segment I' joining xs, and xg; is
contained in §2.. We use Lemma 2.7 a second time to conclude that the Euclidean length of a hyperbolic
segment I'; ; joining x5, and x5, that is hyperbolic with respect to €2 is also bounded from above by a

constant times diamgq(.5;):
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Let us define G (§“ §j) to be the union of all squares in our fixed Whitney decomposition W of Q). that
intersect this fixed geodesic I'; ;.

Next, we show that the inner uniformity of €. allows us to conclude that there are uniformly finitely
many Whitney squares in every G(gz-, gj) with S; N §j # (). This is a counterpart of [23, Lemma 2.8] with
a similar proof.

Lemma 3.13.  Let i,j be such that S; N S; # 0. Then
#{S, € W | Sk € G(S;,5;)} < C(J), (3.35)

where # denotes the counting measure.

Proof.  Since diam(S;) < diamg(S;) by (3.29) and the curve I'; ; intersects the Whitney square S;, we
conclude by (3.34) that the diameter of each Whitney square of Q¢ that intersects I'; ; is bounded from

above by a fixed multiple of diamg(.S;).
On the other hand, by (3.29) with (3.16),

diamg (S;) ~ diamg(S;) ~ diamq(S;) ~ diamg(S;). (3.36)

Hence, the second condition of (2.39) together with (3.36) tells us that

dist(Q, 092¢) 2 diamg(.S;)

ifQNT #0.
Thus, the diameters of Q € W with Q N T # 0 are bounded from below and from above by fixed
multiples of diamg(S;), and hence (3.35) follows as le(T'; ;) < diamq/(.S;). O

Given u € L'(Q.), set

a; = ][S.u(x)d:c = |;Z| /S u(x)dz,

i

where S; € W is the square associated with S; € W. Recall our partition of unity consisting of the
functions ¢;, see the discussion before (3.28). Define

E&@gZE:%@u; z €, (3.37)

for any given function u € W1P(€,), which is Lipschitz in Q., and set E.u(z) = u(z) when = € Q..
Lemma 3.14.  Let E, be given by (3.37). Given S € W, we have the estimate

IVEa@)l, 5 S S [ Vu@)Pd (339)
Gungze  C5)
with a constant that depends only on p and J.
Proof. Fix § € W and set a = fgu(x)dz. Then

VEu(z) = V(Eau(z) —a) = V(Zi: bi(x)(a; — a))

in S. By (3.35), G(S, Si) consists of no more than C(.J) squares and the side lengths of all of them are
comparable to diamgq(S) modulo a multiplicative constant that depends only on J. Hence, (3.28), (3.29)
and the Poincaré inequality (see, e.g., [23, Lemma 3.1] for the use of the Poincaré inequality) applied to
the chain G(g , §k) of squares give

IVEa@), 5 S [ 3l alVoue)rds
5 §unG£0



Koskela P et al. Sci China Math  October 2025 Vol. 68 No.10 2385

< Y lak — afP(diamg(S))* 77

§kﬂ§;é@
< Z (diamg(S))Q*p(diamQ(S))pﬂ/ | Vu(x)Pdx
om0 G(S,5k)
Y / | Vu(z)[Pda. (3.39)
SLNS#D G(5,5%)
This completes the proof. O

We are now ready to prove our norm estimate.
Lemma 3.15. Let E. be given by (3.37). We have

|Bal?, ) + IV B, o) S Nl + 19000,

with a constant depending only on p and J.

Proof. ~ We begin by estimating the overlaps of G(Sk, S; ) Towards this, for a fixed S;, we first bound
the number of distinct S for which S; is associated with S. o
To begin with, (3.29) implies that for a fixed S; € W and for every S € W associated with it, we have

dist (S, S;) < diamq(S;). (3.40)

We claim that there are no more than N(J) sets S € W associated with a fixed S; € W. Towards this,
first note that for any x € Q and 0 < r < diam(Q2), the hyperbolic segment I" of Q joining x to a point
y € 0Bq(x,r) satisfies

r = distq(x,y) < le(Ba(z,r)NT).
Let z € I' be such that le(I'[x, z]) = 5. Then since, by Lemma 2.28, hyperbolic segments of €2 satisfy
(2.39) with a constant 0 < €9 = ¢p(J) < 1, we have

1
B(z, 260r> C Bq(z,r).

Thus,
C(J)r* < |Bq(z,r)| < 7r?, (3.41)

where the upper bound comes from
Bq(z,r) C B(z,T).

By (3.14), each S associated with a fixed S; contains a Euclidean disk of radius comparable to diamg (),
which in turn, by (3.29), is comparable to disto(S, S;) and to diamg(S;). Hence, the number of such S
is no more than a constant N(J).

Since S; has no more than 8 neighbors and the number of the sets S associated with any S € W is no
more than N(J), by (3.29), (3.41) and (3.35), we conclude that

YooY Xe@.s@ St (3.42)
S, €W 8;NS)#0

for all x; notice that (3.35) with (3.29) and (3.41) implies that each Whitney square is contained in at
most uniformly finitely many chains. Inequality (3.42) is the counterpart of [23, (3.2), p. 80].
Now Lemma 3.14 together with (3.42) gives

IVED, 6, = 3 IVEDI, o
S ew

<Y ¥ / V()P

S, €W SpnS;#0 G(5:.5%)
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:/Q Yo D XeEs) @IVu(@)Pdr

¢ S, eW 8,NS;#0
S HVUHIE,P(QG)

with the constant depending only on p and J.
We are left to estimate the integral of |[EulP over §2.. By the definition of Eu, we have

/~ |EulPdx < Z / |u|Pda
S 5;NS,#0 S
and the desired bound follows via (3.42). O

Finally, we prove Theorem 3.9.
Proof of Theorem 3.9.  Let E, be given by (3.37). Let us first show that the above procedure gives us
an extension of our Lipschitz function u to a function E.u in WP(Q) with the desired norm bound.
Towards this, we claim that F.u is locally Lipschitz in 2.

According to our construction, F.u is smooth in ﬁe. Hence, to show the local Lipschitz continuity, we
only need to consider the case where z; € Q. and 2z, € S~26 with

B(22,2|Zl — ZQD c Q.
Suppose that zo € S for some S € W. Then by (3.29) and the Lipschitz continuity of u, we have

|Beu(z) —u(z1)| < Y dnl22)|ax — u(z1))|

gkﬁ:gv?éw

S > drlz2)(dist(z1, Sp) + diam(Sy))
§kﬁ§7£(2)

S Y ok(2)(l2 — 2| + diama(Sk)) S |21 — 2,
§kﬁ§7$(0

where in the last inequality we applied the facts that for Sy NS # (), it holds that
diamg(gk) ~ distq (S, Q) ~ distq(z2, Q) < |21 — 22|

Therefore, we obtain the local Lipschitz continuity of E.u.
Recall that 0€)¢ has Lebesgue measure zero by Lemma 2.24. Hence, Lemma 3.15 and the local Lipschitz
continuity of E.u give that Eu € W1P(Q) with

llull e ) + IV(Eew) || L) < C(Jp)(Jullr oy + VUl Lea.))-

Consequently, E, is a bounded linear operator from WP(Q,.) N Lip(Qc) to W1P(Q). Next, WLr(Q,)
N Lip() is dense in W1P(€,) for 1 < p < 2: even C*°(R?) is dense in W1P(G) for 1 < p < oo if G is
a planar Jordan domain [31]. This allows us to extend E. (uniquely) to a bounded linear operator from
WP (Q,) to WHP(). Thus, the claim of Theorem 3.9 follows. O

3.3 Proof of the general case

In this subsection, we prove the necessity of (1.1) in the general case where € is a bounded simply
connected W!P-extension domain.

First of all, € is necessarily J-John, where the constant J depends only on p and the norm of the
extension operator || E| for Q (see, e.g., [14, Theorem 3.4]). Fix 21, 22 € R?\ Q. Let ©,, = ¢(B(0,1— 1))
for n > 2, where ¢: D — Q is a conformal map with ¢(0) the John center of 2. Let Q,, be the
complementary domain of €2,,. Then

0 =R\ Q.

n=4
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By Theorem 3.9, we know that each €2, is a W!P-extension domain with the norm of the operator
depending only on p, J and || E||. Hence, by Theorem 3.1, there is a curve v, C §,, U9, connecting z;
and z9 so that
/ dist(z, 90,) ~Pds < C(J, | E|l,p)|z1 — 227 (3.43)
We now proceed as in the proof of Lemma 2.1 to find a limit curve satisfying (1.1). Unlike in Lemma 2.1,
here our integrand is not fixed. For this reason, we repeat the argument with a small modification.
Notice that we may assume that le(vy,) < C(J, ||E|,p)|z1 — 22| =: M by Lemma 2.2, and thus also
Yn C B(z1,M). Therefore, by Lemma 2.1, a subsequence, not relabeled, converges uniformly to a
limiting curve 7. We use the constant speed parametrization from [0,1] for each ~,, and by taking a
further subsequence if necessary, assume that le(y,) — [l as n — oo.
Since ¢ is continuous up to the boundary (see Remark 2.26), we have that €2, converges to € (in the
Hausdorff distance with respect to the Euclidean metric). Thus, for any t € [0, 1], we have
dist(y(¢),00) = lim dist(y(¢), 0,). (3.44)

n—oo

By the (uniform) convergence of ~,, to 7, we also have

lim |y(t) = (t)] = 0. (3.45)

n— oo

Now, (3.44) together with (3.45) gives
dist(y(t),00) 7 = lim dist (7, (1), 0Q2,) 7.

Combined with Fatou’s Lemma and (3.43), this yields

1 1
dist(5(0), 090"y (0de < [ dist((0), 00! Pt
0

0

/ dist(z,0Q)*Pds(z) =

_ /O lim dist(yn(f), )P | (7, (£))|dt

n—oo

1
< liminf / dist (75, (1), 02, 7P| (v, (1)) |dt
0

n—oo

:liminf/ dist(z, 002,)* "Pds(2)
n—oo

n

< C(Jv ||E||,p)|2'1 - 22|27p'

We have completed the proof of the general case.

4 Proof of sufficiency

In this section, we prove the sufficiency of the condition (1.1) in Theorem 1.1, but begin with an auxiliary
version. Namely, let 1 < p < p < 2 and suppose that €2 is a Jordan domain with the property that there
exists a constant C such that for every pair of points 21, zo € R?\ Q, one can find a curve 7 joining them
in R?\ Q with
/dist(z,@Q)l_ﬁds(z) < Clzy — 2*7P. (4.1)
¥

We claim that € is a W1 P-extension domain. Write €2 for the complementary domain of Q.

Theorem 4.1. Let1 <p < p <2 and let Q C R? be a bounded Jordan domain. Suppose that for all
21,29 € Q, there exists a curve v C § joining z1 and zy such that (4.1) holds. Then §2 is a WP-extension
domain and the norm of the extension operator depends only on p,p and the constant C in (4.1).
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The proof of Theorem 4.1 is given in several steps. In the first step, in the following subsection, we
show that (4.1) also holds for initial arcs of hyperbolic rays T' C (NZ, up to a multiplicative constant.
In the second subsection, we introduce shadows of sets and use them to assign a collection of Whitney
squares of the domain ) to each such Whitney square @ of its complementary domain Q that satisfies
((Q) < 3diam(Q). In the third subsection, we use these Whitney squares to construct our extension
operator. The fourth subsection gives a basic estimate that we use to control the extension. The fifth
subsection deals with the construction of additional intermediate squares and estimates for them. The
sixth subsection completes the proof.

Eventually, in the final subsection of this section, we prove Theorem 1.1 via Theorem 4.1 and an
approximation and compactness argument. For this, it is crucial that the norm of the extension operator
in Theorem 4.1 depends only on p,p and C in the inequality (4.1) and that a uniform version of (4.1)
for some p > p and for all of our approximating Jordan domains follows from (1.1) by Lemma 2.3 (see
Lemma 4.16 below).

Since we rely on compactness arguments, we do not obtain an explicit form for the extension operator
for Theorem 1.1. On the other hand, once we know that € is indeed a W1 P-extension domain, an explicit
extension operator (a version of the Whitney extension operator) can be given [16,17,38]. We do not see
a way to directly show that this kind of concrete procedure works under our assumptions.

4.1 Transferring the condition to hyperbolic rays

According to the Riemann mapping theorem, there is a conformal map @: R? \ D — Q. We refer to this
fixed map through Subsection 4.6 by @. Since 9 is a Jordan curve, the Carathéodory-Osgood theorem
allows us to extend @ continuously to the boundary of D as a homeomorphism. We denote the extension
still by ¢. Recall the definition of a hyperbolic ray from Subsection 2.3.

Lemma 4.2.  Assume that (4.1) holds for Q for a bounded Jordan domain Q. Let z € Q and [z2, 23]
be an arc of the hyperbolic ray I C Q corresponding to z1. Then

/ dist(z, 0Q) ~Pds(z) < Oz — 23]* 7P, (4.2)
[22723]

where C' depends only on p and the constant C' in (4.1).

Proof. By symmetry, we may assume that z3 is after zo on I' when one moves towards infinity. Suppose
first that zo # 2z1. Let 7 be a curve from (4.1) for the pair z, z3. We use the notation from Subsection 2.7;
especially, we let 45 be a subcurve of «y that joins the inner and outer boundaries of ¢(A(z1, k)), provided
that [zo, z3] intersects at least three such sets. If [22, 23] is contained in the union of two of these sets,
we claim that (4.2) follows from the bi-Lipschitz estimate from Lemma 2.13. Indeed, by the definition of
hyperbolic rays in R?\ D, $!([22, z3]) is contained in B(¢~*(23), 3(|¢ ' (23)| — 1)) if [22, z3] is contained
in the union of two consecutive G(A(z1,k)). Write G = B($"'(23), 5(|¢ *(23)| — 1)). Then the version
of (4.2) (with 99 replaced by 0G) holds for the radial segment ¢=1([21,23]) = [p 1 (22), 9 (z3)] C G
with a constant depending only on p. Hence, a change of variable together with Lemma 2.13 applied to
® in the set G ensures us that (4.2) holds for [z9, 23] with a constant depending only on p; notice that
dist(z, 09(G)) < dist(z,00) when z € $(G) since @ is a homeomorphism.
Suppose then that [z2, z3] intersects at least three of the sets ¢(A(z1,%)). For each k € Z with

167 H(z1) — & Mz)| < 2P < 2P <[5 (=) — & (=),

let
Zk: = @(Sli) N Fk7

where S} is the circle centered at ¢~!(21) and with radius 3 x 282
Fix k < 2 as above. According to Lemma 2.31,

dist(T'g, 0Q) ~ dist(Zy, 00Q) (4.3)
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and
le(T'y) ~ dist(T'y, 02) (4.4)
with absolute constants. Hence,
/F dist(z, 0Q)' Pds(z) < dist(Zy, 092)*7P. (4.5)
k
Next, we claim that
dist(Zy, 0Q) = dist(vyx, 09Q) (4.6)

for some absolute constant. Indeed, let By = B(Z, idist(Zk, oN)). If v, N By, # 0, then by the triangle
inequality, we obtain the claim. For the other case, notice that By is a 4-Whitney-type set, and then by
Lemma 2.12, o~ 1(By) is of A-Whitney type for some absolute constant A. Hence, (2.13) gives

dist(p~(Zy),S') ~ diam(@~*(By)) (4.7)
with an absolute constant. By the geometry of A(z1,k) in R? \ D, we have
dist(3~"(Zk), @ () < Adist(3'(Zx),S")

and
diam(@ ! (1)) = 2dist(p 1 (Zk),S1).

Hence, with the version of (2.25) for R2\ D and (4.7), we conclude that
Cap(a_l(BkL G_I(Vk)7R2 \ﬁ) > 6()‘) >0,

and the conformal invariance of capacity gives

Cap(Br, 7k, ) = 6(N).
This estimate together with Lemma 2.17 yields
dist(Byg, %) < C(N)diam(By).
We then conclude (4.6) also in this case by the definition of By and the triangle inequality; indeed,

dist (v, Q) < dist(By, 0Q) + dist(Bg, vx)
< dist(Bg, 02) + C(A)diam(By)
< C(N)dist(Zg, 09).
By Lemma 2.31,
() 2 £(Tk)

with an absolute constant. Then, by (4.6), (4.3) and (4.4), this gives that there is a subcurve v;, C v
such that
dist(Zy, 0Q) 2 dist(v;, 09Q)

and
le(yy,) ~ le(I'x)

with absolute constants. By combining this with (4.3) and (4.4), we conclude that

/ dist(z, 0Q)' Pds(z) 2/ dist(z, 0Q)' ~Pds(z) 2 dist(Zy,, 02)*P. (4.8)
i Vi
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Now (4.5) and (4.8) give us the inequality

dist(z, 99)1Pds(2) < C(\) / dist (2, 0) 1 ~Pds(2). (4.9)

T Yk

Let us consider the remaining values of k. If k£ > 2, then A(z1,k) is a full annulus and of 8-Whitney
type. Especially,
dist(z, 0Q) ~ dist(w, 9Q) (4.10)

for all z,w € (A(z1,k)) since this set is of A-Whitney type for an absolute A by Lemma 2.12. Moreover,
le(@~Y(vk)) = le(@ 1(I'y)) since the former crosses A(z1, k) and the latter is a radial segment. Hence,
the bi-Lipschitz estimate from Lemma 2.13 gives that le(T'y) < Cle(ry,) with an absolute constant and
(4.9) follows from (4.10). The only remaining values of k to consider are those potential k with

2P =) — B () < 2F

or
21 < (3 (z) — 7 (=) < 28,

For such a k, (4.5) still holds and Lemma 2.6 shows that dist(Zy,9Q) ~ dist(Zy_1,00) with absolute
constants. By our assumption, [zo, 23] is not contained in the union of two of our sets ¢(A(z1,k)), and
hence these additional integrals over I'y, are controlled by the earlier terms for which (4.8) holds.

We conclude from the previous paragraph and (4.9) that summing over k together with the first
paragraph of the proof yields (4.2) when z; # zs.

Finally if 2 = 22, we deduce (4.2) by picking w; € [z1,23] N Q with w; — 2z1 and by applying the
conclusion from the case z1 # 2z (to [wj, z3]) and the monotone convergence theorem. O

4.2 Shadows of Whitney-type sets

Let Q be a Jordan domain whose complementary domain €2 satisfies (4.1). According to [30] (see also
[39, Lemma 2.1]), Q is then quasiconvex with a constant that depends only on p and the constant C
n (4.1). Consequently, by the second part of Lemma 2.1, also the complement of 2 is quasiconvex with
the same constant. We conclude from Lemma 2.22 that €2 is J-John, where the John constant J depends
only on p and the constant C' in (4.1). We fix a John center z( for  and a conformal map ¢: D — Q
with ¢(0) = z. By the Carathéodory-Osgood theorem, ¢ extends homeomorphically up to the boundary
and we refer also to the extension by . Our map ¢ will be fixed through Subsection 4.6. Recall from
Subsection 4.1 that ¢ refers to a fixed exterior conformal map.

We assign a collection of “reflected” squares in the Whitney decomposition W of € to squares @Z in the
Whitney decomposition W = {QVZ} of the complementary domain Q. This will actually only be needed
for those Q; for which ¢(Q;) < 3diam(Q). The construction of our extension operator will then rely on
these squares. We continue under the assumption that Q satisfies (4.1) and with the above ¢ and @. In
what follows, we usually use the notation A to indicate that the set in question is contained in Q.

Given a set A C Q we consider all the hyperbolic rays in Q passing through A and define the shadow
Sg (A) as the set of all the points, where these rays hit the boundary 9). Equivalently, by the invariance
of hyperbolic rays,

Sp(4) = @(m (7 (A)),
where .. is the radial projection to the unit circle.
Similarly, we define Sq(A) for A C Q, with the difference that the hyperbolic rays now begin from
©(0). Then

Sa(A) = p(m (¢~ (A))).
When there is no risk of confusion, we drop the subindices and simply write S(-) for the respective

shadow.
We have the following properties.
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Lemma 4.3. Let A CQ be a closed \-Whitney-type set. Then S(A) is connected and
diamg(S(A)) ~; diam(S(A)) ~j diam(A),

where the constant J is the John constant. Moreover, for any fired M > 1 and each closed \- Whitney-type
set A in the exterior domain Q of Q with

diam(A) < Mdiam(2),

S(A) is connected and

diam(S(A)) = ¢(\, M)diam(A).

Proof.  Let us begin with the case A C ). By the definition of Whitney-type sets, A is connected and
thus also ¢ ~1(A) is connected. Therefore, o~ 1(S(A)) = 7,.(p~1(A)) is connected, and so is S(A).
Next, by Lemma 2.12, ¢~1(A) is a N-Whitney-type set with \' = X'(\). Moreover,

dist (™! (A), 97 (S(A4))) = dist(p™ ' (A), (971 (A))) = dist(¢ " (4), OD),

and hence the conformal capacity between ¢~!(S(A)) and »~1(A) in D is bounded from below by a
positive constant depending only on A (see (2.25)). By conformal invariance of capacity, also

Cap(A,S(A),Q) = d(N).
Let us prove that C'(\)diam(S(A)) > diam(A). By the monotonicity of capacity, we have
§(X\) < Cap(4, S(A),Q) < Cap(4, S(A4),R?), (4.11)
which by Lemma 2.17 yields that
dist(4, S(A)) < C(\)diam(S(A)). (4.12)
Hence, by the definition of Whitney-type sets,
diam(A) < dist(A, 9Q) < dist(A, S(A)) < diam(S(A)) (4.13)

with constants depending only on .

Since (2 is John, hyperbolic rays are John curves by Lemma 2.19. Then for each hyperbolic ray I' C
ending at w € 9Q with T'N A # @, the property (2.13) of A-Whitney-type sets and the definition of John
curves give

dist(w, A) < C(J, N)dist(A4, 9Q) < C(J, N)diam(A).
Thus,
diam(S(4)) < C(J, N)diam(A),
and hence, by (4.13), we can find another constant C(J, \) such that

1 _ .
mdlam(fl) < diam(S(A4)) < C(J, A)diam(A). (4.14)

Finally, it follows from Lemma 2.29 that
diamq (S(A)) ~ diam(S(A))

with constants depending only on J, and the asserted estimate follows by combining this with (4.14).

The connectivity of S(A) follows analogously to the above argument. Regarding the desired estimate

for diam(S(A)), we first notice that A contains a disk B = B(zo,r) with 7 = fdiam(A) since it is of
A-Whitney type. By the monotonicity of capacity, we know that

Cap(A, 90, Q) > Cap(dB,0Q,Q\ B). (4.15)
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Next, the Mobius transformation ¢ : z — Zio , given in complex notation, is bi-Lipschitz with a constant
depending only on A in B(zg,Cr) \ B(zg,r) for C = 2A\(A + 1), and B(z0,Cr) \ B(zo,r) contains an arc
of 0 of the diameter at least A\r/M. We conclude that

dist(¢(9B), $(9)) < C(A, M)diam(9(¢(12))).
Hence, (2.27) (with Uy = ¢(B)) gives
Cap(¢(9B), p(09) ,R?) = Cap(9($(B)), 0((Q)) , 6(R* \ (BUQ))) > 5(A, M). (4.16)
Monotonicity, conformal invariance of capacity and (4.15) and (4.16) allow us to conclude that
Cap(A, 90, R?) > Cap(A4, 00, Q) > §(\, M). (4.17)
Now, Lemma 2.17 together with conformal invariance of capacity and (4.17) gives
dist(3~1(A),oD) < C(M, \).
Since $~1(A) is of C()\)-Whitney type by Lemma 2.12, we conclude that
diam(F~(A)) ~y dist(Z~1(A), dD) < C(M, \).
This together with the version of (2.25) for R? \ D and conformal invariance imply that
5(\, M) < Cap(3~*(A), 31 (S(A)), R\ B) = Cap(A, S(A), ).
By monotonicity of capacity, we further conclude that
§(A\, M) < Cap(A, S(A),R?).

This estimate is the analog of (4.11) and hence we may complete the argument exactly as in the case of
Q above. O

The following lemma associates a Whitney square of 2 with a given closed boundary arc.

Lemma 4.4. For each closed nondegenerate subarc v C 0S), there exists a Whitney square @Q € W

satisfying
diam(S(Q)) < C(J)diam(7), (4.18)
diam(v) < C(J)diam(S(Q) N ) (4.19)
and
dist(Q, ) < C(J)diam(7). (4.20)

Here, C(J) depends only on J.
1

Proof.  Given a closed nondegerate subarc v, let @ = ¢~!(y). Suppose first that le(a) > 3. By
Lemma 2.30, ¢ is quasisymmetric with respect to the inner distance of €2 with 1 depending only on
J. Pick z1, 29 € a such that

disto(p(21), »(0)) = dista(¢(0),7)

and
1
|21 — 2'2| = Z
Recall that ¢(z;) is rectifiably joinable, i.e., to ¢(0) by Remark 2.20 for ¢ = 1, 2. Since ¢ is homeomorphic
up to the boundary, we may pick points w{ and wj along these rectifiable curves so that disto(wf,¢(0))
tends to dist(z1,(0)), disto(w],wd) tends to dista(p(21), p(22)), ¢ H(w]) tends to z1 and ¢~ !(w?)
tends to z5. Now

10— ¢~ (w])] < 8l (w]) — 7" (w))]
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for all sufficiently large j and then the quasisymmetry of  gives the estimate
diste (p(0), w!) < n(8)dista(w!, w)).
By letting j tend to infinity, we conclude that
dista((0),7) = dista(p(21),(0)) < n(8)dista(p(21), ¢(22)) < n(8)diamq (7). (4.21)
By the John property (see Lemma 2.19), for each hyperbolic ray T' C €2, we have
distq(p(0),0) > Jle(T).
Then the triangle inequality gives

diste(2(0),7) > dista((0), 99) > gdiam(Q). (4.22)

Moreover, Lemma 2.29 implies that

diam(y) ~ s diamg(7y). (4.23)

By combining (4.23) with (4.21) and (4.22), we conclude that

1
C(J)

diam(y) > diam(09).

Therefore, if one chooses a Whitney square @) containing ©(0), then its shadow is 992, and (4.18) follows;

in this case, (4.19) holds trivially and (4.20) follows from (4.21) together with (4.23) since ¢(0) € Q.
When le(a) < 3, we denote the midpoint of a by w, let

o (le(e)
r——bm( 2 ) z=(1-2r)w

1+ 2sin(l))

and set B = B(z,r) (see Figure 6). Observe that by the assumption le(r) < 3, the set B satisfies
2dist(B, 0D) = 2r = diam(B),

and is of 2-Whitney type, and the radial projection of B is precisely a. Moreover, quasisymmetry of ¢

easily gives

dist(p(B),~) < C(J)diam(p(B)). o)
lw‘fw I mTT\
iy HH
lii +i” 0
HH L |
L = —)
s INE S
Ty T
AT+ T
all 7| T
- = HHHH
il HEEEN
- EEEN
y LD
R
2 [TH

Figure 6 (Color online) The set B C D is chosen to be a Whitney-type set whose shadow is exactly a. Since ¢(B) is also
of Whitney type, there are at most a fixed number of Whitney squares intersecting it. Therefore, one of these squares must

have a large shadow
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Consider the collection Wp of all Whitney squares in W that intersects ¢(B). Since ¢(B) is a A-
Whitney-type set by Lemma 2.12, for some absolute constant A, this collection has no more than N
squares where N = N()) (see the discussion after Definition 2.10). Since ¢ is homeomorphic up to the
boundary, the shadow of p(B) is precisely p(a) = 7. We claim that the shadow of one of the Whitney
squares in Wp, call it @, satisfies

diam(S(Q) Nv) > diam(y)/N.

Towards this, since p(B) C UQ’EWB Q', we have
r=8B)c U s@)
Q' eEWr
Suppose that for every Q' € Wg, we have

diam(S(Q") Nv) < diam(y)/N.

Recall that 7 is an arc and each S(Q') is connected and hence also an arc. Since v C Ugreyy, S(Q'), we
deduce by the triangle inequality that

diam(y) < Z diam(S(Q") Nv) < diam(7).
Q eWp

This gives a contradiction, and hence (4.19) follows.

Towards (4.18), first notice that ¢(B) is of A-Whitney type for an absolute A by Lemma 2.12. Also, Q
as a Whitney square is of 4y/2-Whitney type. Since Q intersects ©(B), the property (2.14) of intersecting
Whitney-type sets ensures that

diam(Q) ~» diam(p(B)). (4.25)
By Lemma 4.3, we further have
diam(S(Q)) ~ diam(Q) (4.26)
and
diam(¢(B)) ~; diam(vy) (4.27)
S((B)) = .

By combining (4.26) and (4.27) with (4.25), we conclude that
diam(S(Q)) < C(J)diam(7y),

as desired.
Finally, (4.20) follows by combining (4.24) with (4.25). O

The definition of our extension operator in Subsection 4.3 will rely on the following existence result.

Lemma 4.5.  Let Q be a Jordan John domain with a constant J. There is a constant C(J) that depends
only on J so that the following holds. Given QQ € W, there exists Q € W so that

diam(S(Q))/C(J) < diam(S(Q)) < C(J)diam(S(Q) N (@) (4.28)

and

dist(Q, S(Q)) < C(J)diam(5(Q)). (4.29)
Moreover, if £(Q) < 3diam(Q2), then

diam(Q) < C(J)diam(Q). (4.30)
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Proof.  Since (:? is of 4y/2 -Whitney type, Lemma 4.3 shows that S (@) is a nondegenerate subarc of
0Q. Thus, by Lemma 4.4, there exists a Whitney square Q € W that satisfies both (4.28) and (4.29)
with constants depending only on J. Finally, (4.30) follows from these properties of @ together with
Lemma 4.3. O

Notice that a single @ € W may well satisfy the requirement in Lemma 4.5 for many distinct @7 of

different sizes: S(Q) can be much larger in size than @ (see Figure 7). We close this subsection with
technical lemmas that will eventually allow us to deal with the distribution of such squares Q.

Lemma 4.6. Let C > 1. Suppose that Q € W and suppose that va, ..., v, C S(Q) are pairwise disjoint
arcs so that

diam(S(Q)) < Cdiam(y;)

for each 1 < j <n. Thenn < N, where N depends only on C' and the John constant J of €.
Proof.  Let ~v1,...,7, be pairwise disjoint arcs contained in S(Q) so that diam(S(Q)) < Cdiam(y;)
for each 1 < j < n. In order to bound n, it suffices to associate each ; with a disk B; of radius
r > diam(S(Q))/C’ so that these disks are pairwise disjoint and all have the distance to S(Q) no more
than C'diam(S(Q)), for a constant C’ depending only on C and J.

Let w; be the midpoint of =1 (v;),
(1e(v721(7j)))

sin

Ty = s Z5 = (1 — 27'j)wj

B 1+2 sin( 16(60_21(%‘)))

and set B; = B(zj,7;). Then the radial projection of B; is precisely ¢ ~1(v;) and each Bj is of 4-Whitney
type. Since the arcs 7; are pairwise disjoint, so are also gofl('yj) and consequently also the sets B;. Then
the sets p(B;) are also pairwise disjoint. From Lemma 4.3, it follows that

diam(p(B;)) = C(J)diam(v;)
and (by (4.12))
dist((B,), S(Q)) < dist((B,),7;) < C(J)diam(x,) < C(J)diam(S(Q)).

The claim follows by recalling that a A-Whitney-type set A contains a disk of radius {diam(A) and that
Cdiam(y;) > diam(S(Q)); the sets p(B;) are of A-Whitney type for an absolute A by Lemma 2.12. O

For a Whitney-type set AcQanda hyperbolic ray I' with rnA # (), corresponding to a point z € 99,
we define the tail of I' with respect to A to be the arc of I' between z and A4, ie., I'; ,, C I' with w the
first point in A when travelled towards infinity from z. Denote this set by Tg(T', A).

Figure 7 (Color online) The shadow S(Q) of a Whitney square @ of the complementary domain {2 may have a much
larger diameter than the square in question
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Lemma 4.7. Let A C Q be a closed A-Whitney-type set so that Q \ A is connected and let T be a
hyperbolic ray with T N A # 0. Set W(A,T) ={Q; € W : Q; NT(T", A) # 0}. Then

> U@Q))*P < Cdiam(S(A))* 77,
Q;eW(AT)

where C depends only on p, \ and the constant in (4.1).

In order to prove this, we need an auxiliary lemma and a definition.
We define the tail of A by setting

T~

Q(g) —{yeQlye Ts(T, A) for some hyperbolic ray I'}.

Equivalently,

T(A) = @(Tye\5(7 7 (A)))-

When there is no danger of confusion, we simply write 7" instead of T7.).

We need an estimate for the sizes of those Whitney squares that intersect a given tail. Such estimates
follow rather easily in the complement of the disk (see Figure 8), but our exterior domain case requires
work.

Lemma 4.8. LetAcC Qbea closed \-Whitney-type set with diam(A) < 3diam(Q). Assume additionally
that Q\ A is connected. Let Q € W satisfy Q NT(A) # 0. Then

Q) < C(N)diam(S(A)).

Proof. Fix @ € W with @ N T(Z) # (). We may assume that A > 41/2 so that also @ is of A-Whitney
type. Let us first prove that

diam(Q) < diam(Q) (4.31)

with a constant depending only on A.
Towards this claim, recall from the definition of A-Whitney type that there exists a disk

1 ~ ~
B (zo, )\diam(A)) C A
Next, by (2.26), we have

Cap(A, 09, Q) = Cap(9A4, 09,0\ A). (4.32)

We continue by arguing as in the proof of Lemma 4.3.

Since the Mébius transformation ¢: z — di(irf(z’:))z is C'(\)-bi-Lipschitz in the set

B(zo, (2 4+ A)diam(A)) \ B(zo, diam(A)/\)

Figure 8 (Color online) In the case diam(3~1(Q)) < _cidiam(p 1(S(A)), we argue using an extra Whitney-type set
7 1(Q:) C  1(T(A)) of roughly the same size as $—(A) that is also near g~ 1(A)
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and this set contains both A and an arc of A9 of a diameter at least diam(A)/3, we have

dist(¢(A), p(0Q)) < C'(N)diam(¢(09)).
Hence, (2.27) (with Uy = R2 \ ¢(A)) gives the estimate
Cap(¢(04), 6(0), (2 \ 4)) > 6(N).

Thus, N L
Cap(A4,09,9\ A) = §(\) (4.33)

by the conformal invariance of capacity; notice that ¢ is conformal in the ring domain Q \ A.
Next, as ¢~ ! also preserves conformal capacity, monotonicity together with the inequalities (4.32)
and (4.33) gives
Cap(§~'(A),dD,R?) > Cap(3~1(A), 0D, R*\ D) = §()). (4.34)

Hence, Lemma 2.17 and the fact that ¢ ~!(A) is of -Whitney type by Lemma 2.12 yield

dist(3~(A), 0D) < C(N). (4.35)

By (2.13) and the fact that ¢~(T5(A)) = TRQ\EQZ’l(g), we deduce that
dist(w, D) < C(A) (4.36)

for every w € g~ (T'(A)). Since Q NT(A) # 0 and $~1(Q) is also of N-Whitney type by Lemma 2.12,
(4.36) gives us the estimate

diam(p~!(Q)) < C()dist(¢™1(Q), D) < C(N). (4.37)
Now monotonicity and conformal invariance of capacity together with (2.25) and (4.37) yield
Cap(Q, 09, R?) > Cap(Q, 09, Q) = Cap(p(Q), 0D, R*\ D) > 5()).

Since @ is a Whitney square, (4.31) follows from this by Lemma 2.17.

Recall again that the preimages of both A and Q are of N-Whitney type with A’ = X’ (M\). Hence, if
QN A +# 0, then £(Q) ~ diam(A) by (2.14), and our asserted estimate follows from Lemma 4.3. Hence,
we may assume that Q N A = (.

We prove the claim of the lemma first under the additional assumption that

diam(3~1(Q)) = crdiam(3 1 (S(A))), (4.38)

where L1 )
Clzmin{g,w,w}. (439)

To begin, since (5’1(2) is of N'-Whitney type, (4.35) together with Lemma 4.3 gives

diam(3~ 1 (A)) < O\, N)diam(S(F~(A))). (4.40)

Since Q N Ty (Z) # (), we can pick a point

2€ 3 QNG N (T5(A) = v 1 Q) NTyp(E ' (A)).

Then the hyperbolic ray (radial line) through z intersects @—'(A). Since ()5—1(~Z) is of \-Whitney
type, the length of the segment of this radial line between 0D and @ !'(A4) is no more than

C(N)dist(3(A), S(~1(A))). Let I be the subsegment between z and $~!(A). Then

le(I) < C(N)dist(3~1(A), S(F~1(A))) = C(N)dist(5~(A), D).
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Recalling that ¢~ 1(A) is of X'-Whitney type with A’ = X()), we see that this in combination with (4.38)
and (4.40) gives
le(I) < diam(¢ ™" (4)) < diam(5~(Q)) (4.41)

with constants depending only on A. Since @_1(@) is of A’-Whitney type, we deduce that le(I) < |z| — 1.
Because [ is also a radial segment with z the closest point to JD, it follows that the number of the
Whitney squares of R? \ D that intersects I is at most N = N(\'). Recalling that A’ = \'()), we can join
$1(A) and 3~1(Q) by a chain of no more than N(A) Whitney squares. Then by Lemma 2.12 and the
fact that a \- Whitney-type set intersects at most N (A ) Whltney squares, there also exists a chain of no
more than N’ = N’()\) Whitney squares of Q joining A and Q. Since both A and Q are of A-Whitney
type, their diameters are comparable by (2.14) to diameters of those Whitney squares that intersect them
and the diameters of any two consecutive Whitney squares in our chain are comparable. It follows that
diam(Q) < C(\)diam(A). By Lemma 4.3 and the assumption that

diam(A) < 3diam(9),
we conclude that diam(Q) < C(\)diam(A) < C(A)diam(S(A)).
We are left to consider the case where
diam(371(Q)) < crdiam(3~" (S(A))). (4.42)
If Q C T(A), then by Lemma 4.3 with (4.31), we have
diam(Q) < diam(S(Q)) < diam(S(A)).

If Q is not contained in T'(A), let d = diam($1(Q)). Let wy and wy be the endpoints of g~ 1(S(A)).
By (4.42) and (4.39), we have N
d < 6)'d < diam(g(S(A))), (4.43)

and it follows that ¢—1(Q) intersects only one of the hyperbolic rays from w; and w, to infinity. Let I' be
this hyperbolic ray. Also, let IV be the hyperbolic ray in R?\ D, which intersects 3~ *(T(A)) and satisfies

dist(D, T') = 2)\'d; (4.44)

the existence of I' follows from (4.43). Let 2 be the point on IV with |z| = 1+ d (see Figure 8). Let
Q. be a Whitney square so that z € 3~(Q.). Then & 1(Q.) is also of N-Whitney type as Q. is of
44/2-Whitney type and we assume that A\ > 4v/2. Hence, by Definition 2.10 of N-Whitney-type sets,
(4.39) and (4.42), we conclude that

1 ~ ~
diam (3~ 1(Q.)) + dist (3~ 1(Q.), D) < Nd+d < TXdiam(ga_l(S(A))), (4.45)
where we used the fact that ¢; < g 1 < m.
Next, g~ 1(S(A)) = S(pH(A )) (@ L(A)), where m, is the radial projection. Since m, is a

contractlon, diam(3~1(A)) > 0 and @~ 1(A) is of N'-Whitney type, we have

%Xdlam(go 1(S(A4))) < %diam((ﬁ_l(ﬁ)) < dist(31(A4), ID).

By combining this estimate with (4.45), we conclude that for any point z € 3=1(Q.),
dist(z, 0D) < diam(3~H(Q,)) + dist(3~(Q.), D) < dist(3~*(A), ID); (4.46)

especially,
PHQ)NETHA) = 0.
Furthermore, since

diam($~1(Q-)) < X',
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by (4.43) and (4.44), we know that (ﬁ’l(Q ) does not intersect either of our two hyperbolic rays in R?\ D
(

from the endpoints wy and wy of ~1(S(A)). This implies that

S(EHQ2)) C FH(S(A)).

This, together with (4.46), yields & 4Q.) C 37 HT(A)), or equivalently, Q. C T(A). Since Q. C T(A)
and diam(Q,) < diam(Q) by (4.31), Lemma 4.3 gives

diam(Q.) < diam(S(Q.)) < diam(S(A)). (4.47)

Pick Z € (ﬁ_l(Q)ﬁF Since g1 (Q) is of N’-Whitney type, we have |2|—1 ~ d with a constant depending
only on X. Let z; be the point on I with |z1| = 1 + 2d and let z3 be a point on IV with |z9] = 1 + 2d.
Consider the curve v obtained by concatenation from the part of I' between Z and z;, the part of I
between z and zp and a shorter one of the circular arcs on S(0,1 + 2d) joining z; and 2. Then the
number of Whitney squares of R? \ D intersecting v is at most N(\'). We again rely on Lemma 2.12
and the fact that a S\—Whitney-type set intersects at most IV (5\) Whitney squares to conclude that there
also exists a chain of no more than N’ = N’()\) Whitney squares of Q joining @, to Q. It follows that
diam(Q.) ~ diam(Q) and hence the desired estimate follows from (4.47). O

Proof of Lemma 4.7.  Let I' be a hyperbolic ray that intersects A. Denote by T'g the tail of I' with
respect to A.

We claim that le(Ty) < Cdiam(S(A)) with a constant that depends only on our data: p and the
constant C in (4.1). To begin, suppose that Q € W intersects I'o. Then Q N T(A ) # (), and hence
Lemma 4.8 gives

U(Q) < Cdiam(S(A)) (4.48)
with a constant that depends only on A. Next, (4.48) yields that

dist(z, 09) < 4v/2 Cdiam(S(A)) (4.49)

whenever z € I'y.
By (4.49) and Lemma 4.2, we have

diam(S(A)Ple(Ty) < C [ dist(z, Q) Pds(z) < C14(Ty)>~?, (4.50)
To

where C' depends only on A and C; depends only on p, A and the constant in (4.1). This together with
the assumption that p > 1 results in

le(To) < €1/ Vdiam(S(A)). (4.51)

By combining (4.50) with (4.51), we conclude that
/ dist(z,09)'Pds(z) < CP7P/ P Y diam(5(A))2 7. (4.52)
o

We now employ (4.52) to prove our claim.

Recall that W(A, ') consists of those @j € W that intersect [y. Since each Whitney square has at most
20 neighboring squares, we can distribute the squares in W(A, I') into no more than 21 subcollections
{Wk}ilzl such that in each of the subcollections, the squares are pairwise disjoint. Next, for any two
distinct @i, @j € Wk, by Lemma 2.9, we have

11~ 11

Clearly, for each C~2j € W(A, '), we have

(U L0,
1 (5@ 0T ) > Q).
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where H! denotes the 1-dimensional Hausdorff measure. Recall that
0(Q;) < dist(Q;,09) < 4V24(Q;).

Hence, (4.52) gives

13
Yo URTTSY
k=13

Q;EW(AT)

Z /  dist(z,0Q)' Pds
= JToN{5Q;

;EWg

< / dist(z, Q)" Pds < diam(S ()2 7.
T

]

This completes the proof. O

4.3 Definition of the extension operator in the Jordan case

Recall from Subsection 4.2 that our conformal map ¢: D — Q satisfies ¢(0) = xg, where zg is a fixed
John center of 2. Let
Bq = B(zg, diam()).

Then Q C Bg. Recall from Lemma 2.9 that
0(Q) < dist(Q, 02)
for each @ € W, the Whitney decomposition of Q. Then, if @ N Bg # 0, we obtain by definition that
0(Q) < dist(Q, 99) < diam(Q).
Also, if Q' € W is a neighbor of Q with Q N Bg, # ), then
0(Q") < dist(Q',09) < (1 + V2)dist(Q, 9Q) < 3diam(€).

Hence, the side lengths of all the Whitney squares Qv that intersect Bg and of all their neighbors are at
most 3diam(2).

Let C(J) be the constant from Lemma 4.5. For each Q; € W with £(Q;) < 3diam({2), we consider
the collection W; of all squares Q € W that satisfy the conclusions of Lemma 4.5 for this value of C(.J).
Then this collection is non-empty. We have to choose one @ from this collection. Since any choice will
work, we may proceed as follows. Recall that W can be written as {Q1, Q2,...}. We pick the Q; € W;
of smallest index j and define

R(Qi) = Qj.

It may happen that R(@Z) = ’R(@k) even when k # i and there may well be squares Q € W for which
there is no @Z with R(él) = @. In fact, the number of distinct él with R(@Z) = @ is always finite (see
Lemma 4.12 in Subsection 4.5) but we do not have a uniform bound on the number of them. Nevertheless,
Lemma 4.7 with work would allow us to control the sum of E(@i)2_ﬁ for the Q; that satisfy R(@Z) =Q.
However, this would not suffice for our final estimate, as certain intermediate Whitney squares also come
into the estimate. To overcome this, we eventually prove Lemma 4.13 that takes into consideration also
these intermediate squares.

Pick a collection of functions ¢; € C’°°(§~2) so that each ¢; is compactly supported in %éi, Vil <

0(Q;)"" and
Z(bi(ﬂ?) =1

for all z € €. Then the support of ¢; and that of ¢; have no intersection unless él N @j # () (see [23] for
the existence of such a partition of unity {;}).
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Given u € WP(Q) and Q; € W with 0(Q;) < 3diam(€2), we set

1
a; = ][ Cu(p)dz = ——=— [ u(z)dz
R(Q:) IR(Qi)| JR(@:)
and we define Fu(x) = u(x) in Q and

Bu(z) = Zai¢i($) (4.53)

for ¥ € Bq \ Q. Here, the sum runs over those i for which ¢(Q;) < 3diam(Q2). We prove that
[Eullyroporay S lullwis). We have not yet defined Eu on 0. Since 9Q is of area zero by
Lemma 2.24, this is not an issue, and we simply let Eu(x) = 0 for points in 9.

Remark 4.9. A reader familiar with the extension operator employed in [23] perhaps wonders why
we have chosen R(@z) via the shadow of @, instead of picking a Whitney square @ of the diameter
comparable to that of @i and at distance comparable to the diameter of CNQZ Actually, such a square can
be found as €2 is John, but we have not been able to establish useful estimates for the difference of averages
over reflections of neighboring squares under this kind of a choice. One should view our construction of
R as a kind of reflection via harmonic measure. In fact, the Jordan case in the setting of [23] is that
of a quasidisk and for them our choice of R(Q;) can be checked to conform with the one used in [23].
We control the above difference of averages via suitable John subdomains of €. In our setting, these
subdomains may well have bad overlaps contrary to what happens in [23] and in our adaptation of this
technique in Section 3 (see (3.42)). The key point in what follows will be to obtain control on the overlaps
in terms of the squares @z

4.4 Basic estimate

In order to estimate |V Eu| for the operator defined in (4.53), we need control on the differences of the
averages of u over pairs of Whitney squares. Towards this, denote by |Vu| the zero extension of |Vul,
and by M the Hardy-Littlewood maximal operator.

Lemma 4.10.  Given distinct Whitney squares Q, Q" C Q0 such that

dist(S(Q), S(@) S €Q) ~ Q), (4.54)

‘][Qu(z)dz - ][ ,u(z)dz

Here, Cy depends only on J and the constants in (4.54).

we have

< Col(@)! /Q M([Val)()dz.

Proof.  Since Q is John and ¢(0) is a John center of Q, ¢ is n-quasisymmetric with respect to the
inner distance by Lemma 2.30, where 1 depends only on the John constant J. Next, dist(A4,9D) =
dist(A, S(A)) for each A C D. Since ¢~ 1(Q), »~1(Q’) are of A-Whitney type for some absolute constant
A by Lemma 2.12, we conclude that

dist(¢™1(Q), 7 (S(Q))) < C(N)diam(p™1(Q)) (4.55)

and
dist(p™1(Q"), ™1 (S(Q))) < C(N)diam(p~H(Q")).
Let us show that quasisymmetry of ¢ allows us to translate (4.55) and its analog for Q' to Q. Pick
21 € pHQ) and 23 € p~1(S(Q)) such that

dist(p™1(Q), ¢~ 1(S(Q))) = |21 — 2|, (4.56)
and let 23 € »~1(Q) be a point such that

diam(¢™1(Q)) < 2|21 — 23] (4.57)
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Recall that ¢(z2) is rectifiably joinable, i.e., to ¢(0) by Remark 2.20. Pick points w; along this rectifiable
curve so that w; tend to ¢(22) and disto(¢(21), w;) tends to disto(¢(21), ¢(22)). Since ¢ is homeomorphic
up to boundary, it follows that ¢~!(w;) tend to 2. Hence, by (4.55)-(4.57), we have

21— o7 (wy)| < C(N)|21 — 2]
when j is sufficiently large. Then the quasisymmetry of ¢ gives

disto(¢(21), w;) < C(J, N)dista(p(21), p(23))

for all sufficiently large j. Since disto(¢(21), w;) tends to disto(¢(21), @(22)), we deduce that

disto(¢(21), @(2z2)) < C(J, Ndista(¢(21), ¢(23))-

Hence,
dist(Q, S(Q)) < diamq(Q) ~ £(Q) (4.58)
with constants depending only on A and J. Similarly,
disto(Q', S(Q')) < diamg(Q') ~ £(Q’). (4.59)

By the triangle inequality (see Lemma 2.16), (4.58), (4.59), (4.54) and Lemma 4.3, we conclude that

disto(Q, Q') < dista(Q, S(Q)) + diama (S(Q)) + dista(S(Q), S(Q"))
+ diamgq (S(Q")) + dista(Q, S(Q"))
SUQ)

with constants depending only on A and J. By Lemma 2.7, we deduce from this that the length of the
hyperbolic segment I' between the centers of @ and @’ is no more than a constant (depending only on
the constants in (4.54) and the John constant J) multiple of 4(Q).

Next, we construct a John subdomain Qg o C QNCQ of the diameter no more than C4(Q), containing
both @ and @Q’, where C' depends only on the John constant J. Towards this, set

Qg =QUQ U J B(z,3 ' dist(z,00)),
zel

where I' is the above hyperbolic segment between the centers of  and @’. To see that Qg ¢ is John, let
2o be the middle point (in the sense of the length) of I" and consider, for a given z € Qg ¢/, the following
curve ~: the first part of the curve is a line segment from z to z; € I', where 2z € B(z1,3~ !dist(z1, 0f))
or z1 is the center of @ (or Q') if z € Q (or z € Q’), and the second part coincides with I'[z1, 29]. Since a
simply connected John domain €2 is (quantitatively) inner uniform and we can use hyperbolic segments
as the curves required in (2.39) (see Definition 2.27 and Lemma 2.28), it follows that the above curve is
a John curve of Qg o/ between z and zy, with a constant depending only on J.

By letting
a= ][ udz, ag= f u(z)dz, ag = f u(z)dz,
Q Q ’

the Poincaré inequality on Qg ¢/ from [2] (with a constant depending only on J) and (4.54) imply

Q.Q’

a0~ agr| < lag —al + lag:—al £ { ju—aldz+ § fu-aldz
Q Q'

<@ /Q
Q,Q7

][M Val)(2)dz < £(Q /M Val) (2

Vu(2)ldz S Q) ]’ Vul(2)dz

This completes the proof. O
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4.5 Intermediate Whitney squares

We employ Lemma 4.10 to estimate |aR@) — aR(é,)| for pairs of neighboring squares @z and @j.

Unfortunately, the reflected squares need not have comparable size (see Figure 9), and hence we cannot
always directly rely on Lemma 4.10. To fix this problem, we construct chains of suitable intermediate
Whitney squares in order to be able to use our estimate. Each of these chains consists of a finite number
of elements, but there is no uniform bound for these numbers.

Lemma 4.11.  Let Q; and éj be distinct squares so that Q; N ij # 0 and
£(Q:),4(Q;) < 3diam(Q).
Suppose that diam(S(Q;)) < diam(S(éj)). Then there exist
[=1(i,j) €N and G(Q;,Q;) :=1{Q"...,Q"}
consisting of squares of W so that
Q=R(Q:) and Q' =R(Q)), (4.60)
for 0 < n <1— 1, we have the estimate
dista(S(Q"), S(Q"™)) S LQ") ~ UQ™™), (4.61)
and for 0 < m < I, we have the estimate
(Q™) ~ 2 " diam(S(Q;)) (4.62)

with constants depending only on J.
Proof.  Let distinct squares Qi and @j with Q; N éj # ) satisfy both diam(S5(Q;)) < diam(S(@j)) and
0Q;),4(Q;) < 3diam(Q). If

1 ~ ~

gdiam(S(Qj)) < diam(S(Q;)), (4.63)

we set [(i,j) = 1 and define Q° = R(Qvl) and Q' = R(@J) Then by Lemmas 4.3 and 4.4 and the fact
that Q; N @j # (b, we have that (4.61) holds with constants depending only on J. Moreover, (4.62) holds
with an absolute constant.

Suppose that (4.63) fails. Set Q° = R(Q;). Pick a connected closed set F"* (referred to as a fake square)
such that Q\ F is connected,

Qi CF' CQ;uQ;,5(Qi)  S(F)

I

Figure 9 (Color online) The shadows of neighboring squares él and @2 can differ significantly in size from each other.
Consequently, the reflected squares Q1 and Q2 may be of very different sizes
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and
2diam(S(F')) = diam(S(Q; U Q;)). (4.64)

The existence of F is clear since ¢:R2\D — Qis a homeomorphism and conformal outside D. For
example, we can construct F! in the following way. Since ¢ is a homeomorphism, we know that both
@_1(8@1') and @-1(8@) are Jordan curves, and they intersect each other. Pick z € 9Q; N anj. Then
parameterizing @_1(6@j) via v: [0,1] — 6_1(8@]) with v(0) = v(1) = z, by continuity, we see that
there is 0 < t < 1 such that by letting F! = @(v[0,#] U Q;), we have that (4.64) holds notice that the
preimages under @ of hyperbolic rays are radial rays, and then o 1(S (8@3)) = ( (QJ)) Then by
our construction, it is clear that Q2 CF'c QZ u Q] and € \ F! is connected. Hence F'is a desired set.

Notice that F! is a Whitney-type set since K(Qi) ~ E(Qj) ~ dlam(Fl) and Ql C FL. By Lemma 4.4,
there is a Whitney square Q' € W such that

diam(S(QY)) < C(J)diam(S(F1))

and
diam(S(F)) < C(J)diam(S(Q") N S(F1)),

where C(J) depends only on J. We did not need the assumption that Q \ F is connected above; we will
later use it in order to apply Lemma 4.7.
Next, we pick a connected closed set F?2 such that Q \ F2 s connected, Ql CF2CF'cC Ql U QJ,
5(Q;) € S(F?) and
Adiam(S(F?)) = diam(S(Q; U Q;)),

and select a Whitney square Q2 C Q such that
diam(5(Q?)) < C(J)diam(S(F?))

and

diam(S(F?)) < C(J)diam(S(Q?) N S(F?)),

where C(.J) depends only on .J. We continue this process to find squares Q' € W until we have
1 ~ ~ ~
idiam(S(Fl)) < diam(S(Q;)) < diam(S(F"))

for some [ € N.
By our construction,

2™ diam(S(F™)) = diam(S(Q; U Q;)) (4.65)
form =1,...,1. Next, Q™ was obtained via Lemma 4.4, where the corresponding square satisfies by (4.26)
the additional requirement that
diam(S(Q™)) ~s £(Q™). (4.66)
Taking into account the estimate
diam(S(F™)) < diam(S(Q™)) < diam(S(F™)) (4.67)

with constants depending only on J that follows from our choice of Q™, we conclude with (4.62).
Regarding (4.61), we recall from the construction that S(Q™)NS(F™) # @ and S(F™)NS(F"+1) #£ 0
for all relevant n and m. Since distq satisfies a triangle inequality by Lemma 2.16, we conclude that

disto(S(Q™), S(Q"*))
< diamg(S(Q™)) + diamg (S(F™)) + diamg (S(F™*1)) 4 diamq (S(Q™11)). (4.68)

Hence, (4.65)—(4.68) together with Lemma 2.29 give (4.61). O
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From now on, in this subsection, we always assume that £(Q;) < 3diam(€2) and Egéj) < 3diam(Q2). We
call such Whitney squares allowable. The preceding lemma gives the chain G(Q;,Q;) when
diam($(Gy) < diam(S(G;)).
Especially, both G(@i, @7) and G(ij, @,) have been constructed when
diam($(Gy) = diam(S(G;)).

Even though the claim of the lemma does not imply that these chains coincide as sets, the construction
in the proof of the lemma gives this. In order not to make our notation overly complicated, we abuse
notation and extend our definition also to the case where

diam(S(Q;)) > diam(S(Q;))

by setting G(CNQZ-, C~2J) = G(éj, @Z) Under this convention, Q° is one of the squares R(@l) and R(@j),
Q', 1 = 1(i,j) = I(j,i) is the other one, and (4.61) holds as stated, but for (4.62), we need to replace
diam(S (éj)) with the maximum of diam(S (Q])) and diam(S (Q]))

Given an allowable Q; € W, we define G(Q (Qi)=U,G (Qs, Qj) where the union runs over all the squares

Qj € W that intersect Qi.
Our next lemma gives estimates for the overlaps of our chains.

Lemma 4.12.  There is a positive integer N = N(J) so that

> xel®) <N (4.69)
QEG(Qi,Qy)
for all i and j and every x € Q. Moreover,

YooY xe@<20 Y xolw) (4.70)

J QeG(Qi.Qj) QEG(Q))

> > xelr) <o (4.71)

I QEG(Qi)

for each i, and

for all z € Q.

Proof.  The first claim follows from (4.62). The second claim is an immediate consequence of the fact
that the Whitney square sz has at most 20 neighbors. Towards the final claim, recall that ¢: R?\D — Q
is a homeomorphism (and conformal in R?\ D). This implies that the diameter of the shadow of A tends
to zero uniformly when diam(A) — 0. Consequently, given § > 0, there can be only a finite number of
éj € W with 0(Q;) < 3diam(Q) for which diam(S(Q; U Q])) > ¢ for some neighbor Q; of QJ The final
claim follows from this together with our first claim, (4.66) and (4.67). O

Notice that we are not claiming a uniform bound for the number of distinct @Z for which a given Q
belongs to G(Q;). In fact, such a bound does not necessarily exist. The following lemma provides us with
a crucial substitute for such an estimate.

Lemma 4.13. For each Q € W, we have
Y UQ)TPSUQPT,
QEG(Qy)

where the constant depends only on p and the constant C in (4.1).

Proof.  Recall that Q is J-John with a constant that depends only on p and the constant C' in (4.1) by
Lemma 2.23.
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Fix Q € W so that Q € G(QZ) for at least one i. By Lemma 4.12, the number of such indices i is finite,
and for each of the at most 20 neighbors Qj, Q corresponds to at most N(J) different fake squares F m
used in the construction of G(@Z, @J) Consider this finite collection of the sets ﬁ /.. We relabel them as
F, with respect to n, i.e., 1 <n <k, so that the diameters of ¢ “1(S(Fy,)) decrease when n increases.

We set FQ = Fk and stop the construction if £ = 1 or the shadow of each F,, with 1 <n < k-1
intersects the shadow of Fé If this is not the case and S(Fk_l)ﬂS(FQ) = (), we set FQ =Fp . Otherwise7
we consider Fy_» as a candidate for ﬁé and continue inductively via the following procedure. We choose
F2 to be F), for the largest integer n smaller than k for which S( n) N S(FQ) = (). We stop the process
if n =1 or the shadow of each F;,, with 1 < m < n — 1 intersects S’(FQ) or S(FQ). Otherwise, we choose
F} to be F,, with the largest m < n — 1 such that its shadow does not intersect S(Fg) nor S(F), and
continue this process. This gives us Fg?, ey FSO with pairwise disjoint shadows. By the construction of
these sets, Lemma 4.6 gives us a universal bound on ng in terms of C'(J) (see (4.18) and (4.19)).

Let F be a set from above, which was not chosen as one of the sets FQ By the construction in the
previous paragraph, there is an index [ so that S(F,)N S(Fl ) # 0. Since g~(S(F,)) = S(¢~1(F,)) and
o (S (FQ)) = S(p~ 1(FQ)) are closed arcs of the unit circle, at least one of the endpoints of S (FQ) is

contained in S(F,,); otherwise, S(F},) is strictly contained in S (Fo F), which means that

diam (@~ (S(FQ))) > diam (¢~ (S(Fn))),

contradicting our selection of the sets ﬁé Therefore, by assigning two hyperbolic rays to each F! , we
obtain a collection of 2ng hyperbolic rays that intersect all of our sets E”; with ¢ € 1(Q).
Let ' be one of our 2ngy hyperbolic rays. Denote by I'g the tail of I" with respect to a set in

{F]31Q € G(Q), TN F% # 0},

whose preimage under ¢ is furthest away from the origin, i.e., a last set that I hits towards mﬁmty
Let Fy be such a set. Then E(Q) ~ diam(S(Fp)) by (4. 62) as FO is one of the sets Fm Moreover, Fy

is of 84/2-Whitney type and Q \ ﬁo is connected since FO is one of the sets FZ”; (see Figure 10 for an
illustration). Hence, Lemma 4.7 gives the estimate

Yoo UQ)TT S UQm)TT (4.72)
QEW,QiNTo#D

with a constant that depends only on p and the constant C' in (4.1).
Since each Fm is a subset of Q, UQJ where Qz ﬁQJ # (), each Whitney square has at most 20 neighbors,

and the number ng of our hyperbolic rays is bounded in terms of J, our claim follows from (4.72). O
g
T *;ﬁ
= 9) Q>
i e
QZ Q m = Q2
1 =
Q ~ QmQ
Q1
i

Figure 10 (Color online) A square Q € W might be associated with several squares @l as well as to fake squares ﬁé’k

In the illustration, the squares @1 and Qg give rise to two fake squares, one of which is associated with @. Another fake
square as well as four (real) squares that are associated with @ are exhibited. Also, the shadow of @ is shown
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4.6 Sufficiency in the Jordan case

Recall the definition of Eu via (4.53) from Subsection 4.3 and of the chains G(@i, éj) and the sets G(@i)
from Subsection 4.5. We begin by estimating the norm of the gradient of our extension over each square
Q € W with QN Bq # 0.

Lemma 4.14. For all @i € W with @Z N Bq # 0, we have

IVEWl, 6, <CY 3 U@ [ (u(Fu()d
i QeG(Qi,Qk) @

where the sum is over all the indices k for which @k N ij # 0. Here, C depends only on p,p and the
constant C' in (4.1).
Proof. _ Recall A‘ghat g :R2\D — Q extends horileofrvnorphically up to the boundary.
Fix Q; with Q; N Q; # 0. Let Q", Q"' € G(Q;, Q;) be consecutive squares. Then
diste(S(Q"), S(Q"™)) Sy UQ™) ~s Q™) (4.73)

by (4.61).
Let ¢ > 0. Then by (4.62), together with Lemma 4.3, we have the estimate
> UQM) ™ < C(g, J) min{diam(S(Q;)), diam(S(Q;))}
QmeG(Q:,Q;)
< Clg, T)U@Qi) . (4.74)

Recall that {¢y} is a partition of unity with ¢, = 0 in @j if @j N Qi = 0. Hence, for each = € Q;, we

have 9 Bu() V( Z akqi?k(ﬂ?)) — V( Z (ar — ai)fbk(m)),

QrNQi#0 QrNQi#0
where a; refers to the average of u over R(@l) Since |Vor| < 6((51-)’1 whenever @k N @Z # (), we further
have

VB, o, S [ o ailVou(a)Pds

@ 500

SO lak— ailPUQ;) PIQ]
QrNQi#0

SO lak—ailPe@Qi)*r (4.75)
QrNQ;#0

with an absolute constant.
Let e = p?%p > 0. We apply Lemma 4.10 via (4.73), Holder’s inequality and (4.74) with ¢ = -2 to get

p—1
p
|ak — ai|p /S ( Z |aQn — agn+1 |)

QmeG(Qn.Q1) ;
< Qnec%kmaczwanM<|ﬂ|><z>dz)
< [Q7LE£M@)£<Q">H”< f. o)
s(X ey ][Qn<M<|%Z|><z>)pdz)( ) aQ”)—i—”l)pl

Qm€EG(Qr,Qs) Q"EG(Qr,Q:)
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<SUGyr S Qe / (M([Val)(2))Pdz.

Q"eG(Gr.G) Qr

Above, the constants depend only on p, p and the constant C in (4.1).
By recalling that ep = p — p and inserting the above estimate into (4.75), we obtain

p ) A \2—
VB, 6, S D lax—ail6@)*
QrNQ;i#0D
=D SRS SRR CO Ll IO
QrNQ:#0 Q" eG(Q:,Qx)
with the desired control on the constants. O

Proof of Theorem 4.1.  Recall that Bo = B(zo,diam((2)), Eu is defined on Bg as in (4.53), and
2(Q) < 3diam(Q2) whenever @ € W intersects Bg or is a neighbor of such a square. By Lemma 4.14, we

have
e S Y DX HQPTHQP [ (T

QiNBa#0 QrNQ;#0 QEG(Q;,Qx)

IV Eull}

with a constant depending only on our data: p,p and the constant C' in (4.1).

Towards 1nterchang1ng the order of summation, we notice that a fixed Q € W appears in our triple
sum only when @ € G(Ql) in which case it is counted for each of the at most 20 neighbors Q] at most
N(J) times by Lemma 4.12. Hence, by interchanging the order of summation (Tonelli’s theorem), we
obtain by Lemma 4.13 the estimate

LCIRMEEED DEED DREND DI (NGl KU IR

QiNBa#0 QrNQ:#0 QEG(Q:,Qk)

ST Y w@ruert [ a(Tupeys

QGWQGGQ
Z/ |Vu| ))Pdz
Qew
5/ |vu|p(z)dz</ VulPdz. (4.76)
R2 Q

Here, the constants depend only on our data.
Next, recall that Eu(z) = 3_; a;¢;(z) when z € Bq \ Q, where a; is the average over R(Q;) € W with

6(@]-) < 3diam(Q). Write R~1(Q) for the collection of all éj € W with Q = R(éj) Now

> U@ < CINHNQ)?

QER(Q)

since for every ij € R71Q), we have @j C C(J)Q by Lemma 4.3, (4.20) and the triangle inequality.
Then, by the definition of Fu, Tonelli’s theorem for series and Holder’s inequality, we obtain

1Py € 3 2 4@, s

QEW Q,eR(Q)

<Y Y 60)MQ) /Q julPda

QeEW g SER-1(Q)

<> / |u\de</ |ulPdz (4.77)

QewW
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with constants depending only on our data. By combining (4.76) and (4.77), we conclude that
| (VB + 1By < Clulfys o)
Ba\oQ

where C' depends only on p,p and the constant C' in (4.1).
Suppose now that u € WhP(Q) N C*(Q). We extend Eu to all of Bg by letting

Eu(z) = Eu(z) when 2z € B\ 8Q, Fu(z) =u(z) when z € Q.

We claim that Fu(z) is continuous in Bqg,.
Notice that Eu is clearly continuous (even smooth) in Bg \  and smooth in Q. Hence, we are reduced

to show continuity at every x € 9€2. Recall that €2 is Jordan. This implies that diam(S(Q)) tends to zero

uniformly when ¢(Q) tends to zero. Given z € 9 and points x, converging to x from within 2, we pick

Whitney squares @, containing x. Then by the fact that {¢;} forms a partition of unity, we have

|Eu<xk>—u<x>|=\ S o) Y éeu)

QiNQr#D QiNQr#0
< Y i(ae)la; —u@)].
Q;iNQx#0

Since @k tend to x, the neighboring squares of ka also tend to x. We claim that their shadows also
converge to x. Towards this, it suffices to check that the preimages of their shadows tend to ¢~*(z) under
our homeomorphism @: R \ D — Q that is conformal in R2 \ D. Now the preimages of the shadows
of these squares are the radial projections of the preimages (E‘l(gk) of these squares and the desired
conclusion follows since $~1(A) tend to & (z). Hence, it follows from Lemmas 4.3 and 4.4 that the
Whitney squares of €2 associated with the neighboring squares of @k also tend to x. Thus, we have

Eu(zy) — u(x)

by the assumption that u is the restriction of a smooth (especially continuous) function to Q and Fu(xy)
is defined via averages over the squares associated with the neighboring squares of @k.

Recall that Q is John and the Lebesgue measure of 0f2 is zero Lemma 2.24. With the continuity of
E‘u, [24, Theorem 4] then guarantees that the above definition gives a Sobolev function with the desired
norm control. Also by Lemma 2.24, we know that Fu = Eu as Sobolev functions. Thus,

E: WhP(Q)nC>(Q) - W'P(Bg)

is a bounded operator, and it is also linear by its definition.

Recall that C°°(Q) is dense in W1P(Q) for 1 < p < oo if  is a planar Jordan domain (see [31]). By
our norm estimates above, we can (uniquely) extend E to entire W?(§) as a bounded operator. This
extension is given by the original definition of F. Since B, is an extension domain, we conclude that the
claim of the theorem follows. O

Remark 4.15.  The norm of our extension operator from W1?(€2) into W?(Bg) depends only on p,p
and the constant C' in (4.1), both for the homogeneous and the full Sobolev norms (see (4.76) and (4.77)).
Here, Bq = B(wo,diam(Q)) and zg is a chosen John center of Q. If we wish to extend to entire R?, then
the norm of the extension operator will also necessarily depend on the diameter of Q if we use the full
Sobolev norm.

4.7 Proof of the general case

We establish the existence of an extension operator in the general case of a bounded simply connected
domain 2 via an approximation process, relying on our earlier results.
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Recall that we are claiming the existence of a bounded extension operator under the condition (1.1)
for a given bounded simply connected domain 2. We have already verified a version of this if € is Jordan.

In order to be able to prove the general case by using the result for the Jordan case, we need a
sequence of approximating Jordan domains to have extension operators with uniform norm bounds. For
this purpose, we have stated the dependence of the norm of the extension operator in Theorem 4.1
explicitly in Remark 4.15.

From now on, € is a bounded simply connected domain that satisfies (1.1). Towards the existence
of a suitable approximating sequence, recall that (1.1) guarantees that Q is John (see Corollary 2.23).
Fix a conformal map ¢: D — © so that ¢(0) is a John center of Q. By Remark 2.26, we may extend ¢
continuously up to the boundary. We still denote the extended map by .

Let B, = B(0,1 — 1) for n > 2. Then Q, = ¢(B,) are Jordan John domains (with constant
independent of n) contained in 2 by Lemma 2.30, and converge to  uniformly in Hausdorff distane
because of the uniform continuity of ¢ up to the boundary. Actually, ¢ is even uniformly Hoélder
continuous (see [11, 35]).

Before giving the proof of Theorem 1.1, we establish a technical result according to which the
complementary domain of ,, satisfies the condition (4.1) with p > p and C that are independent of
n. This eventually allows us to apply Theorem 4.1 to §2,, so as to complete the proof by a compactness
argument.

Lemma 4.16.  Each of the complementary domains ﬁn of Q,, satisfies the condition (4.1) with curves
vy C Qn for a fixed p > p and a constant independent of n.

Proof. Fix n > 2 and let 21,20 € Q,. Write R = 1 — % We begin by noticing that if z; and z, are
both outside €2, then the condition (4.1) with a fixed p > p and C' follows immediately from (1.1) and the
self-improvement property for (2 from Lemma 2.3 since dist(z,99Q) < dist(z,99Q,) for z € R?\ Q. Hence,
switching z; and 29 if necessary, we may assume that z; € Q\ Q,.

We fix p > p as in the first paragraph of the proof. Suppose first that also zo € )\ Q,,. Let us consider
the case where o~ 1(22) € B¢ *(21),6(1 — |o~1(21)])), where 6 is as in Lemma 2.4. Then Lemma 2.4
gives us a curve « joining p~1(21) to 1 (22) in B¢ 1(21), (1 — |21])/2) \ B(0, R) so that

/ dist(z, 0B(0, R) U9B(p ™" (21), (1 = |07 (21)])/2)' "Pds(z) < C(B)l0 ™" (21) — ¢ ()77 (4.78)

(see Figure 11). Because B := B(¢ (21), (1 — |¢~1(21)])/2) is of 2-Whitney type, Lemma 2.13 gives us
the estimate

CHE (7 (21)|lwz — wi| < Jp(wa) — (wr)] < Cl' (9~ (21))Jwa — wy

(b)

Figure 11 (Color online) The proof of the existence of the curve satisfying (4.1) for the domain Qs split into two cases.
In (a), we have the case where the preimages of the points z1 and z2 are close enough so that one can use a curve a from
Lemma 2.4 connecting them in the annular domain Q \ Q. In (b), it is the case where the preimages are far from each
other and the constructed curve exits the annular domain
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for all wy,ws € B for an absolute constant C. Since o C B, we may apply this bi-Lipschitz estimate to
the above integral over a so as to conclude for v = ¢ o @ that

/ dist(z, ¢(S(0, R) N B) U @(0B)) Pds(z) < C'(p)|ze — 21> 7P,

where C’(p) depends only on p. The desired inequality follows since ¢ is a homeomorphism and hence
dist(z, 8, > dist(z, o((S(0, R) N B) UAB)) when z € ¢(a) = 4. The desired conclusion also follows if
the roles of z; and 29 above are reversed.

Next, (2.16) (applied to ¢ 1) gives us an absolute constant C such that if

Clz1 — 22| < max{dist(z1, 0), dist(z2,0Q)},
then we are in a situation covered by the previous paragraph. Thus, we may assume that
Clz1 — 22| > max{dist(z1, ), dist(z2,0Q)}. (4.79)

Recall from Lemma 2.25 that ¢ is n-quasisymmetric with respect to the inner distance with 7 that
depends only on the John constant of 2. Define

_ (1l (=) oM ) 1o (=)
v = p( ey ),

Then the disk U is contained in D\ By, 21 € ¢(U), ¢(U) NN # B, and Lemma 2.30 gives that o(U) is
J’-John with the center ¢(w), where w is the center of U, and J’ depends only on the John constant .J
of Q.

We claim that

diam(p(U)) < C(J)dist(z1, 09). (4.80)

Towards this, let & = o~ 1(21)/|¢"1(21)|, the tangent point of U with the unit circle, and pick a point
z3 € 0f) satisfying
diSt(Zl,ﬁQ) = |21 — Z3|.

Pick a sequence of points x; along the Euclidean segment between z; and 23 so that x; — z3. Then
diStQ(Zl,Ij) = ‘Zl — JCj| S diStQ(Zl, l’j). (481)

Since ¢ is a homeomorphism of the unit disk onto €2, there is a subsequence of the sequence (x;) so that
the preimages converge to some w3 € JD. For simplicity, we refer to the elements of this subsequence still
by x;. Write r for the radius of U. By the definitions of U and &, we have

2r = |~ (21) — €] = dist(¢™ ' (21), OD),

and since ws € 9D, we conclude that
2r < o (z1) — wsl.

In particular, for any wy € U, we have
o™ (21) —wa| < 2r <o (21) — ws,

and consequently,
07 (z1) — wal < 27 (21) — 7 (zy)] (4.82)

for all sufficiently large j. Quasisymmetry of ¢ together with (4.82) and (4.81) now gives for all sufficiently
large j the estimate

|21 — p(w2)| < disto (21, p(we)) < (2)disto (21, z;) < n(2)dist(z1, 00Q).
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Hence, (4.80) follows.

By connecting z; to the John center ¢(w) of o(U) and then the John center to ¢(§) € 99 via hyperbolic
segments in ¢(U), we obtain by Remark 2.20, (4.80) and (4.79) a curve 71 C ¢(U) consisting of two John
curves and joining z; to 052 so that

/ dist(z, 90,) ~Pds(2) < / dist (2, d(p(U))) P ds(2)

Y1
< dist(p(w), (p(UV))*~* < diam(p(U))* P
< dist(z1,00)27P < |20 — 2> P

(see Figure 11). Here, the constants depend only on J. Analogously, we find a corresponding curve ~o for
z5. It remains to join the two endpoints z; and z3 of ;3 and 5 in 92 by a curve 73 outside 2 as in the
first paragraph of the proof; notice here that (4.79) guarantees that

|51 —’52‘ < C|Zl —ZQ|.

By the triangle inequality, the curve obtained by concatenating ~y1,v3 and o satisfies our requirements.

We are left to consider the case where z; € Q\ Q,, and 2z, ¢ Q. In this case, we simply use the curve
~1 constructed above for z; together with a curve 3 outside € joining zs and the endpoint of ~; in 9
as above. O

Proof of Theorem 1.1. By Section 3, we only need to prove the sufficiency of (1.1). Recall the conformal
map ¢ and the domains
Qn = o(Bn)

from the beginning of this subsection. By Lemma 2.30, the domains €,, are John domains with a John
center zg = ¢(0) with a John constant depending only on J.
By Lemma 4.16 and Theorem 4.1, (1.1) yields that there exist extension operators

E,: WYP(Q,) — WP (B(zg,diam(Q,))),

where the norms of the extension operators E,, are independent of n (see Remark 4.15). Since Q,, = ¢(By,)
and ¢ is continuous up to the boundary, diam(Q2,,) — diam(§2) when n tends to infinity. Hence, B(xq,r) C
B(zg, diam(2,,)) for all sufficiently large n when r = diam(Q) — dist(zg, 92). Define B = B(zg,r). We
conclude that

E,: W'P(Q,) — WP (B)

is a bounded extension operator with a norm bound independent of n for all sufficiently large n.

Fix u € W'P(Q), and let u, = ulg, for n > 2. Now |[|[VE,up||1r(5) + [|[Entn| Lr(p) is bounded
independently of n for large n. Hence, by the assumption p > 1, there exists a subsequence that converges
weakly in LP(B) to some v € WP(B) with

IVollLes) + [vllee ) < Wmnf([VEpun|[Les) + | EntnllLrs)-

Define Fu := v and notice that Q C B and the sequence {E,u,} converges to u pointwise a.e. on {.
Hence, we know that Fu is an extension of u, and the desired norm bound over B follows from the
uniform bound on the extension operators F,. Since B is a W1 P-extension domain, this completes the
proof of Theorem 1.1. O

5 Proof of Corollary 1.3

Before giving the proof of Corollary 1.3, we present a lemma stating that we can always swap an
unbounded domain with a compact boundary to a bounded domain (and vice versa) with the same
extendability and curve properties. This is the main observation needed to conclude Corollary 1.3 from
Theorems 1.1 and 1.2.
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Lemma 5.1. Let Q C R? be a bounded domain. Fiz x € Q and define an unbounded domain ) =
iz (Q\ {x}) using the inversion

— T

it R2\ {2} = R2\ {z}: y = 2 + =]
Then

(1) for any 1 < p < oo, the domain Q is a W'P-extension domain if and only zfQ is a WhP-extension
domain,

(2) for any q > 2, there exists a constant C' > 0 such that for all z1, 29 € ), there exists a rectifiable
curve v C ) joining z1 and zo so that

/dist(z,@ﬂ)ﬁds(z) < Clz — zg\g (5.1)
N

if and only if there exists a constant C' > 0 such that for every 21,2, € Q0 (see (1.2)), there exists a
rectifiable curve 4 C Q joining 21 and 2o so that

qg—2

/dist(zﬁ(z)ﬁds(z) < O3 — 3|71, (5.2)
~

Proof. Let R = 2diam(Q2) and 2r = dist(z,0?). Then 0Q C A(x,r, R) := B(x,R) \ B(z,r). Notice
that i, is a bi-Lipschitz map when restricted to A(x,r, R) with the bi-Lipschitz constant depending only
on r and R, and i, (A(x,r, R)) = A(z,1/R,1/r).

(1) Notice that for 0 < r; < r < oo, the annulus A(x,r1,rs) is also a W!P-extension domain with an
operator E,, ,. Now, assume that {) is a W!P-extension domain with an extension operator E. Let us
show that ) is also a W' P-extension domain. Towards this, take u € W'?(Q). By the fact that i, is
bi-Lipschitz on A(z, r, R), we have w.0iz| a(q,r,m)n0 € WP (Q\ B(z,r)). Since A(z,r,2r) C A(z,r, R)NQ,
we have B, 2, (w0 ig|a(z,r2r)) € WHP(R?). Now, define v € WHP(Q) by

W) Eror(uoiy)(y), ifye B(z,2r),
v(y) =
woiy(y), if y e Q\ B(x,2r).
This can then be extended to Ev € W1P(R?). Again, by the bi-Lipschitz property of i, on A(z,r, R),

we have
(Bv)oi ' e WhP(A(x, 1/R,1/r)),

which finally gives the required extension Fu € W1?(R2) as

Buly) = {E1/R,1/r((EU) oiz)(y), ifye B(z1/r),
u(y), ity ¢ Bz, 1/r).

This shows that ) is a W' P-extension domain.

Let us then show the converse and assume that €2 is a W!P-extension domain with an extension operator
E. The construction of the extension is done analogously to the previous case. Let u € W1P(Q). Then
v e Wh2(Q)), when we define

oly) = Eyjanayr(uoiz)(y), ify¢ Ble,1/r),
uoiz'(y), ifye QN B(z,1/7),

and the required extension Eu € W'P(R?) is then given by

Buly) = {ET,R((E”U) 0 iz)(y), %fy ¢ B(x,r),
u(y), if y € B(x,7).
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Hence, (2 is a W1 P-extension domain.

(2) Suppose the existence of curves v C  satisfying (5.1). Let us show the condition (5.2) for Q.
Towards this, take 21, 2o € Q. Suppose first that 21, 25 € B(z,1/r). Define 21 =i, 1(%) and 2o = i, }(22).
Let v C Q be a curve joining z; and 2o so that (5.1) holds. By [39, Lemma 2.1], we may assume that
le(y) < Clz1 — 22|. If v C A(z,r, R), then by the bi-Lipschitz property of i, the curve 4 = i,(7)
satisfies (5.2). If v ¢ A(x,r, R), let 21,22 C v N dB(x,r) be such that v[z1,21] connects z; to 21 in
A(x,r, R), and 7[z2, Z2] connects z3 to Z3 in A(z,r, R). Then

‘21 — 52| S le(’y) < CIZl — Z2|. (53)

Let « be a shorter arc of dB(x,r) joining Z; and Z5. Since dist(0B(x,r),0Q) > r, by (5.3), we have

Hence, again by the bi-Lipschitz property of i, on A(x,r, R), the curve 4 = i,(7v[z1, Z1] * a % v[Z2, 22])
satisfies (5.2).

Suppose then that 21,22 € B(x,1/r) fails. Then if [21,22] N @B(x,1/r) contains two distinct points,
we can use the previous case to connect these by a curve v C Q. For the remaining part, we can simply
use the remaining parts of [21, 23]\ B(x, 1/r). Finally, if [21, 23] NOB(x,1/r) is a singleton, we simply use
[,21, ,’2’2]

The proof of the converse implication is analogous. Towards it, let us assume that there exist curves
¥ C Q satisfying (5.2). Let 21,20 € Q and define 2; = i,(21) and 23 = i,(22). Let 4 C Q) be a curve
connecting Z; and 25 that satisfies (5.2). By Lemma 2.2, we may assume that le(§) < C|Z; — 25|, If
4 C B(z,1/r), again the bi-Lipschitz property of i, inside A(z,r, R) gives that v = i 1(¥) satisfies (5.1).
Let us then suppose that 4 ¢ B(x,1/r). If 21 € B(z,1/r), we take z; € 4 N dB(x,1/r) so that
Yl21,21) € B(z,1/r). If 21 ¢ B(z,1/r), we define 2, = 2,. Similarly, if 2o € B(z,1/r), we take
Zy € 4N OB(z,1/r) so that 422, 2] C B(z,1/r), and if 25 ¢ B(z,1/r), we set Z3 = 25. Then the curve

v =ig (e ) + [iz (21), 37 (22)] + i (322, 22])
connects z; to zz in Q and satisfies (5.1) because of
|21 — 22| <le(9) < Oz - 2
and dist(z,y) > r. O

Proof of Corollary 1.3. By Lemma 5.1, it suffices to show that the complementary domain Qof a given
Jordan W!'P-extension domain €2, where 1 < p < oo, is a W' %-extension domain for ¢ = p/(p — 1).

Suppose first that our Jordan domain €2 is a W!P-extension domain for a given 1 < p < 2. Then
Theorem 3.1 and Remark 3.7 give the existence of curves as in (1.1) in the complementary domain Q.
Notice that (1.1) is precisely (1.2) with ¢ = p/(p — 1) > 2. Thus, by applying Lemma 5.1 (twice) and
Theorem 1.2, we conclude that Q is a W% extension domain.

If Q is a WhP-extension domain for some p > 2, then (1.2) holds by Theorem 1.2 (for points in ).
Let z € Q, and take i, and ) as in Lemma 5.1. Now, by applying Lemma 5.1 again, we see that (1.1)
holds for points in €. For any pair zq, 2o € €2, there exist sequences (xj); and (y;); in ) that converge
to z1 and zg, respectively. For every pair (z;,y;), we take a curve v; C Q) satisfying (1.1) (with the
obvious notational changes). By Lemma 2.1, there exists a limiting curve v C Q connecting z; and zo
also satisfying (1.1). Hence, by Theorem 1.1, R2\ ) is a W' %-extension domain, and so, via Lemma 5.1,
also Q.

We are left with the case p = 2. In this case, () is necessarily a uniform domain and hence so is Q.
Thus,  is also a W' 2-extension domain (see [13-15,23]). O
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