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(1) JEZEIRH (CS). 1 Q=0,¢<0 H AKE (Bl my <n) I, A (1.1) B NEEA ) T 45 80
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min |zl w2
s.t. Az =b.
ik AR, CS N — AR A B T AT, S WA R R H IS T A B 12 pLER A ) 1Bl
TeLR I AE 0] RO AL (0 S 40k
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FATHRIB BRI AR ME— VRS EE. SR [14) $RH IS A R R
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BT HERE. AT RATR 2, (1.4) AR SRAE — A2 5 58 000 B i 1) 1] e
(4) ZEXMETTREA (AVEs) HIRERAR. Z8XHE T R 55 U TR 2 A0 1] R, 60458 2 A T A 1 8
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¢ (2.1)
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[FI, $8FREE T Jov Jo F Ry ERHCT 2%, FrLA, B 1 i) RSP &Mt — M E— Bk & %A
N TS BB R %, FEALE RSP 60X T A Al ek £ Fa bn 8 & B AL

o2 IRFSCER [22) HIMA T, KA (2.3) BN AT TR o ARMERAS EMER (RSP). EEE 1 R
B, RSP 264 (2.3) RAKH T 25 A W DA R R o Ab BRI LT3R,

E 3 [ (1.8) AT LURM N — S8 R B AR R I R 2 i) R (1.8) RAK IR I RS, 58
IS VAN EE S IR

(1) B Q=0,¢<0H AKXE (m <n) B, W# (1.8) BAARM (1.7), FE, g2 1B
R [22] FHAERE 2.8,

2) M Q=1q¢=0H ARE (m <n) B, M# (1.8) BN

{mionHl | Az =b,a > o},
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L1 HE AcR™X Ml Qe R Wit X* = {a*}, A ||lz*]jo < ma + | Rol-

PN RSERT e/s 1- VEEURME— I ZO0 M, BEJRIERTZ SRR e 0k, BT EE R 1. N T
He TORMUEH, JeokE — MR HEEM LR X = {o*} B HAY V() = {0}, Hh

V(e") = {v: Av =0,Q(v +27) > g, [Jv + ™[]y < [l2"[]1}-

FEF DL RS ASHEAS ) R 1 5] EE
SIFE 1 A AcR™*™ fl Q e R™*", X* = {2*} H{HALY (v,7) = (0, |z*|) & F LA L
(1) M — B AT i

min 0
v,t

st. Av=0, Quv=>=-Qx*+q,
—y<vt+azt <y, 120,

ety < la*|l,

Hipee R 2—414 1 KR,
MUEER A (2.4) FIARS BACY M (2.4) FIAT. AL —0TATAE (v,~) W2 W F Al A7 P A

n

veV(), |vi+ail<v, Vienl, Y <z
=1

o, B X = {o*} WLMRE] V(a) = {0}, A,

n

v=0, Z|x |<Z%\ = |5 .
i=1

BRIk, FTRAMRE] S0 (v — |of]) = 0. BT |27 < v, Vi € [n], W v = ||, Vi € [n], AT, (v,7)
= (0, |z*|). BRI, (0, |o*|) SRR (2.4) (R0 — R AT AR, 3 70 A 1 — A AT i

FHIK, # (v,7) = (0, |2*]) 2 (2.4) FIME—BAUHE, W0 € V(). BEAAE—DIET ' € V(Y.
Ly = |, W (o) R (2.4) B ANEATAE, BIE 2R (2.4) 15— Mg, X550
f I ME— T . 5] ERARHIE. 0
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MR
min 0
v y,u(®) 6§
,U/
A 00000 AMe
v
Q 01000 " QMe + Qz* — g
u
st. | =1 —107100 o | = —Me — z* , (2.5)
u
I —10010 “ Me + z*
u
0 eT0001 s [

(Ula,% u(l)au(2)7U(3)>6) 2 Oa
Forra) i (2.5) s LA T Ron BATE BYE AL EE. Z BT o' > 0, 2N
vi <]+ |vi + 27| < |2i[ 4+ < 2[|27], Vi€ [n].

R G 1 A R A A AT A4S 2 5] R

I3 2 AE A e R™*™ fl Q e R™*", A4 X* = {2*) H{HA YR (2.5) G ME—RACMHE
W, 7y, uM, u® B §) = (Me,|z*|,Qz* — q,|z*| — =*,|z*| + z*,0).

UBAh, AR R (2.5) MIZIEL ARSI B 2 AT A4 3 LR 5] 22

SIE 3 4T Ae R Ml Q e Rm2 AR X+ = {a}, JBA T I HRERE 1) 7k

Ay, Ay 0 0
QRrox.1, QRoxJ_ 0 0
Gl") = QRyx. QRixJ_ QRyxJ, —QRyxJ_ ’
gy 0 gy 0
0 UFN 0 —1jy_|
0 0 ey, €y

Forb g, R J_ IR o thER SRR TE R B MR, Ry FOR ot IOBURSE, Ry
— [mal\Ro, FFATI 0 A8 M M1 2 B 1 THE %
SERR EAERE G(o) ARBUTRN, T4 —EAFTE 04 ¢ € Null(G).
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U Me
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Aj Mey, +A; Me;_
Qroxt, Mej, +Qryxs_Mey_
Qrixa,(Mey, + a7, )+ Qrixs_(Mey_ +a7 )
—Mey, —xj+

Mej_ + %

[ Pl o I

HT 9>0 H Qra* > qr,, IUAFER /P e >0 R 9 =0+t >0 H

Qr, 2" +e(Qrixst3 — QrixJ_ta) = Qr,x s, V3 — Qryxs_ VU > qr,.
B, RS 2, W (2.5) B MR (v, vy, uD, @ uB®) 5) BT ER:
UJ+:191, v =10y, v = Mey;
=43, Yi_=V1, Y5, =0;
<3> =203, u¥ =0, uf) =0
:07 U’R 7QR1><J+193_QR1><J 7-94 qR17

<2)_0 WP =204, Wl =0;

0=0,

|

Jo={i:a; =0} e RPI+I=1I-1,

Hxk, BT G = G, BEHWIEEGW FERN @7, v®,u®, @, uB),§5) i
B (2.5) B— AU
vy, =9y, U =10, U =Mey,;
Vi, =05, i =0y, A5 =0

al) =204, af =o, af,‘? = 0;
= QryxJ, V5 — Qryxy VU —
ﬂgo) = 0;

(1

Up, =0, g qr, > 0;

12?,243 =0, uL =20/,

M, F 0 F 9 #93E 1 R R (2.5) BN AS R A S A, 5
XS B 3 HFRAERE G L T RISEAT
17, AR R A SR SRR IR [ | + | 1TjJD§UB§f:

— MG, G PRI,

N /o

A7, AT AR B G T R
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0 0 I, O
0 0 0 —I, |
A, AL 00
QroxJ, Qroxs_ 0 0 7
—ei e}l 0 0
0 0 0 0

M T EAT A AN SR FE R B BIRE, BTEL G(2*) BTk 2 HA 2 T T A RE RS 5139 7k

Ay, Ay
H(@") = | Qroxt. Qroxs_ |- (2.6)
-y,  e)

RIE, "TBAZA H X = {o*} A — A E
SIFE 4 Z55E AeR™>n fl Q e Rm2xn 25 X* = {x*}, W (2.6) & XHIFERE H(x*) FIfikk.
TR, R i 2 M RN R SR AR ER VS SRR B e B 1 A BE R ) —ER . B RE LR R
min ¢z
xER™ (27)
st. Dr=p, x>0

FE B FL R
L (2.8)

S.t. DTz+w:c, w =0,

Hf D eR™" peR™, ceR™

XHREAL A — DR T HANCAF I EZLS W (S W0 [11,22]): WERZMEMR] (2.7) K HXTHF
Xl (2.8) #BATAT, WAAFE—NTEAG EAMAEXS (2, (2, w*)), BI 2* F1 (2*,w*) 433l 2 (2.7) F1 (2.8)
LI, I Biph 2 kg BANRAE (2%)Tw* =0, 2* +w* > 0.

MR (2.5) BIXHERL:

max (AMe)Tz() + (QMe + Qz* — ¢)T2(

2 r
—(Me+2*)T23) 4 (Me + 2*)T 23 + ||z*|| 17
1. AT T,2) _ ,0) 4,4 ¢
s.t. Atz 4+ Qtz 2B+ 2% 0, (2.9)
—20) — 2 1 re <0,
2(2) g 07 2(3) g 07

PSS 0, r<O0.
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FINIATAS B w® (i =1,...,5) Fl w, (2.9) AT LAZEA L AL g DL []

max  (AMe)TzM) + (QMe + Qz* — ¢)T 2

28 rw@® w
—(Me+z*)T28) 4 (Me 4+ 2*)T 2™ 4 ||z* |1
2B @) 4 e w® =, (2.10)
2(2) + w(2) — O, 2(3) _|_ w(g) — O7
W+ =0, r+w=0,
(w(l) , w(2), w(g) , w(4)’ w(5), w) 2 0.
N b TR 0S4 BN FH B AR AR (2.5) S HORHEAERI (2.10) ob, WTRAAS 240 R 5 34

513 5 4E A e R fll Q € RmeXn 5 X* = {2}, & Ry F~ o* AR, WAFAE
€ € RIfol I p e R™ 18 RSP 214 (2.3) £ o* AbHKOL.

UERR  ARAEXEE L, A (2.5) AL (2.10) BIRTATHEGRAE T IX AN i) AR — AN TR
s, BN (W, y, uM, @ a8 Al (2, 22 26) 2@ M W@ GG @ WO W), BATH 2

v Tw® =0, v +w® >0; 4Tw® =0, y+w® >0, (WNTw® =0, v +w® >0;
(P Tw® =0, @ +w® >0, @WTw® =0, u® +0® >0, sw=0, §+w>0.

WRIESIEL 2, FH (v, 7y, u®,u® u® §) = (Me,|2z*|, Qx* —q, |2*|—x*, |z*|+2*,0). A v’ = Me >0,
M w® = 0. I,

AT, 4 QT3 _ () 4 () =, (2.11)
A w) = Qa* —q, Ry A& o* KeIIFMREH Ry = [ma] \ Ro, FTLAH
ugg = QROI‘* — 4Ry, = 07 ’U/gl) = QRlx* — 4R, > O’

W4 i€ Ry B, w® > 0; 2 i e Ry W, w® = 0. #Eifi,

<0, # i€ Ry,
PONC 0 (2.12)
=0, #Hic€R,.
¥ (2.12) /RN (2.11) , 153
AT, 4 (QRO)ngO) — 208 4 W =, zgo) <0. (2.13)

FEH =0, w>0 Ml r=—-w<0.
F LU =FE
W) W ieJ={i:ar >0} Wiy =2 >0 u? =0« =227 >0 Mill, w® =0,
® >0, w® =0 yeia il 28 =r <o, 2 =o0.
2 Wi Jy:={i:ar =0}, WA v = ugz) = u§3) = 0. MIf, wij) > 0,Vj € {3,4,5}, @i
zi(g) + 21(4) >, z§3) <0, 2 <.

7

w
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(B) WH ieJ_:={i:ar <0}, B4 v =—ar >0, u? =227 >0, ¥ =0. I\ifii, 0 =0,
w® =0, ™ <o, #ifi 2P =0, 2 =r <0,

i

A=t g 202 IR (2.13), T LAEE]
L)
Q) Te+n=A" (r> eRAT) H ¢<o.

(1) @k i e gy, WAl (1) ATH,

ni: i = :1.

(i) TR i e Jo, AL (2) Ml r <0 7750, |n;| <1, BA

zi(s) + 254) zl(?’) + zi(4) 221(3) zi(?’) + z§4) 2z£4) zg?’) + zi(4)
-1< - < - + =n = - < <1.
r T T T T T
(iii) @R i e J_, A (3) AIH,
z.(?’) — 2(4) 0—r
7’]i = L 2 = = —1
r T
5| BRASHIE. O

T B g H, aTRLsE e EE 1 AR,
IR 1 AYIERR  ESCIERHAAEME. B5IEE 5 WIS, RSP & (2.3) WO, BIFAE ¢ € R™ Al
¢ € RIFol {15

{6}‘+ = CTAJ+ - STQRUXJ+7

—e5 =CTA; =T Qproxa_-

M, ARSI HE 4 "IN, Wl X+ = (o), AAH (2.2) & XM H(2*) P15k #E—5, 4545
B 5 AT DS B BEPE RO

BT RIEMI R PE. BRAEAE ¢ e RIP fil g € R {75 RSP k1% (2.3) 7 o* Abpkor, ATE
TEFA ¢ e R™ ffifF n = AT¢ — (QF0) e, BN |ni| < 1, Vi € Jo, BAFTER T/ MAIESL € > 0 75
Ini| +€<1,Vie Jo. Bk, ATRARIERHE R (2.9) B— AT

r= _1’ Z(l) _ _<7 2(2) _ {57 1€ RO7

0, i€ Ry,
~1, ieJy, 0, ieJy, (2.14)
_ i_l . z_]- .
21(3) = u’ = J07 2’54) = u’ 1€ L]'07
2 2
0, ieJ, -1, ieJ_.

L,

23— W = = AT, 4 (QF)T¢ + (Q™)T0 = AT 4 QT
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(3)—1—21( ) = —1l=r, Vié¢Joy,
V4= 1tes—1=r Vied,
HH 20 <0 @=2,...,4), r <0. [FKF, [8 (2.9) fEZA4T AR H R EUE N 0, B
(AMe) 2 4 (QMe + Qa* — ) 2 — (Me 4+ 2*)T2®) + (Me + 2*)T 2™ + ||a* |1 r
_ MGT(ATZ(I) + QTZ(2) o 2(3) + 2(4)) + (QZL'* - q)TZ(2) . (2(3) - 2(4))T1’* + Hﬂf*”l?"

=—nTe" — e i = =Y @l + Y af — et =0,

i€Jy i€J_
HA s = ANERRER AT 4+ QT — 23 4 24 =0 H 2 =0, Vi e Ry. WRIBFIXHEEIE, xHE
] (2.9) E‘JE%WE/J\?%?JEI‘EU B (2.5) BIsACE. T (2.5) K EESET 0. ik, H (2.14)
PR AL (y(D,y @y gy @) ) R (2.9) — B AR, T, AHEE] (2.10) H IR A8 S5 2
DA PR :

w(l):07 w£5) {: 0, ¢ Jo, wi(Z) {> 0, € Ry,

>0, i€, =0, i€ R,
(2.15)

=0, ieJ_, =0, i€Jy,
wfg) . w§4) _ * w > 0.
>O7 7’¢J—7 >Ov Z¢J+7
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Uniqueness conditions for the sparsest solution of linear systems

Min Zhang & Zhenghai Huang

Abstract Sparse optimization has attracted extensive attention and has developed rapidly in recent years with
a range of applications including signal processing, machine learning, image inpainting and computer vision. In
this paper, we consider a general lp-minimization problem with linear constraints. Unfortunately, lop-minimization
problem is NP-hard in general, but several algorithmic approaches, especially [1-minimization which replaces lo-
norm by l1-norm, are applied to overcome the computational bottleneck. Accordingly, as l;-minimization can be
regarded as a heuristic to lop-minimization, it is of great importance to figure out what conditions can guarantee the
equivalence between the two problems. Based on the methodology of the range space property (RSP) analysis, we
propose the corresponding RSP conditions for the concerned problem and use RSP to prove that lp-minimization
problem is equivalent to its heuristic /;-minimization under some conditions. In addition, we point out that these
conditions can be met for many classes of problems.
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