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Figure 1 (Color online) The displacement of test particles on a sphere
caused by gravitational waves with the ”+” and ”X” polarizations. (a)
—Rx0x0 + Ryoy0 or the ”+” mode which causes the lateral deviation only;
(b) 2R 0y0 or the ”x” mode which causes the lateral deviation only. The
symbol at the upper right in each figure shows the propagating direction
of gravitational waves
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Figure 2 (Color online) The displacement of test particles on a sphere
caused by gravitational waves with the breathing and longitudinal polar-
izations. (a) Ry0x0 + Ry0y0 or the breathing mode which causes the lateral
deviation only; (b) R;0;0 or the longitudinal mode which causes the longi-
tudinal deviation only. The symbol at the upper right in each figure shows
the propagating direction of gravitational waves

P =,

¥, = e (W + 3a '),

¥, = e (W, + 4a'¥; + 607 V),
D,y = Dy + 203 + 2aP; + 6@ s,

HrhpR Gt sl iy, RRBoRR GEZE I
PR E. MR RS & Sz B AR e, e = 0, U

21



Tk

(a) (b)

B3 (MR ) Bk L A 30 R 7 78 % B -x 5 R Ry 5] 0
FER R IIAL RS 7R B . (a) Ryozo, RER R, [R5 ) A2 17)
HIRES; (b) Ryoz0, A2 K iy, [FIRT 5| A Im) A 1) B 5. 14
FbRoRs 51 JTBAE R T 1)

Figure 3 (Color online) The displacement of test particles on a sphere
caused by gravitational waves with the vector-x and vector-y polarizations.
(a) Ryxo;0 or the vector-x mode which causes both the lateral and longitudi-
nal deviations; (b) Ryo;0 or the vector-y mode which causes both the lateral
and longitudinal deviations. The symbol at the upper right in each figure
shows the propagating direction of gravitational waves
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3= Emza'(S(Dz. (63)

E i = | AT = i v i WA B R i
Jim* Hm? < qf, Bt LIRS A X IR AT —
ARSI, 51 73 LOGE AL £, 17
A% X Py AR 3P A A R SE B (i R 214 (H
fEHorndeskiB i& 1, ZAARATE AT IR IR AR A — A
PRE S T T I MR T, B DAAE BN
AP AEE Py, Mhr B BF JEF R, xR
(RIbR R 51 0 A% ik L AN RS2 OB T, LR I IR
L Py 15 AP F 2 B AN B ST (K R AR S, T2 — A
MSL S, FEIXHE SRR G s 100,

34 ZHEHHE-DUOKE S

BT 5 1T BERR IS AG 20 BRI, Ok TR
W ZEANE BIAR S 7T A W] 2% Mattingly ™ (143
RS % R - DUOKER G i 51—
K3 1) AL RN R 37 RABIR JRy S ) i85 48 % A AR
PEBOL IXANBN F122 I ORI, 58 ST — MR R R
S5 2, BAVRBA T U AREBS ST % R T
- UK B8 AR 0T 78 AR SOOI R ], T 225 3¢
WR[34~42]. 5% PR - DR BRI o (1 51 3 BLAR G
&4, BAS IO RS, AR 5 E TR
(K377 92 53 A 92 RT3 - DAOK B8 o (1 51 79,

% PRI - DUKBS RO 8o

S :fd“x\/—g[R—cl(V#uV)V”uv

— (V") = e3(V,u, )Vt

+ WV YV guy, + A uy, + 1)1, (64)
BTN
1
R, — ng,R =T, (65)

Hrp
e 1 J
T, =Au,u, - Eg,“,(u‘ u, + 1)]
+ 1 [(Vuup) Vol = (Vou,)Veu,
+ Vp(u(,,Vpuv) - M(IJVV)MP) + MPV(”MV)]
+ 28,V (WVeu”) + 3V, 1, Vyu’
- M(‘quMV) + MpV(#MV)]
+ cslaua, — V,Quuya,) — au,u,)]

1
+ Eguv[_cl(vpu(r)vpuo- - CZ(Vpup)2
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= c3(Vour)Vou + cua,a’], (66)

LA Jeat = wVut. KRt E 5O v =
(1,0,0,0). HITHFEMANE, EELT —DHiE
J7 1), RIERE T — ANREER I R, TR T )R 3kt
REEAZNE. LIRS S PRI N

' =+ (67)

SR I A D R KRB AT bR SRR
R R,

hy =2, (68)
hij=B;+9;l, (69)
I%=h¥+%H@pH%%+(@@—%@Nﬂg (70)
W:%mﬁza (71)
Vo=l + 0V, (72)

SEATT Rk (0 T 0 5y, WL 7 BROIATT =
ST = 0, B, & Flwl HS R BE %R, L 7
FR0iB; = dle; = o = 0. H AV HIH— 1k
e, = - 1AEID).

TS MR A, — x, + &, T,

hﬂv - h;u/ - apé:v - 61/6;1, (73)

u —u' +10,&". (74)

W RACTC T3 N A FR B HAE X RE R T e, = (6.6 =
(A,B; +0,C)Ho/'B; = 0, WA LB 7 fift [ A b A e
PR, P DAFSBIAX e 7 B AR AR AR G R 12

&> P-A I >I-A-C, H— H-2V’C, (75)

p—p-2C, V-oV+C, (76)
Bi—Bi—Bj, &> €—2B; >+ B, (77)
hi"— bl (78)

SRRSO RGN B, B IR E] LS B A

A g 1441

]
=—b+1~2p, (79)

A= 3(H-Vp), (80)
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1

2 =B+ 1 (82)
1

V=Vt op. (83)

X LERVE A RN 07 12, FEEAT A, 7T A
Exl

¥ — $*Viy =0, (84)
2 -sVix; =0, (85)
ht - saVihiT =0, (86)
HA L i R IA X AN
1
2 = , 87
Sg 1- C13 ( )
2 2

, C1—c¢i/2+c3/2
="\ 88
Y cia(1 =cy3) (88)
&= c123(2 = cia) 89)

cra(l = €13)2 + 2¢ + ¢123)”

Clg = C1 +C4,C123 =C1 +C2 +C3, ;H\:’fmﬁ(ﬂ:[:;’é*ﬁ EJ:
XA,

ci3 # 1,

HAt LA IR AR B, AT RIE N

Cly * 0, Ciy #* 2, 36‘2 + -2 — C13. (90)

cis—2c13

H=—-Y, o1
2-cu
2 -1).
A= cis(cis )g/’ 92)
2-cuy
C13
Ei=——2"
J 1- C13 J (93)

P LA 9% DR 2973 B A B 16 e 6 1 0 4 A oK R
 ERTT, B % P S A R T B,
33K 71 33 P S — AR S . 3 L
AT 1 SCAL i o 031 73 600, 3L AR 23 4
AT = —hIT = b, AT = AT = by, T LR
T 31 A0+ T A, T AR R, % R
A SRR 9 25 T 43 505

K = Q,(1,0,0,1/s,), (94)
k{—}l = Qv(la O’ Os l/sv)’ (95)
k= Q,(1,0,0,1/s,). (96)
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fE SRR, B R0,20 = 0, FFAZ, = 0. 3IAM
Wiho, = 0w, = 0, A LLAE LR SANS L (7T (4
f B 4

hy = €11 cos[Q,(t — z/5,)], o7
z/sg)), (98)
=pjeos[Q(r—z/s)l j=12, (99

@ = pcos[Q,(t — z/5,)]. (100)

hy = €15 coS[,(t -

SR B A, o 73 R R+ AR A B i IR 2. K&
A 2 bR AR O FE R B B, B TTHR A

hoo =2P = €y cos[Q(f — z/5,)], (101)
13
j=1.2 (102)
htlrl :ht2 = C14@ = aey COS[Q (t Z/Ss)], (103)
2c14(1
s = — 24029 g e cos[Qu(1 - /5], (104)
€123

Hrha =c14/2,b = —c14(1 + c2)/c123. AN HER B

Rers Sen MIRIRES. es s3] RRI ML 55 2
2
¥= 7‘}613 cos[Q,(t —z/s,)] z, (105)
2
5= 7%13 cos[Q,(t — z/s,)] x, (106)

BERI AR - P, et AT AT M 26 Ml 159

2

QV
y= 5 cos[Q,(t -
2

z= 7V623 cos[Q,(t —

z2/s)] z, (107)

z/s)1 (108)

Jktﬂﬂjj%iyi‘%iv HJa TR AR B AR 3o ) W IR
. o 31 A M 2 15

2

¥ = faeoo cos[Q,(t — z/ 5] x, (109)
2
y= TSano cos[Q,(t — z/s:)] y, (110)
.2 1
Z= 7(b+ —)eoocOS[Q (t—2z/s]z. (111)
I BRI 25 Py 5 LS P TR S BAAS. AT W,

2% N H-DUR B g, BB R LR E

(1), (R bR & 51 77 A R I B2 A 26 TE, 5FR)LA
JcHorndeskiBE 18 H1 1A 57 & br & 37 AL, BN B [F)
2 W 1 A% AN r A5 X 2H & T i TR A A, 4%
G haR g R, 5% R H-DUK B R R 5] J13 A LA
TSMmIRES: HRIRAS P, X IRIRAS Py, T4
HRE N, RE- NP 5 KBy P, EATHIfE
FEIEE Ns,; WP S P, S HPBEP RS A, B
FEREEE R s,
3.5 KE-RE-HEHER
5K & - ¢ & -Fi & (tensor-vector-scalar, TeVeS)F iy
2 Bekenstein I 7E20044F 52 Hi K 15k - R R-Fr s 5l
FTHEE, BB A A1 /) %~ (modified newtonian dy-
namics, MOND o481y (AHS 18 P 4E . b5 %2 PR 3 -
PLASFRIRANE], TeVeSHE 8 2 — /N WUE LS. iZF
WHIA—ANFEM g, tIYAE 52 B 8 3H B, — AN
IR E A, LR — s E e RAE 8 5] I BAE
ﬁﬁ M5 57— A FERN, 2 P 2 B AT 4
A HEE P R B R

Bop = € ¥ gup — 2A,Agsinh(2). (112

Sagi™WfF Fi T TeVeSEL L 11 5] 713k, F45H T 51 71
W B IR AS S HAL B BE. 0% T B8 1 HoAh AH ¢
W FC AR, 7122 3R [50~53].

TeVeSE R HH I EM 7. Yiiy. REH UK

b 3 R &5 A
1

S,=—— | gPRosV—gd*x, 113
¢~ TonG J & TepVTECS (113)
Sm = fL(g/JV’ fa’ f;za o ) V_gd4x’ (114)

v — d4 a FaB S Sozﬁ

161G f v s

+K,(VA)? + K4AQA” - ((A”Aa + 1)] , (115)
S, = 1 F(kI>j*F v—gd* 116
= TompG k" j T app) V—gd'x,  (116)
EEPF{! = Aa;ﬁ - Aﬁ;as Saﬁ = Aa;ﬁ + A,B;a, Aa = AﬁAiz’

JP = g — A"AP, A® = gP A, KK ARG E R, ki
HRMNSH, REH FoRERmEL EMER
B B S 2N EE-DUREAR A ], B e
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126 11 51 7335 % P IE-DUKBEE 1 51 773
FIFL X EA . T R AR R ek 15
1.

bREI i 2 3 TR

[F'(»)j%¢.als = 0.

HEFE Nep = ¢ =L EFRRE XX FAE
Ltk It

117)

¢ = pp + 0p, (118)
TIAS B bR S D0 S) Fris 2 1k 5 77 F2 4
- 6p + 5,V = 0, (119)

Horp AR s? = 1/2. AR I BIoox B FL
BN TTHR Nhoo = =200 Shi; = —26,;6¢, FXF NI A
PR ANIEARE P, = —26¢-5 HFE

A 1

P = (1 + S—Z)(S(,D
R G HA, KBy = e s, B R =T JJIAEY)
P PR A T . AE B R b, A T i

2

si=e s, (120)
53 =e M52, (121)
53 = e Mgl (122)

2k LRIk, TeVeSELR b (5] T A 6 i IR 25
PRSP SRR Py, AT TTER) BE L o 1 4% 1%
LN s R AP, 5 KBy P,, EAIEY
BSE R A B0 A H R S s I L JE 0
RIS P, 5 PRSP TR & 3, EAIE Y
R AR A F8 3 L 70 990 M 535 4.

4 5171w IR KR

FE SR SAGAE WL 5 A A 2 o, LI T A AR
JERL B AR IR T AR YL = (0, L7). Hih
e T RE(14) AT 15

d’Li(r)
dr?

= R,‘OjoLj(O). (123)
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Xof 12 DR R T SCHESEH 8 R 0 51 73k, 7R A 1) TE 28
FET, TRE23) 8N
ELi@ 1,
7 :—EhiTjTL’(O).
HIRLI(t) = L) + L'ty N TJ7 FE(124), IR XL <
\Lol, W45 2] 5] 773k 5 & (A X BE 2 A2 4L,

SLi(t) = —%hiTjT(t)Lj(O).

H AT, X5l 279 00 B, & A LR,
WOL B AIK o & i 5 BE %1 (pulsar timing array,
PTA)SE J7 ¥, kv B 1H B B 1) J7 325 32 S 4 000 A B
10710 ~ 107 HzRUAR A 51 F33pe>4%), i 51 773
BRI 25 3 BB N10 ~ 10* HzR @40 51 7 8t
J&, T 28] 51 19 K 28 WLISA(laser interferometer
space antenna)/®’!, DECIGO(deci-hertz interferometer

(124)

(125)

gravitational wave observatory)!®!, MAGIS(mid-band
atomic gravitational wave interferometric sensor)l®?, &
SRS R A% T ZAR BN 107 ~ 10 Hz ) H 4
T 730 IR EERLIN T BOH BLAb 78, it 2 B gl Iy
TRIMHIE TG S AT AR S B AR A T A i T

AT 18 B SR O 08 A0k 2 v I [ 713X 7
AR 51 % i % 75 2.
4.1 BOLCTEAEI IBRE

R e 4R W 8 A T AR bR DR AL T HL SR 4y 0l 48
[l ey 7 [ SR 5% K B 2 iR 0O I IR I %
PRI L, "B 51 DR T Fe ORI #4555, g X
% 1

DV = E[)Aci)%j =991, (126)

Horh 2RI 53 7 R sy J7 1) b i) A R & RS
T IT AR, R4 5 51 T ik oK e

& = Ay — i, (127)
€ = Mulj + i, (128)
€ = mw; + Wi (129)
€, = i + Wiltj, (130)
& = Ay + i, (131)

€ = Wi, (132)

y
|

m =(cos @cos ¥ — cos @sin Psin ¥,
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cos ¥'sin @ + cos @ cos @ sin ¥,

sin ¥ sin @), (133)
7l =(—cos ¥ cos @sin @ — cos Dsin ¥,

cos @cos ¥ cos @ — sin dsin P,

cos ¥ sin @), (134)
W =(sin @ sin @, — cos @ sin O, cos O), (135)

He, dMPRINBIE R X, y, 25658 Rim, n, w}Z
[ A % B Rz Ay Bl bk T DA SCHR N 5% B A6 5 el
Hrt

FA(W) = DYef(h).
XA R AR, ok R AL R A

(136)

1
F* :5(1 +cos? ©) cos 2P cos 2 ¥
—cos@sin2®sin2¥, (137)
1
F* =— E(l + cos® ) cos 2P sin 2

—cos@sin2dcos2¥, (138)
F* =sin O(sin2® cos ¥ + cos O cos 2P sin ¥), (139)
F’ =sin @(-sin2®sin ¥

+ cos@cos2dcos ¥), (140)
1
F®° =3 cos 2dsin’ O, (141)
1
F'=- 5 cos 2 sin’ 6. (142)

AL, DR D e A R 28 i A 2 PR N0 2 5 5 s
A FE— AN, BT DA 0 SR A% 5 10 7 LA T LA
BOCTWATEEX 7 X AR, BEAh, X T A XU
FHEENEE 5 TE S, B0 BN IR AN
A RETH BR T AT I O EE 104 091,

BUAT PRI 4% nT A R KRS 2 K TR (5 5
SR o3 AT e 4% 15 JEL100~09 RS i % (¥ v T AR LR
RIS 5] J3 IR, FAR S 5 T AELIGOA:
TR &5 0 R OB X T IX M S 5] 1 E 5,
A RAAE — MR B[R] A 30 A X5 5 AR 2, A
T 5 i FAR M AT gE R, Be b, XA 51 D1 E S ik
TIES2AE 5, 1 HAAR G, T DLl i 50 I i
R ) 7 B BBCfR 4R 2 1945 R H ATLIGO [ Virgo & 1
ZH 308 3 X 2000800 0 ik 2 R HE 2 5 0S5 AR
T, AT ROUEAT 51 1 BAmIRAE =, IF B A2

HAEIS % BAG L b, KB Jhn & 51 7 R 3R E R /N
F1.5%x 10720721 LIGO J% Virgo & 1E 4L % GW 1708 14[¥]
PR I I R o S R U S = | WA N T E | LI S = 94
2 s s ARl

4.2 Jhki B v B R B R

B T R OG5 ACK BRI 5] AN, &
Al LA Bk o R T i B B O R R B )
fik R =l P R R e — Hom A
W O R T 51 0 0 ik vl B AE S R e 4R it
THL2. PTATF 0T LLIX 43 51 7 3 ) I W =X
Y ) B 2. 19755 Estabrook Al Wahlquist!73 4 5
T 51 73k 6k BRI B Bk b B ) R, BE
JaDetweiler X WL AT THE)T, AW T Bk 2 E
SAE 5] J7 IR R 2 3E I 2 B ] AR ALR (1)
15 5. HellingsfDowns! >4 H 8 i il & Jik v 2
ERE PN REE F AP EAE 3= A, 3
FoAm 4R 25, 1% A I R 20 B ik b 2 2 18] 92 A 1) i
£k Fx NHellings-Downs #i £5. P,, P, St P, 35565 1)
I M PR 2 B Hellings-Downs il 28 WL 4. XF F 5 —
W A& 251 77 R Hellings-Downs #f 28, 7] 2 % ¢
BR[16, 44, 76~82]. ChamberlinfliSiemens!”$5 Hi, 4
P UK o L S A AR /N B, PTAST I 1 i % A5 502,
Py5P, 1) R K K K TR A R AL P,
P 5Py ik BAG S AR TR RN
Ye —Vp P'p’

PR T
Hodi 5] 17 1), poRHERTE 170 ik b 2 1) B 2K
B, ARy = hij(ty, W) — hij(te, W)F R 5| J19A5 5 E knf
ST 5 R S I 20 R B S ) () 2 4. Sl T LA
SE SUBK R T I fr A 28 o %

FA(b) = €(h)

Z(t, W) = hij, (143)

Py

20 +w-p)’
B T Arzoumanian®s A BIHINANOGrav(dt 3€ 44

2% 51 1% R SCE)KIE 1145 PTA% HE 3E 17 4 #T,

25 i T Hellings-Downs i 28 UL 25 5, H 2 H T i%

ZERR, I TCVE R X A A 51 T3 RS

(144)

5 45t
B F79 AN B B K B T 1 T 25 38 5. B
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—GR

\\\\ ————— Breathing

&(6)

0 50 100 150
0

B4 (MR )P,, Py Pyt 5] 10 IRZS i Hellings-Downs
Hi2k. GRIXEP, 5Py, Breathingf{ % Py,

Figure 4 (Color (A)nlirle) Thei Hellings-Downs curves for null gravita-
tional waves wiAth P, Py or Py polarizations. GR represenEs the tensor
modes P, and Py; Breathing represents the breathing mode Py
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The polarizations of gravitational waves
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The direct detection of gravitational waves opens a new window to probe the nature of gravity, and it brings us into the
era of multi-messenger astronomy. Gravitational wave has no effect on the geodesics of a test particle, but it affects the
relative motion between two nearby test particles. To measure gravitational wave and its polarizations, we need to study the
geodesic deviation equation for two nearby test particles. Since only the electric part of the Riemann tensor R;ojo appears
in the geodesic deviation equation and it has six independent components, there are up to six possible polarization states
in general metric theories of gravity. In terms of the electric part of the Riemann tensor, the six polarizations are defined
as follows. P, = —R,ox0 + Ry0y0 corresponds to the “+” mode, P, = 2R,0y0 denotes the “x” mode, Py = Ry + Ryoy0
corresponds to the breathing mode, P, = R, corresponds to the vector-x mode, P, = ,0;0 Tepresents to the vector-y
mode, and P; = Ry, denotes the longitudinal mode. For weak, plane and null gravitational waves, these six polarizations
can be classified based on their properties under the Lorentz transformation. In Einstein’s general relativity, the gravitational
waves are tensor waves and there are “+” and “x”” modes of polarization. In Brans-Dicke theory, in addition to the “+” and
“x” polarization states, the scalar breathing mode also appears, and all these three polarizations are transverse modes. In
the most general scalar-tensor theory of gravity, the Horndeski theory, the massive scalar field excites both the breathing
and the longitudinal modes, so in addition to the “+” and “X” polarizations, there exists a single mix state consisting of
both the breathing and the longitudinal modes. In the massless limit, the longitudinal mode disappears and the mix state
becomes the pure transverse breathing polarization as that in Brans-Dicke theory. The nonlinear f(R) theory of gravity can
be written as a scalar-tensor theory of gravity, so the polarization states in f(R) gravity are the same as those in Horndeski
theory except that there is no massless limit in f(R) gravity. In Einstein-Aether theory, due to the existence of the unit
timelike vector field, the local Lorentz invariance is violated. The gravitational waves propagate with speeds different from
the speed of light, and there are five independent polarization states, the “+” state 13+, the “X” state ﬁx, the vector—x state
P, the vector—y state f’y and the mix state consisting of both the breathing and the longitudinal modes excited by the scalar
field. In TeVeS theory, the local Lorentz invariance is also broken, so the gravitational waves in TeVeS theory propagate
with speeds different from the speed of light. There are six polarization states in TeVeS theory, 13+, P, f’x, f’y and two
mix states excited by the two scalar fields. Each of the mix states consists of both the breathing and the longitudinal
modes. Because gravitational waves have different polarization states for different theories of gravity, the measurement of
polarizations is a powerful tool in probing the nature of gravity.

polarizations of gravitational waves, scalar-tensor theory of gravity, Einstein-Aether theory, tensor-vector-scalar
theory
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