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Mid-high spatial frequency errors are often induced on optical surfaces polished by computer-con- 
trolled optical surfacing (CCOS) processes. In order to efficiently remove these errors, which would 
degrade the performances of optical systems, the ability of a CCOS process to correct the errors have 
been investigated based on the convolution integral model in view of the availability of material re-
moval. To quantify the ability, some conceptions, such as figure correcting ability and material removal 
availability (MRA), have been proposed. The research result reveals that the MRA of the CCOS process 
to correct a single spatial frequency error is determined by its tool removal function (TRF), and it equals 
the normalized amplitude spectrum of the Fourier transform of its TRF. Finally, three sine surfaces were 
etched using ion beam figuring (IBF), which is a typical CCOS process. The experimental results have 
verified the theoretical analysis. The employed method and the conclusions of this work provide a 
useful mathematical basis to analyze and optimize CCOS processes. 

computer-controlled optical surfacing (CCOS), optics machining, tool removal function (TRF), material removal availability (MRA), 
ion beam figuring (IBF) 

Employing a small computer-controlled tool to polish 
optics is a breakthrough technology for optics machining. 
This new technology is often called computer-controlled 
optical surfacing (CCOS). This method was proposed by 
Itek inc. in the 1970s[1]. At that time, the CCOS tech-
nology only referred to the computer controlled polish-
ing (CCP) technique which uses a small lap to polish. 
Now, several other CCOS techniques have been devel-
oped, such as magnetorheological finishing (MRF)[2], 
ion beam figuring (IBF)[3], stressed-lap polishing 
(SLP)[4], bonnet tool polishing (BTP)[5], and fluid jet 
polishing (FJP)[6]. All these techniques employ a com-
puter-controlled tool to polishing. The tool is sufficiently 
smaller than the optics being polished such that only a 
local surface can be polished at a time. The longer the 
tool dwells at a local, the more material is removed. The 
small tool is controlled to scan the optical surface at 
varying velocities or at varying dwell times to correct 
the optical surface error by selectively removing local 
material. All these CCOS techniques can be mathemati-

cally modeled and the processes are deterministic. Hence, 
a CCOS process is also called a deterministic polishing 
process. The applications of CCOS processes have largely 
increased the efficiency of optics machining. Today, 
CCOS technologies are more and more employed to 
machining optics. Almost all famous optics manufactur-
ers in the world have applied CCOS techniques, such as 
the Optical Sciences Center at University of Arizona, the 
Center for Optics Manufacturing (COM) at University 
of Rochester, Itek Inc., Tinsley Inc., Lawrence Liver-
more National Laboratories (LLNL), Eastman Kodak 
Company, QED Technologies, University College of 
London (UCL), Zeeko Inc., ROSEC Lab., Vavilov State 
Optical Institute, Zeiss Inc., and Cannon Inc.. 

However, due to the application of the small tool, it 
often induces more mid-high spatial frequency errors on  
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the optical surfaces polished by CCOS processes[7]. 
These mid-high spatial frequency errors would degrade 
the performances of the precision optical systems, such 
as intense laser systems, shortwave optical systems and 
high resolution imaging systems[8]. Therefore, these er-
rors should be considered and removed from the CCOS 
processes[9]. Based on the convolution integral model, 
which is widely applied in CCOS processes, this study 
investigates the ability of a CCOS process to correct the 
errors in view of the availability of material removal. 
Finally, some experiments have been performed to prove 
the theoretical analysis. 

1  Convolution integral model 

A general flowchart of a complete CCOS process is il-
lustrated in Figure 1. First, a particular experiment 
should be performed to obtain the material removal dis-
tribution of the polishing tool in a unit time, which is 
referred to as the tool removal function (TRF) or the 
influence function (IF)[10]. And the optical surface 
should be measured and the error contour of it should be 
calculated also. Then, based on the obtained TRF and 
the error contour, the dwell time will be calculated from 
a specific dwell-time algorithm. Finally, the optics will 
be processed according to the calculated dwell time un-
der the same parameters to the TRF experiment. 

 
Figure 1  General flowchart of a complete CCOS process. 

Suppose the TRF is invariant in time and space, the 
total material removal of a CCOS process can be calcu-
lated from the convolution integral of the dwell time and 
the TRF[11,12] as follows  

 ( ) ( ) ( ), , ,r x y x y p x yτ= ⊗

where r(x, y) is the total material removal, τ (x, y) is the 
dwell time, and p(x, y) is the TRF of the process, 

⊗ stands for the convolution operator. Therefore, the 
calculation of dwell time from the error contour and the 
TRF is a deconvolution process according to eq. (1).  

It is well known that a convolution integral operation 
in the time-domain or spatial-domain can be calculated 
by a multiplication operation in the frequency-domain. 
Then eq. (1) becomes 

 ( ) ( ) ( ), , ,R u v T u v P u v= ⋅ ,  (2) 

where R(u, v), T(u, v) and P(u, v) stand for the two-di-
mensional Fourier transforms (FT) of r (x, y), τ (x, y) and 
p (x, y), respectively. From this equation, we get  

 ( ) ( )
( )

,
,

,
R u v

T u v .
P u v

=  (3) 

It can be seen that the model of a CCOS process is the 
same as the model of a linear time invariant (LTI) sys-
tem. Both can be modeled with a convolution integral 
formulation. Therefore, a CCOS process can be regarded 
equivalent to an LTI system. The TRF p (x, y), the dwell 
time τ (x, y) and the material removal r (x, y) in a CCOS 
process are equivalent to the unit impulse response func-
tion, the input signal and the output signal, respectively. 
Consequently, to calculate the dwell time in a CCOS 
process is equivalent to determine the input signal based 
on the output signal and the unit impulse response func-
tion. 

2  Theoretical analysis 
2.1  Universal formulation 

Although a CCOS process is equivalent to an LTI sys-
tem, it has some characteristics different from an LTI 
system. For example, the dwell time must be non-nega-
tive, while the input of an LTI system can be negative. 
To analyze its specific characteristics, a CCOS process 
to correct an error surface of a single spatial frequency is 
first considered.  

Suppose the error surface to be corrected is 

 ( ) (, sin 2e e x yr x y A f x f y) .⎡ ⎤= ⋅ π +⎣ ⎦  (4) 

,  (1) 

It describes a sine surface on the x-y plane, with ampli-
tude Ae, frequency on x direction fx, and frequency on y 
direction fy. Based on the convolution integral model, 
the dwell time used to correct this sine error can be cal-
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culated as (For more details please see Appendix)  

( )
( ) ( ) (, sin 2

,
e

e x y
x y

A
x y f x f y f f

P f f
τ ⎡= π + −⎣ ), ,x yϕ ⎤

⎦  (5) 

where P (fx, fy) is the value of the P(u,v) at the frequency 
(fx, fy). |P(fx, fy)| and ϕ(fx, fy) stand for the amplitude and 
the phase of the P(fx, fy), respectively, i.e., P(fx, fy)=|P(fx, 
fy)|·eiϕ (fx,fy). 

Since the process time must be non-negative, the 
dwell time τe(x, y) should be offset to a non-negative 
dwell time. The final offset non-negative dwell time 
τa(x, y) is 

 ( ) ( )
( )

, ,
,
e

a e
x y

A
x y x y .

P f f
τ τ= +  (6) 

Based on the convolution integral model, the actual ma- 
terial removal ra(x, y) can be calculated form the above 
actual dwell time as 

( ) ( ) ( ) ( )
( )

, , , ,
,

e
a a e

x y

A B
r x y x y p x y r x y

P f f
τ= ⊗ = + ,

x y

 (7) 

where  It is the integral of the 

TRF, and it physically describes the volume removal 
rate of the process. 

( ), d d .B p x y
∞ ∞

−∞ −∞
= ∫ ∫

It can be seen from eq. (7) that the amplitude of the 
actual material removal is AeB/|P(fx, fy)|, while the am-
plitude of the error is Ae. On the other hand, we have 
|P(fx, fy)|≤B according to the properties of the FT. Thus, 
AeB/|P(fx, fy)|≥Ae. This means that the material removal 
in a real process is more than the desired material re-
moval. As a passive LTI system will damp the amplitude 
of the input signals, a CCOS process will damp the am-
plitude of the input with removing additional uniform 
material. The ratio of the desired material removal to the 
actual material removal is defined as the material re-
moval availability (MRA) ε in our study  

Desired material removalMaterial removal availability = .
Actual material removal

ε 
 

 (8) 

According to this definition, we have 0≤ε≤1. For a 
CCOS process to correct a specific error, the stronger 
the ability of the process to correct the error is, the less 
the total actual material removal and the higher the 
MRA value. Contrarily, the weaker the ability to correct 
the error is, the more the total actual material removal, 
and the lower the MRA value. Therefore, the ability of 

the process to correct errors can be quantificationally 
evaluated by its MRA value, and can be also called the 
figure correcting ability value. The sketch of the mate-
rial removals in a typical CCOS process is illustrated in 
Figure 2.  

 
Figure 2  Sketch of the material removals in CCOS processes. 

Based on the definition of the MRA and the above 
analysis, the MRA of a CCOS process to correct an error 
surface of a single spatial frequency (fx, fy) is  

 ( )
( )

( )1, ,

,

e
x y x y

e

x y

A
.f f P

A B B
P f f

ε = = f f  (9) 

Eq. (9) shows that the MRA of a CCOS process is 
determined by its TRF, and it just equals the normalized 
amplitude spectrum of the FT of its TRF. Eq. (9) can 
also be expressed in a polar form 

 ( ) ( )1,f P f
B

, .ε θ = θ  (10) 

It explicitly shows that the MRA values vary depend-
ing on both the amplitude and the direction of the error 
spatial frequency. 

The above analysis does not refer to a specific CCOS 
technology, or a specific TRF, therefore, the formula-
tions of eqs. (9) and (10) universally satisfy all CCOS 
technologies, such as CCP, MRF and IBF, and also sat-
isfy all shape TRFs, regardless whether it is rotationally 
symmetric. 

2.2  Special cases 

The above analysis shows that the MRA varies depend-
ing on both the amplitude and the direction of the error 
spatial frequency. However, in the following two famil-
iar cases, the MRA varies on only the amplitude and can 
be calculated with simple formulations. 

2.2.1  Process with rotationally symmetric TRF.  The 
TRFs of most CCOS processes, such as CCP and IBF, 
are rotationally symmetric. For a process with a rota-
tionally symmetric TRF, the figure correcting abilities in 
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different directions are identical. Therefore the MRA is 
only a function of the frequency amplitude. In this case, 
the MRA can be expressed as ε ( f ) and can be calcu-
lated using the following equation 

 ( ) ( ){ }1 ,
p

f F p r
B

ε =  (11) 

where p(r) is the generatrix of the rotationally symmet-

ric TRF, and  Eq. (11) shows that the 

MRA of a process with a rotationally symmetric TRF 
just is equals the normalized amplitude spectrum of the 
FT on the generatrix. 

( )d .pB p r
∞

−∞
= ∫ r

2.2.2  One-dimensional process.  One-dimensional proc- 
ess means a process with its surface error (and conse-
quently the dwell time) varying only in a spatial direc-
tion. Suppose the error varies only along the x direction, 
i.e., the spatial frequency(fx, fy) can be expressed as (f, 0). 
In this case, the MRA is also only a function of the fre-
quency amplitude f. Therefore, the MRA can be ex-
pressed as ε ( f ), and can be calculated using the follow-
ing equation  

 ( )
( )

( ){ }
,0 1 ,x

P f
f F p x

B B
ε = =  (12) 

where px(x) stands for one-dimentional TRF, which is 

defined as  Eq. (12) shows that 

the MRA of a one-dimensional process just equals the 
normalized amplitude spectrum of the FT of its corre-
sponding one-dimensional TRF. 

( ) ( ), dxp x p x y y
∞

−∞
= ∫ .

3  Experiments 
3.1  Design of experiments 

Experiments of correcting sine error surfaces can be per-
formed. Therefore, the actual MRA values of experiments 
can be calculated and can be used to validate the theoreti-
cally predicted values. According to the knowledge of 
LTI system and the definition of the MRA, to correct a 
sine surface, the dwell time should also be a sine with 
the same spatial frequency. Furthermore, the amplitude 
of the sine error surface Ae, the amplitude of the actual 
material removal Aa, the amplitude of the dwell time Aτ 
and the MRA value ε satisfy the following relation  

 .e aA A BAτε ε= =  (13) 

Suppose the sine error locates along the x direction; 
then the MRA value can be calculated using the eq. (12). 

Eq. (12) also shows that to calculate the MRA values 
just needs the one-dimentional TRF. To obtain the ex-
perimental one-dimentional TRF, the line scanning 
experiment[13] can be employed. 

We have noticed that the ability of a process to cor-
rect a sine surface is the same as the ability to etch a sine 
profile from a plane, because their material removals in 
the processes are the same. However, the preparation of 
a fine sine surface is more difficult than the preparation 
of a fine plane. Therefore, the experiments of etching 
sine surfaces from plane surfaces will be performed in-
stead of correcting prepared sine surfaces. 

Since an IBF process is a highly deterministic CCOS 
process with a highly stable TRF[3], to increase the reli-
ability of experiments, the IBF process is chosen to etch 
sine surfaces. The following experiments were per-
formed on the IBF system, KDIFS-500, developed by 
NUDT[3]. The interferometer used to measure the sur-
faces was developed by Nanjing Technology University. 

3.2  TRF experiment 

The line scanning experiment[13] was performed on a 
Zurodur sample of a 100 mm diameter to obtain the one- 
dimensional TRF of the process. The surface contours of 
the sample before and after the experiment are shown in 
Figures 3(a) and (b), respectively. From the surface con-
tours, the material removal in the process and the 
corresponding one-dimensional TRF can be calculated, 
as shown in Figures 3(c) and (d), respectively. With the 
calculated one-dimensional TRF, the MRA values of 
different frequencies can be calculated using eq. (12). 
The results are shown in Figure 3(e).  

3.3  Etching sine surfaces 

In the experiments, three sine surfaces with different 
wavelengths were etched from plane surfaces. Their 
wavelengths were 70, 40 and 20 mm, and the corre-
sponding frequencies were 0.0143, 0.025 and 0.05 mm−1, 
respectively. Figure 3(e) shows that the theoretical cal-
culated MRA values of these processes are 0.566, 0.145 
and 0.0084, respectively.  

The input dwell time in each experiment was a sine of 
0.011 min·mm−2 amplitude. The corresponding ampli-
tude of the actual material removal was 1 μm according to 
the volume removal rate of the resulted one-dimensional 
TRF.  

The processing parameters in these experiments were 
the same as those in the TRF experiment. The experi-
mental results are shown in Figures 4, 5 and 6, respec-
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tively. To reduce the processing time, the full sine surface 
was only etched in a strap of 8 mm width (see Figures 4(b), 
5(b) and 6(b)). The average line profiles of the etched 
sine surfaces on the 8 mm strap were calculated and 
were shown in Figures 4(e), 5(e) and 6(e), respectively. 

Their amplitudes were calculated as 0.607, 0.147 and 
0.0111 μm by a least-square fit. Therefore, their actual 
MRA values are 0.607, 0.147 and 0.0111 because their 
amplitudes of the input actual material removals are 1μm. 
The results are summarized in Table 1. 

 
Figure 3  The BRF experimental results. (a) Surface contour before experiment; (b) surface contour after experiment; (c) resulted material removal (after 
rotation of −45º); (d) calculated one-dimensional TRF; (e) calculated MRA values vs. spatial frequencies. 

 
Figure 4  Experimental result of sine surface (70 mm wavelength). (a) Surface contour before experiment; (b) surface contour after experiment; (c) re-
sulted material removal (after rotation −45º); (d) etched sine strap; (e) average line profile of the etched sine surface (0.607 μm amplitude).  
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Figure 5  Experimental result of sine surface (40 mm wavelength). (a) Surface contour before experiment; (b) surface contour after experiment; (c) re-
sulted material removal (after rotation −45º); (d) etched sine strap; (e) average line profile of the etched sine surface (0.147 μm amplitude ).  

 
Figure 6  Experimental result of sine surface (20 mm wavelength). (a) Surface contour before experiment; (b) surface contour after experiment; (c) re-
sulted material removal (after rotation −45º); (d) etched sine strap; (e) average line profile of the etched sine surface (0.0111 μm amplitude).  

Table 1  The experimental results 

Wavelength (mm) 70 40 20 

Predicted MRA 0.566 0.145 0.0084 

Actual MRA 0.607 0.147 0.0111 

Deviation 7% 1% 32% 

3.4  Results analysis 
Table 1 shows that the MRA values of an actual process 
are generally consistent with the theoretical predicted 
MRA values. The largest deviation in the experiment of 
20 mm wavelength might result from the measurement 
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errors due to its small amplitude. The experimental re-
sults also show that the resulted amplitude of a process 
with a large MRA value is greater than the amplitude of 
a small MRA value, although their input amplitudes of 
dwell times are identical. 

4  Discussion 

Based on the above analysis and the experimental results, 
it can be found that the ability of a CCOS process to 
correct the errors of mid-high spatial frequency can be 
evaluated by the MRA value. A CCOS process with a 
small MRA value can not effectively correct the errors. 
Experiments have shown that an IBF process with MRA 
value less than 0.1 could not effectively correct errors[14]. 
Therefore, in order to effectively correct the errors, the 
MRA value should be evaluated and optimized before 
the process improves the machining availability. For a 
specific error surface, the MRA of the error dominant 
frequency on different available technologies and dif-
ferent process parameters should be evaluated and opti-
mized to increase the MRA.  

For the processes with non-rotation symmetric TRF, 
such as MRF process, the direction of the dominant fre-
quency on the error surface should coincide with the 
direction of the greatest MRA value to increase the ma-
chining availability.  

Furthermore, a process with a smaller TRF diameter 
often indicates a higher MRA value. Therefore, to im-
prove the ability of correcting the mid-high spatial fre-
quency errors, reducing the diameter of the TRF is an 
effective way[15]. 

5  Conclusions 

As a passive LTI system will damp the amplitude of the 
input signal, a CCOS process will damp the amplitude 
of the input also. It induces an additional uniform mate-
rial removal, and causes the actual material removal is 
always more than the desired. The ratio of the desired 
material removal to the actual material removal is de-
fined as MRA and its value reveals the ability of a proc-
ess to correct errors. The values of MRA are between 
zero and one. The closer is the MRA value of a process 
to one, the less additional material will be removed, and 
the stronger ability of the process to correct errors. 

The MRA value of a process to correct an error sur-
face of a single spatial frequency varies depending on 

both the amplitude and the direction of the error fre-
quency. The MRA value of a process is determined by 
its TRF, and it is just equal to the normalized amplitude 
spectrum of the FT of its TRF. The MRA value of a 
process with a rotationally symmetric TRF varies de-
pending on only the amplitude of the error frequency, 
and it just equals the normalized amplitude spectrum of 
the FT of its generatrix function. The MRA value on the 
processing direction of a one-dimensional process varies 
depending on only the amplitude of the error frequency 
also, and it equals the normalized amplitude spectrum of 
the FT of the one-dimensional TRF. 

Since the ability of a CCOS process to correct mid- 
high spatial frequency errors can be evaluated by the 
MRA value, and a process with a small MRA value can 
not correct the errors effeciely. Therefore, to improve the 
correcting ability of a process, the MRA values on dif-
ferent available CCOS techniques and different proc-
essing parameters should be evaluated and optimized to 
increase the MRA value. 

Appendix  

The sine surface described by eq. (4) can be ex-
pressed as a imaginary component of a complex: 

 ( ) ( )i2, Im e x yf x f y
e er x y A π + ,⎡ ⎤= ⎢ ⎥⎣ ⎦

 (A1) 

where i 1.= −  For convenience, the operator for imagi-
nary component can be neglected. Thus we get 

 ( ) ( )i2, e x y .f x f y
e er x y A π +

=  (A2) 

The purpose of using complex is to replace the trigono- 
metric functions with exponential functions, which are 
simple in calculations. This technique has been already 
used to handle signals. After the substitution, FT of the 
complex error surface Re(u, v) is 

 ( ) (, ,e e xR u v A u f v fδ= ⋅ − − ) ,y  (A3) 

where δ (u, v) stands for a unit impulse function. 
Thus, the FT of the dwell time Te(u, v) used to correct 

this error surface can be calculated from eq. (3) 

( ) ( )
( ) ( ) ( ),

, ,
, ,

e e
e x

x y

R u v A
T u v u f v f

P u v P f f
δ= = − − .y  (A4) 

The corresponding dwell time τe(x, y) is 

( ) ( ){ } ( )
(i21, , e

,
x y ) ,f x f ye

e e
x y

A
x y F T u v

P f f
τ π +−= =  (A5) 
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where { }1F − i  is the operator for inverse FT. As the 
complex P(fx, fy) can be expressed in polar form: 

 ( ) ( ) ( )i ,, , e x y ,f f
x y x yP f f P f f ϕ

= ⋅  (A6) 

the dwell time of eq. (A5) becomes 

 ( )
( )

( ) ( )i 2 ,
, e

,
x y x yf x f y f fe

e
x y

A
x y

P f f
ϕ

τ
⎡ ⎤π + −⎣ ⎦=

Due to the linear properties of the above operations, 
the actual dwell time is the corresponding imaginary 
component of the result. Therefore, the final calculated 
dwell time is 

.  (A7) 
( )

( ) ( ) (, sin 2
,
e

e x y
x y

A
x y f x f y f f

P f f
τ ϕ ), .x y⎡ ⎤= π + −⎣ ⎦  

(A8) 
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