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The Gross conjecture over rational function fields
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Abstract We study the Gross conjecture for the cyclotomic function field extension
k(Λf )/k where k = Fq(t) is the rational function field and f is a monic polynomial in Fq[t].
We prove the conjecture in the Fermat curve case(i.e., when f = t(t − 1)) by a direct cal-
culation. We also prove the case when f is irreducible, which is analogous to the Weil
reciprocity law. In the general case, we manage to show the weak version of the Gross
conjecture here.
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1 Overview of this paper

Let k be a global field and K/k be a finite abelian extension with the Galois group G.
Let S be a finite nonempty set of places of k, which contains all archimedean places and
places ramified in K . Let T be a finite nonempty set of places disjoint from S. Let US,T

be the set of all S-units of k which are congruent to 1 (mod p) for all places p in T .
The Dirichlet unit theorem asserts that the unit group US,T is a finitely generated abelian
group with rank n = |S| − 1. In the function field case, US,T is furthermore free. By a
careful choice of T (for example, T contains the places of different characteristics) in the
number field case, one can also assume that US,T is free. Let Y be the free abelian group
generated by S and let X be the kernel of the degree map Y → Z. Then X is also a free
abelian group with rank n.

On the one hand, consider the following function:

θS,T (s) =
∑

χ∈Ĝ

LS,T (s, χ)eχ̄

where LS,T (s, χ) is the modified Hecke L-function of χ. The Stickelberger element
θS,T = θS,T (0) is shown to be in Z[G] and is uniquely determined by the relations
θS,T (χ) = LS,T (0, χ̄) for all characters χ ∈ Ĝ. On the other hand, for I the augmenta-
tion ideal of Z[G], Gross[1] defined a homomorphism λ : US,T → G⊗X ∼= (I/I2)⊗X

such that
u 7→

∑

v∈S

(rec(uv) − 1) · v
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where rec is the Artin reciprocity map and uv is the idéle with entries u at a place v and
1 at other places. Choose Z-bases for US,T and X , then λ is given by an n × n-matrix
with entries in I/I2. The determinant of this matrix, denoted by detGλ and called the
regulator of λ, is an element in In/In+1 which is independent of the choices of the bases.
The Gross conjecture then claims that

θS,T ≡ ±hS,T · detGλ (mod I
n+1),

in particular θS,T ∈ In(weak implication).

where hS,T = hS · ∏

p∈T

(Np−1)

[US :US,T ]
and hS is the class number of the ring of S-integers OS .

For a detailed description of the Gross conjecture, we recommend the Gross’s original
paper[1] or the papers by Yamagishi[2], Aoki[3] and Tan[4].

In this paper, we shall consider the Gross conjecture in the case where the base field k

is Fq(t). As is known in the function field case, θS,T = θS,T (0) = ΘS,T (1) through the
change of variables θS,T (s) = ΘS,T (q−s). We list here some general results concerning
the Gross conjecture.

Theorem 1. (1) The Gross conjecture Gr(K/k,G, S, T ) is true if and only if
Gr(Kp/k,Gp, S, T ) is true for all p, the Sylow quotient group Gp of G and the cor-
responding field extension Kp/k.

(2) For a fixed group G and a field extension K/k, we can always suppose S that con-
tains only archimedean places and places ramified in K/k. In the function field extension
case, we can always assume that T contains only one place.

(3) If the Gross conjecture is true for G and K/k, it is true for any quotient group of G

and the related subfield extension.

Theorem 2 (Tan). The Gross Conjecture is true for any abelian p-group G where p

is the characteristic of the function field.

Detailed proof of Theorem 1 could be found in refs. [2,3]. Theorem 2 is the main
theorem of Tan[4].

From now on in this paper, we assume k = Fq(t). By choosing the place ∞ properly
(e.g. choose ∞ = t or t−1), the Carlitz-Hayes theory claims that any finite abelian
extension of k is some subfield of the cyclotomic function field kn(Λf ) where f is a
polynomial in k and kn = Fqn(t). As the Gross conjecture in the constant field extension
kn/k is trivially satisfied, by the above two theorems, to prove the conjecture in the case
k = Fq(t), it suffices to prove the following case:

K = k(Λf ), G = Fq[t]/(f)
×
,

f is square free, S consists of all irreducible factors of f and the infinite place ∞ and T

consists of only one place v which is not in S.

Following Aoki’s line[3] of proof of the Gross conjecture in the case k = Q(which is
somehow ambiguous in some parts in that paper), we prove the weak version of the Gross
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conjecture here for the cyclotomic function field extension k(Λf )/k. We first verify the
conjecture when G is two copies of the multiplicative group F ×

q and the corresponding
field extension is K = k(Λt(t−1)) in Section 2. We then prove the full Gross conjecture in
the case when f itself is irreducible, which turns out to be nothing but the Weil reciprocity
law. We then show the weak Gross conjecture in Section 3.

One must note that in a recent preprint1), Burns vastly generalized the numerous refined
Stark conjectures including the Gross refinement and conjectured a family of explicit con-
gruences between derivatives of abelian L-functions at s = 0. As a result, he gave a proof
of the Gross conjecture for k = Q or the global function field case.

2 The Gross conjecture in some simpler cases

2.1 The Fermat curve case

Let x = q−1
√

t, y = q−1
√

1 − t and K = k(x, y) = k(Λt(t−1)). The Galois group
G = Gal(K/k) ∼= F×2

q , where the isomorphism is given by sending the automorphism
(x 7→ cx, y 7→ dy) ∈ G to this element [c, d] ∈ F ×2

q . We shall identify these two groups
by the isomorphism hereafter in this subsection. We let S = {0, 1,∞} be the set of places
ramified in K/k, and let T = {v} where v is a monic irreducible polynomial prime to
t(t − 1), let σ = σv be the element in G corresponding to v through the identification of
G and (Fq[t]/(t(t − 1)))

×. Let d = deg v and N = qd−1
q−1

. The unit group US,T is a free
abelian group of rank 2. Suppose {ε1, ε2} is a basis for US,T . Then one can write

ε1 = c1t
m1(1 − t)n1 , ε2 = c2t

m2(1 − t)n2 , for some c1, c2 ∈ F×
q .

We denote ∆ = m1n2 −m2n1, e = N/|∆|. Then |∆| = |m1n2 −m2n1| is nothing but
[US : US,T ]. Note that hS = 1, hence

hS,T =
hS · (qd − 1)

(q − 1) · |∆| =
N

|∆| .

Now since
tN

(−1)dv(0)
,

(1 − t)N

v(1)
∈ US,T ,

we can write
tN

(−1)dv(0)
= εα1

1 εβ1

2 ,
(1 − t)N

v(1)
= εα2

1 εβ2

2 .

Then we have

(−1)dv(0) = c−α1

1 c−β1

2 = c−en2

1 cen1

2 ;

v(1) = c−α2

1 c−β2

2 = cem2

1 c−em1

2 .

Recall that we have (see, for example, refs. [5, 6])

ΘS(u) = 1 +
∑

[c, 1 − c]u +
u2

∑

[a, b]

1 − qu
,

1) Burns, D., Congruences between derivatives of abelian L-functions at s = 0.
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where a, b, c ∈ F×
q and c 6= 1. Using repeatedly the fact I/I2 ∼= G, as a consequence

q − 1 kills I/I2, we have

ΘS,T (1) = (1 +
∑

[c, 1 − c])(1 − qdσ) + N
∑

[a, b]

≡ (q − [−1,−1])(1 − qdσ) + (q − [−1,−1]) · N · (q − [−1, 1])

≡ (q − [−1,−1])(1 − qdσ) + (q − [−1,−1])(qd − 1 + d(1 − [−1, 1]))

≡ (q − [−1,−1])(1 − σ + d(1 − [−1, 1]))

≡ (q − [−1,−1])(1 − σ[(−1)d, 1]) ≡ (q − [−1,−1])(1 − [v(0), v(1)])

(for the case q odd)

≡ (1 − [−1,−1][v(0)q−1/2, v(1)q−1/2])(1 − [v(0), v(1)]) (mod I3).

By the class field theory, the reciprocity map is

r(a) =

[

∏

v

NFv

Fq

(

tordv(av)

a
ordv(t)
v

(−1)ordv(av)ordv(t)mod v

)

,

∏

v

NFv

Fq

(

(1 − t)ordv(av)

a
ordv(1−t)
v

(−1)ordv(av)ordv(1−t)mod v

)

]

.

Then

detG(λ) =

(

1 − [(−1)m1c1, 1] 1 − [1, (−1)n1c1]

1 − [(−1)m2c2, 1] 1 − [1, (−1)n2c2]

)

.

Let g be a generator of F×
q and let g1 = [g, 1], g2 = [1, g]. Suppose c1 = gk and c2 = gl.

When q is odd(here and after, ≡ means mod I3),

detG(λ) ≡
[(

k + m1

q − 1

2

)(

l + n2

q − 1

2

)

−
(

k + n1

q − 1

2

)(

l + m2

q − 1

2

)]

· (1 − g1)(1 − g2)

≡
(

k(n2 − m2) + l(m1 − n1) + ∆
q − 1

2

)

q − 1

2
(1 − g1)(1 − g2).

If e is even, so is hS,T , therefore hS,TdetG(λ) ∈ I3 (again since q− 1 kills I/I2). But in
this case,

ΘS,T (1) ≡ (1 − [−v(0)q−1/2,−v(1)q−1/2])(1 − [v(0), v(1)]) ≡ 0

since [−v(0)q−1/2,−v(1)q−1/2] is of order 2 and v(0) and v(1) are both contained in
F×2

q . Now if e is odd, then hS,T is also odd, then hS,TdetG(λ) ≡ detG(λ) (mod I3),
and

ΘS,T (1) ≡
(

1 − g
(1+d· q−1

2
−en2k+en1l) q−1

2

1 + 1 − g
(1+em2k−em1l) q−1

2

2

)

·
(

1 − g
(d· q−1

2
−en2k+en1l)

1 + 1 − g
(em2k−em1l)
2

)

≡
(

k(n2 − m2) + l(m1 − n1) + d · q − 1

2

)

· q − 1

2
(1 − g1)(1 − g2).

But in this case, d ≡ ∆ (mod 2), therefore the Gross conjecture holds.
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Now for the case that q is even, it is easy to see both ΘS,T (1) and detG(λ) are in I3,
thus the conjecture is also true. In a word, we have

Theorem 3. The Gross conjecture is true for the Fermat curve case.

2.2 The case when f is irreducible

In this subsection, we suppose that f = P is a monic irreducible polynomial in A =

Fq[t]. Let K = k(ΛP ) and let G = Gal(K/k) ∼= (A/(P ))×. Let S = {P,∞}
and let T = {Q}. We suppose that deg P = m and deg Q = d, furthermore we let
M = qm−1

q−1
and N = qd−1

q−1
. For our convenience, we let A+ = {f : f ∈ A, f monic}.

By Hayes’ proof of the refined Stark conjecture in the function field case, one knows
the Gross conjecture is true in this case. Here we give an alternate proof of the Gross
conjecture by explicit calculation.

First we know, in the cyclotomic function field extension K/k, the Artin reciprocity
map is given by

σa : expC

( π̄

P

)

7→ expC

( π̄a

P

)

,

where expC(π̄/P ) is a generator of the extension K/k. Through this map, we identify
the Galois group G with (A/(P ))×, hence any group element in G is corresponding to a
polynomial with degree less than m. Now let P − ∞ be a fixed generator of X and let
ε = cP i be a fixed generator of US,T , then we have hS,T = N/i and the Gross conjecture
states that

ΘS,T (1) ≡ hS,TdetG(λ) (mod I2),

By the natural isomorphism between I/I2 and G, we can regard ΘS,T (1) as an element
in G, or in (A/(P ))×. Recall

ΘS,T (1) =





∑

a∈A+,deg a<m

σa +
1

1 − q

∑

a∈(A/(P ))×

σa



 (1 − qdσQ)

=
∑

a∈A+,deg a<m

σa(1 − qdσQ) + N
∑

a∈(A/(P ))×

σa

≡





∏

a∈A+,deg a<m

σa





1−qd




∏

a∈(A/(P ))×

σa





N

σ−qdM
Q − 1 (mod I2)

7→





∏

a∈A+,deg a<m

a





1−qd




∏

a∈(A/(P ))×

a





N

Q−qdM (mod P )

Note that
∏

a∈(A/(P ))×

a = −1
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and

∏

a∈(A/(P ))×

a =





∏

c∈F×

q

c





M 



∏

a∈A+,deg a<m

a





q−1

= (−1)m





∏

a∈A+,deg a<m

a





q−1

.

We have
ΘS,T (1) 7→ (−1)mdQ−qdM = (−1)mdQ−M (mod P ).

Note that QM (mod P ) ∈ F×
q is nothing but the power residue symbol

(

Q
P

)

.

Now for the right-hand side, by the reciprocity map,

rec(1, · · · , (c)P , · · · , 1) = c,

and
rec(1, · · · , (P )P , · · · , 1) = 1,

therefore
hS,T detG(λ) 7→ chS,T ∈ F×

q .

Since P i ≡ c−1 (mod Q), we have chS,T ≡ P−N (mod Q). Then

chS,T =

(

P

Q

)−1

∈ F×
q .

By the Weil reciprocity law,

(−1)md

(

P

Q

) (

Q

P

)−1

= 1,

hence we get

Theorem 4. The Gross conjecture is true for k(Λf )/k where k is the rational function
field and f is irreducible. In this case, the relation proposed in the conjecture is nothing
but the Weil reciprocity law.

3 The weak Gross conjecture in the general case

The Gross conjecture is a conjecture about the relationship between two group ring ele-
ments, therefore it is necessary to study the group ring Z[G]. We first have an elementary
lemma.

Lemma 1. Suppose that σ and τ are two elements in G and suppose that the orders
of σ and of τ are prime to each other, then (σ − 1)(τ − 1) ∈ I∞.

Proof. First without loss of generality, we may assume that G is generated by σ and
τ . Let

ord(σ) = m, ord(τ) = d,

Then there exist k, l ∈ Z such that km + ld = 1. Hence

(σ − 1)(τ − 1) = (σld − 1)(τkm − 1)

= (1 + σl + · · · + σl(d−1))(1 + τk + · · · + τ k(m−1))(σl − 1)(τk − 1).
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If (σ − 1)(τ − 1) ∈ Ir, then (σl − 1)(τk − 1) ∈ Ir, but (1 + σl + · · · + σl(n−1))(1 +

τk + · · · + τ k(m−1)) is of degree md, which annihilates the module Ir/Ir+1, therefore
(σ − 1)(τ − 1) ∈ Ir+1.

Immediately following the above lemma, we have

Proposition 1. Suppose that G is abelian and Gp is its Sylow p-quotient for any
prime p. Let πp be the projection from G to Gp, then for any element x of Z[G], x ∈ Im

G

if and only if πp(x) ∈ Im
Gp

for all primes p dividing |G|.
Proof. The “only if” part is obvious. For the “if” part, since πp(x) ∈ Im

Gp
, then we

can write
x = xp + x′

p, xp ∈ Im
G , x′

p ∈ ker(πp : Z[G] → Z[Gp]).

By the above lemma, we can furthermore suppose that x′
p ∈ G′

p =
∏

pi 6=p Gpi
(here

we consider Gpi
as a subgroup of G through the natural isomorphism of G and

∏

p Gp).
First we see immediately that x ∈ IG by counting its degree. Suppose x ∈ Ik

G for some
1 6 k < m, then x′

p ∈ Ik
G. Note that IG′

p
/I2

G′

p
is killed by

∏

pi 6=p pi. Then we have

(
∏

pi 6=p pi)x
′
p ∈ Ik+1

G and therefore (
∏

pi 6=p pi)x ∈ Ik+1
G . But the greatest common

divisor of (
∏

pi 6=p pi) for all p dividing |G| is 1, so we have x ∈ Ik+1
G . By induction,

x ∈ Im
G . The “if” part is proved.

Now we suppose that G is an abelian group and has a cyclic decomposition

G = G1 × · · · × Gs = 〈σ1〉 × · · · × 〈σs〉.
We regard Gi for every i as a subgroup of G. Let

φi : G → G/Gi

be the natural quotient map of G to G/Gi. We also denote, by φi, the corresponding map
from Z[G] to Z[G/Gi]. Then we have the following proposition:

Proposition 2 (Aoki). Assume the above assumptions. Suppose α ∈ Z[G]. If for all
i ∈ {1, · · · , s}, we have φi(α) ∈ Im+1

G/Gi
for a fixed nonnegative integer m, then we have

(1) If s > m, then α ∈ Im+1;

(2) if s = m, then α ≡ a(σ1 − 1) · · · (σm − 1)(mod Im+1) where a is a nonnegative
integer less than the greatest common divisor of the orders of Gi’s.

Remark. This proposition was first showed in ref. [3]. However, his proof is rather
unclear and probably even incorrect, so we give a new proof here.

Proof. Let

Er = {(e1, · · · , es) : e1 + e2 + · · · es = r, ei > 0}
and

E = {(e1, · · · , es) : e1 + e2 + · · · es 6 m, ei > 0}.
For any e = (e1, · · · , es) ∈ E, we define the support of e to be

Supp(e) = {i : ei > 0}.
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For any element
∏

σni

i ∈ G, we know that
∏

( σni

i − 1) ≡
∑

ni(σi − 1) (mod I2),

hence for any element α ∈ Z[G], we can write

α ≡
m

∑

r=0

∑

e∈Er

ae(σ1 − 1)e1 · · · (σs − 1)es

≡
∑

e∈E

ae(σ1 − 1)e1 · · · (σs − 1)es (mod Im+1).

Now for any subset J of {1, · · · , s}, we define

φJ : Z[G] → Z[G/GJ ]

where GJ =
∏

i∈J Gi. The assumptions in the proposition assert that φJ(α) ∈ Im+1
G/GJ

.
Define

αJ =
∑

Supp(e)∩J=∅

(σ1 − 1)e1 · · · (σs − 1)es .

By the definition, α ≡ α∅. Now the given condition just means that for any nonempty
proper subset J , αJ ∈ Im+1. If s > m, the support of any element e ∈ E is a proper
subset of {1, · · · , s}; If s = m, only the support of {1, · · · , 1} is the whole set. Now by
the inclusion-exclusion principle, we have

α ≡ α∅ =
∑

J

(−1)|J|−1αJ .

The first claim follows immediately, so does the first part of the second claim. The second
part follows from the order consideration.

Theorem 5. The weak version of the Gross conjecture holds for k(Λf )/k, i.e.
ΘS,T (1) ∈ In for n = |S| − 1.

Proof. First note that we may assume that f is square free by Tan’s theorem. We
proceed by induction on the number of monic irreducible factors of f . By Theorem 4, if f

has only one prime factor P , the full Gross conjecture is true by the Weil reciprocity law,
hence the weak version forms. Now suppose that the weak version of the Gross conjecture
is true for any f up to n monic irreducible factors.

For any f with n monic irreducible factors, write f = P1 · · ·Pn and fi = f/Pi. Let
S = {P1, · · · , Pn,∞}. There is a canonical cyclic decomposition

G = Gf = Gal(k(Λf )/k) =
n

∏

i=1

(A/Pi)
×.

By induction, the weak Gross conjecture holds for k(Λfi
)/k, in this case the Galois group

is Gfi
= G/GPi

, hence
Θk(Λfi

)/k,Gfi
,S,T (1) ∈ In

Gfi
.

Apply Proposition 2 (1) to m = n − 1 < s = n, note that

φi(ΘS,T (1)) = Θk(Λfi
)/k,Gfi

,S,T (1),
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we thus have the desired result ΘS,T (1) ∈ Im+1
G = In and hence the theorem is proved.
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