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The Gross conjecture over rational function fields
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Abstract We study the Gross conjecture for the cyclotomic function field extension
k(Af)/k where k = Fy(t) is the rational function field and f is a monic polynomial in Fy[t].
We prove the conjecture in the Fermat curve case(i.e., when f = (¢ — 1)) by a direct cal-
culation. We also prove the case when f is irreducible, which is analogous to the Weil
reciprocity law. In the general case, we manage to show the weak version of the Gross
conjecture here.
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1 Overview of this paper

Let k be a global field and K /k be a finite abelian extension with the Galois group G.
Let S be a finite nonempty set of places of k, which contains all archimedean places and
places ramified in K. Let 7" be a finite nonempty set of places disjoint from S. Let Ug
be the set of all S-units of k& which are congruent to 1 (mod p) for all places p in 7.
The Dirichlet unit theorem asserts that the unit group Ug 7 is a finitely generated abelian
group with rank n = |S| — 1. In the function field case, Ug 7 is furthermore free. By a
careful choice of T'(for example, T" contains the places of different characteristics) in the
number field case, one can also assume that Ug 7 is free. Let Y be the free abelian group
generated by .S and let X be the kernel of the degree map Y — Z. Then X is also a free
abelian group with rank n.

On the one hand, consider the following function:
Os.r(s) =Y Lsr(s, X)ex
XEG

where Lg r(s, x) is the modified Hecke L-function of x. The Stickelberger element
Ost = 6s7(0) is shown to be in Z[G] and is uniquely determined by the relations
0s.7(x) = Ls1(0, x) for all characters Y € G. On the other hand, for I the augmenta-
tion ideal of Z[G], Gross!! defined a homomorphism A : Usr — G® X = (I/1*) ® X
such that

U Z(rec(uy) —-1)-v

veS
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where rec is the Artin reciprocity map and u,, is the idéle with entries u at a place v and
1 at other places. Choose Z-bases for Ug r and X, then A is given by an n X n-matrix
with entries in I/I?. The determinant of this matrix, denoted by detg\ and called the
regulator of ), is an elementin 1™ /I™*! which is independent of the choices of the bases.
The Gross conjecture then claims that

HS,T = :thsﬂ“ . detg)\ (mod In+1),

in particular 051 € I"(weak implication).

where hgr = hg - [] [[g?[;sl)ﬂ and hg is the class number of the ring of S-integers Oj.
peT ’

For a detailed description of the Gross conjecture, we recommend the Gross’s original
paper!!) or the papers by Yamagishil?!, Aoki[®! and Tanl*.

In this paper, we shall consider the Gross conjecture in the case where the base field &
is F,(t). As is known in the function field case, 057 = 057(0) = Og (1) through the
change of variables s r(s) = ©g (g ). We list here some general results concerning
the Gross conjecture.

Theorem 1. (1) The Gross conjecture Gr(K/k,G,S,T) is true if and only if
Gr(K,/k,G,,S,T) is true for all p, the Sylow quotient group G, of G and the cor-
responding field extension K, /k.

(2) For a fixed group G and a field extension K /k, we can always suppose S that con-
tains only archimedean places and places ramified in K /k. In the function field extension
case, we can always assume that 7" contains only one place.

(3) If the Gross conjecture is true for G and K /k, it is true for any quotient group of G
and the related subfield extension.

Theorem 2 (Tan). The Gross Conjecture is true for any abelian p-group G where p
is the characteristic of the function field.

Detailed proof of Theorem 1 could be found in refs. [2,3]. Theorem 2 is the main
theorem of Tan!¥.

From now on in this paper, we assume k = F(¢). By choosing the place oo properly
(e.g. choose co = t or t71), the Carlitz-Hayes theory claims that any finite abelian
extension of k is some subfield of the cyclotomic function field k,(As) where f is a
polynomial in k and k,, = Fi»(t). As the Gross conjecture in the constant field extension
k, /k is trivially satisfied, by the above two theorems, to prove the conjecture in the case
k = F,(t), it suffices to prove the following case:

K =k(Ap), G=F[t/(f)"
f is square free, S consists of all irreducible factors of f and the infinite place co and T’
consists of only one place v which is not in S.

Following Aoki’s line®! of proof of the Gross conjecture in the case k = Q(which is
somehow ambiguous in some parts in that paper), we prove the weak version of the Gross
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conjecture here for the cyclotomic function field extension k(A ;) /k. We first verify the
conjecture when G is two copies of the multiplicative group F,* and the corresponding
field extension is i = k(At(t,l)) in Section 2. We then prove the full Gross conjecture in
the case when f itself is irreducible, which turns out to be nothing but the Weil reciprocity
law. We then show the weak Gross conjecture in Section 3.

One must note that in a recent preprint"), Burns vastly generalized the numerous refined
Stark conjectures including the Gross refinement and conjectured a family of explicit con-
gruences between derivatives of abelian L-functions at s = 0. As a result, he gave a proof
of the Gross conjecture for k = Q or the global function field case.

2 The Gross conjecture in some simpler cases

2.1 The Fermat curve case

Letz = “Vt,y = “v1—tand K = k(x,y) = k(Ay:—1)). The Galois group
G = Gal(K/k) = F?, where the isomorphism is given by sending the automorphism
(z — cx,y +— dy) € G to this element [c, d] € F**. We shall identify these two groups
by the isomorphism hereafter in this subsection. We let S = {0, 1, oo} be the set of places
ramified in K /k, and let T" = {v} where v is a monic irreducible polynomial prime to
t(t — 1), let o = o, be the element in G corresponding to v through the identification of
G and (F,[t]/(t(t — 1)))". Letd = degv and N = = 2=1. The unit group Us, is a free
abelian group of rank 2. Suppose {€1,¢5} is a basis for US,T. Then one can write

g = ct™ (1 =)™, g5 = cot™*(1 — )", forsome ¢y, ¢, € F.
We denote A = myny —maony, e = N/|A|. Then |A| = |myny — many| is nothing but
[Us : Us r|. Note that hg = 1, hence
hS . (qd — 1) N
hep= s @ =) N
(@—1)-1A[ |A]

Now since N N
t (1-1)
) eU )
(=D%(0)" (1) >
we can write N Ny
t a1 B1 (1 — t) _ s P2

(—Ddo(0) TN T(ny
Then we have

(—1)%0(0) = e7™ ;™ = ey "2 e5™;

€Mmsa

o(1) = e =

—emi

Co

Recall that we have (see, for example, refs. [5, 6])

1) Burns, D., Congruences between derivatives of abelian L-functions at s = 0.
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where a,b,c € F and ¢ # 1. Using repeatedly the fact 1/ 2 =~ (@, as a consequence
q — 1 kills I/I?, we have

Osr(1) =1+ [e,1—c)(1 = q%0) + N [a,b]

=(¢—[-1,-1)A = ¢%0) + (¢ — [-1,-1]) - N - (¢ = [-1,1])

=(¢—[-1,-1))(1 = ¢%0) + (¢ — [~ 1, -1])(¢" = 1 +d(1 - [-1,1)))

=(¢—[-L-1)1 -0 +d(1-[-1,1]))

=(¢—[-1,-1)(A = o[(-=1)%1]) = (¢ — [~ 1, —1])(1 — [v(0), v(1)])
(for the case ¢ odd)

= (1= [-1,=10) 2, v(0) )1 = [v(0),v(1)])  (mod I°).
By the class field theory, the reciprocity map is

tord‘,(av)
1—¢ ordy (ay)
1 ~E (%“DOMV(MOMVUt)mOd v) '
P ay
Then
B 1_ [(—1)"“01, 1] 1— [1, (—1)n101]
detg(A) = <1 — (=)™, 1] 1—[1,(=1)"¢y] )

Let g be a generator of F,* and let g; = [g,1], g» = [1, g]. Suppose ¢; = g" and ¢, = ¢".
When ¢ is odd(here and after, = means mod I?),
—1 -1 —1 —1
detg(N) = [(k—i—mlq ) <l—|—n2q 5 ) - <k:—|—n1q ) <l+m2q 5 )]
(1=g1)(1 —g2)

= (k(ng — ) + Uy — ) + AQ> =1 o= g,

2 2

If e is even, so is hg 7, therefore hg rdetq (M) € I (again since g — 1 kills I/?). But in
this case,

O5.r(1) = (1 = [-0(0)"/2, —u(1))(1 — [v(0),v(1)]) = 0
since [—v(0)771/2 —v(1)771/2] is of order 2 and v(0) and v(1) are both contained in
F*. Now if e is odd, then hgr is also odd, then hg rdete(A) = detg(X) (mod I°),
and

=l _en enql) 4=t oo k—ema 1) 421
@S,T(]-) = (1 _g§1+d-T 2k+enil) 45 1 —g§1+ ok W) )

—1
. (1 . g§d~qT—en2k+en1l) + 1— géeka—emll))

_ <k(n2 o)+ U(my — ) +d- %) . q;—lu — (1= ).

But in this case, d = A (mod 2), therefore the Gross conjecture holds.
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Now for the case that g is even, it is easy to see both © 5 7(1) and detg () are in I,
thus the conjecture is also true. In a word, we have

Theorem 3. The Gross conjecture is true for the Fermat curve case.
2.2 The case when f is irreducible

In this subsection, we suppose that f = P is a monic irreducible polynomial in A =
F,[t]. Let K = k(Ap) and let G = Gal(K/k) = (A/(P))*. Let S = {P, 00}
and let T' = {Q}. We suppose that deg P = m and deg () = d, furthermore we let
M = qq —Land N = q 1 . For our convenience, we let A, = {f : f € A, f monic}.
By Hayes’ proof of the reﬁned Stark conjecture in the function field case, one knows
the Gross conjecture is true in this case. Here we give an alternate proof of the Gross
conjecture by explicit calculation.

First we know, in the cyclotomic function field extension K /k, the Artin reciprocity

™ Ta
oo (5) = esne ().

where exp(7/P) is a generator of the extension K /k. Through this map, we identify
the Galois group G with (A/(P))*, hence any group element in G is corresponding to a
polynomial with degree less than m. Now let P — oo be a fixed generator of X and let

map is given by

e = cP? be a fixed generator of U, s, then we have hg + = N/i and the Gross conjecture
states that

C")S’T(l) = hS’Tdetg()\) (mod .[2),

By the natural isomorphism between I /I? and GG, we can regard © g r(1) as an element

inG,orin (A/(P))*. Recall

Osr(1) = > 0a+% Y oa | (1-q'0q)

a€Ay,deg a<m —4 a€(A/(P))*
= Y a(l-qlog)+N > o,
a€Ay,deg a<m a€(A/(P))*
1—g? N
= H Oa H Oa O'équ —1 (mod I?)
a€A, deg a<m a€(A/(P))*
1—q¢ N
— H a H al QM (mod P)
a€A;,deg a<m a€(A/(P))X
Note that
[ o=
a€(A/(P))*
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and
M g—1 q—1
0 oo-(1e) ([ 11 o) —co( T
a€(A/(P))* cEF) a€Ay ,deg a<m a€A; ,deg a<m
We have

Os.r(1) - (~1)™Q 5" = (=1)™Q"  (mod P),
Note that Q¥ (mod P) € F, .~ is nothing but the power residue symbol (%)
Now for the right-hand side, by the reciprocity map,
rec(l,--- ,(¢)p,---,1) =¢,

and
therefore

hS7Tdetg()\) — st S qu.

Since P! = ¢! (mod Q), we have ¢"s7 = P~ (mod Q). Then

P -1
ChS’T = (é) € qu.

re(5)(8) -

Theorem4. The Gross conjecture is true for k(A ¢) /k where k is the rational function

By the Weil reciprocity law,

hence we get

field and f is irreducible. In this case, the relation proposed in the conjecture is nothing
but the Weil reciprocity law.

3 The weak Gross conjecture in the general case

The Gross conjecture is a conjecture about the relationship between two group ring ele-
ments, therefore it is necessary to study the group ring Z[G|. We first have an elementary
lemma.

Lemma 1.  Suppose that ¢ and 7 are two elements in G and suppose that the orders
of o and of T are prime to each other, then (o — 1)(7 — 1) € I>°.

Proof.  First without loss of generality, we may assume that GG is generated by ¢ and
7. Let
ord(c) = m, ord(r) =d,
Then there exist k, [ € Z such that km + ld = 1. Hence
(0 —1)(r —1) = (¢ = 1) (¥ - 1)
=140 4+ -+ N A 77 4 DY (G 1) (7R - 1),
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If (0 —1)(r —1) € I", then (¢! — 1)(7% — 1) € I",but (1 + o' 4 --- + o= D)(1 +
7% + ... 4 7Rm=D) i of degree md, which annihilates the module I"/I"*!, therefore
(c—1)(r—1) eIt

Immediately following the above lemma, we have

Proposition 1.  Suppose that GG is abelian and G, is its Sylow p-quotient for any
prime p. Let 7, be the projection from G to G, then for any element = of Z|G], x € I
if and only if 7, (z) € I for all primes p dividing [G/.

Proof. The “only if” part is obvious. For the “if”” part, since m,(z) € I, g‘p, then we
can write

=z, +x, x, €17, 1, €ker(m, : Z[G] — Z[G})]).

By the above lemma, we can furthermore suppose that x; € G;, = Hpi 4p G,, (here
we consider GG, as a subgroup of G through the natural isomorphism of G and Hp Gp).
First we see immediately that z € I by counting its degree. Suppose z € I for some
1 < k < m, then 2/, € If. Note that IGL/Ié; is killed by [, ., p;- Then we have
(1,2, )7, € IET and therefore (I, )z € I5T. But the greatest common
divisor of ([[,, ., p:) for all p dividing |G| is 1, so we have z € I, &+1. By induction,
x € I7. The “if” part is proved.

Now we suppose that G is an abelian group and has a cyclic decomposition
G=G; X - xXGg=(07) X+ %X (0).
We regard G for every ¢ as a subgroup of G. Let
o : G — G/G;

be the natural quotient map of G to G/G;. We also denote, by ¢;, the corresponding map
from Z|G| to Z|G/G,]. Then we have the following proposition:

Proposition 2 (Aoki). Assume the above assumptions. Suppose o € Z[G]. If for all
ie€{l,---,s}, wehave ¢;(a) € I ngl for a fixed nonnegative integer m, then we have

() If s > m, thena € I™T1;

(2)if s = m, thena = a(o; — 1) -+ (0,, — 1)(mod I"™ ') where a is a nonnegative
integer less than the greatest common divisor of the orders of G;’s.

Remark. This proposition was first showed in ref. [3]. However, his proof is rather
unclear and probably even incorrect, so we give a new proof here.

Proof. Let
E,={(e1, - ,es):e1+es+-e,=r¢ >0}
and
E={(e1," - ,es) e tea+ e, <m,e; =0}
Forany e = (e, -+ ,e,) € E, we define the support of e to be

Supp(e) = {i : e; > 0}.
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For any element [[ 07" € G, we know that

H( ol —1)= Zni(ai —1) (mod I?),

hence for any element o € Z[G], we can write

o= Z Z ac(oy — 1) - (oy — 1)%

r=0 e€FE,
= aloy—1) (o, — 1) (mod "),
eeE
Now for any subset J of {1,--- s}, we define

¢y Z|G] — Z|G/G ]
Im+1

where G; = [],c; Gi. The assumptions in the proposition assert that ¢;(cr) € I -

Define

ieJ

= Y D1
Supp(e)NJ=0
By the definition, & = ay. Now the given condition just means that for any nonempty
proper subset J, a; € I, If s > m, the support of any element e € F is a proper
subset of {1, -+ ,s}; If s = m, only the support of {1,--- , 1} is the whole set. Now by
the inclusion-exclusion principle, we have
a=aqay= Z(—l)l‘]lfla}
J
The first claim follows immediately, so does the first part of the second claim. The second
part follows from the order consideration.

Theorem 5. The weak version of the Gross conjecture holds for k(Af)/k, ie.
Osr(1) € I" forn = |S| — 1.

Proof.  First note that we may assume that f is square free by Tan’s theorem. We
proceed by induction on the number of monic irreducible factors of f. By Theorem 4, if f
has only one prime factor P, the full Gross conjecture is true by the Weil reciprocity law,
hence the weak version forms. Now suppose that the weak version of the Gross conjecture
is true for any f up to 7 monic irreducible factors.

For any f with n monic irreducible factors, write f = Py --- P, and f; = f/P;. Let
S ={Py,--,P,,00}. There is a canonical cyclic decomposition

n

G = Gy = Gal(k(A7)/k) = [[(A/P)*.
i=1
By induction, the weak Gross conjecture holds for k(A y, ) /k, in this case the Galois group
is Gy, = G/Gp,, hence
Owas)/kGy, sr(1) €15, -
Apply Proposition 2 (1) to m = n — 1 < s = n, note that
$i(©s,7(1)) = Oray, k.64, 57(1),
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we thus have the desired result © 5 (1) € IZ/™" = I" and hence the theorem is proved.
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