ARLRL . R YTE B e - . . .
o [J] Rl HeE 20184 F48%F E2#H: 281 ~288 ¢ (FP*AI"_?!‘))%?&:\H:

SCIENTIA SINICA Mathematica 7~ SCIENCE CHINA PRESS
s CrossMark
® X OF

% Clifford 97#7HJ Cauchy-Riemann 5%z

B2
TR ARV K B, K 300222

E-mail: whaiyan@mail.ustc.edu.cn

kR H#A: 2016-01-04; #:52 H#A: 2017-07-18; W% HiiK H #: 2017-12-29
[ R B SRR GIE'S: 11601390 Al 11526154) FIREEILEAIE KR AT H (S KYQD14041 fl KJ15-18) ¥ H)
IiH

WE £ Clifford RENSNELEL E TR EERHEAEBE . K X% H T 57K Cauchy-
Riemann 7 12 B8 % X &M M0 25 B0 B R &K, HIEHA T % Clifford 247218 F
BVIEN %k B4 Hartogs LK. X LERKE L2 B X FHMLER.

E4#iE £ % 2 Clifford 447 Cauchy-Riemann ¥ #4-H5& 14

MSC (2010) E/7HE  30G35, 32A26

1 5§
% Clifford 73112 2 AW [ JEZ # AU HE) . £ Clifford J3 it 75 2R 2K
f:QCH = (Rom)",

Hob o= R Q R e REOIFE. % Clifford 4047 IE B BORAE B RN Dirac 57 D
FREACHIRREL Fob Dy (5= 1,...,n) & M 18 A M = R ABENG Dirac 57 H5AIHS, 4
m =10, H =Ry, =C, Frift 5t kL

f:Qccr—Ck,

MAAR ) Dirac 1N 5 5

87217 ey aizn

1fEZ Clifford 2 #1H, FATEE A AESFIX Cauchy-Riemann J7FE2H. 1F U1 # & AR TE = 48 %% [A] 1 4
J7rEAE T DU TR AN Clifford 204, 282780 FE et =4 T 2 DU e g M2 Clifford 4047
EZ e £ Clifford 4 H1 R EE H, Cauchy-Riemann 77 #2228 2 W) 7 FE 4, AR~ E Hartogs

FE 5| Ag: Wang H Y. The Cauchy-Riemann equation in Clifford analysis of several variables (in Chinese). Sci Sin Math,
2018, 48: 281288, doi: 10.1360/N012016-00006

© 2017 (hERE) Zeisdt www.scichina.com  mathcn.scichina.com


http://doi.org/10.1360/N012016-00006
www.scichina.com
mathcn.scichina.com
mailto:whaiyan@mail.ustc.edu.cn

Fifg#e: £ Clifford 437 [) Cauchy-Riemann J7 %

PG, MBHIAEFFIR Cauchy-Riemann J A2 W FUHIRZ O W& BETEIT A PR, 88— FhJ 2o 2
KI5k, R E TAREU L. Z 7R A Hilbert Syzygy EHEAE Cauchy-Riemann B, 45 HH £ Dirac
BT I 8 UM Cauchy-Riemann 77 R4 P 2 FORH A VE A, B4n, SCER [2-8] 43t 7 2 DU7C
. AR4EZ Clifford 73 #rH Cauchy-Riemann J5 2 2H Firiii & (A B 1% 5644 R FHARED LTI 777, SC
Bk (9, 10] TRAMBETT 1 2 DU e Ho i, 120575 EAE BT Cauchy-Fueter EIEHHIE =E 1. %=
PR 2 AR ITERNE Z T IR A 2 Clifford 7047, %775 Pertici MY 1265 AIE4h
7 2 WUICHUIE L T BIAEFFIR Cauchy-Riemann 75 #2 HIAHZE S A, AR TR FAE LA 7572145 2
AR YRS, 1207 R RAE T, AT E S HAFEFF IR Cauchy-Riemann J7 F5 BoA 5 SCEE MR I AH 25 2%
A 7 BAE BT 55 = ANE 7. Marmolejo-Olea F1 Mitrea 21 #4 Pertici 45 S MU e HUE 2 n) &
1T, Ren FIASCAEEECHR [13) 5L T £ Clifford 4381 Bochner-Martinelli #1730 A R, Ffiz H
Pertici (771545 7 278 & Clifford 23 #TH14EFFIR Cauchy-Riemann J7 #2 F AT 8 SRR AR 73 AHA
Z4, S H AR B TE DU BR B0 Hartogs B4R

AR L Clifford BT AJAEFFIX Cauchy-Riemann /7%, JR45 H T 1Z 7 #E BA B4R
) BAR B S AR S, FEIZAFAT N FIREHE S Y AH B2 1E U B ) Hartogs & B 1X 645 FURHHE
=K e E Ve

2 Clifford 5%t
Woer, e, ., em & m GESZAEAEE] R FRFRAE EASEE. 78 Hrb 5] A SRS 50 2

eie; +eje; = —26i]‘607 i,j=1,...,m.

FEZRE T, ENTAER T AT44 1 Clifford AREIY Ry ..
B RAVKE eo 5R T30 1, BT R W LACA Clifford A& Ry ,,, F2510], 1 H Rm+
TG R AT LLE > Clifford #L:

m
x= (20, T1,...,Tm) = inei.
i=0

Clifford {5+ B A 50z 53 2

MTAERITER v e RHL, HILHN
iR .
|z|? = 2% = 72 = fo,

AT, AR 2 e R\ {0} AR

282



RERE: i 48 % 2 M

Clifford 43 #7815 T /& Dirac &-1419]

% FAER Clifford (B £ - R R, RAEILFRA
f@) =Y fal@ea,
A

HAr fa(x) 2&TMEREL, Dirac HERE f AW E XL

Df(x) =YY 0ifa(x)eiea, [f(x)D =" 0ifa(x)eae;.
i=0 A i=0 A
FHRL R IEHEEE 75 SN

D= ZEZ&-.
i=0
7= [f) Rm+1 Hf Dirac H K R™T1 4 Laplace & T2k 4L, B
A =DD =DD.

Dirac 57 D BFEAM (BN Cauchy ) BA B/RFE

y—x
Fy—-z)=————
< ) Wint1]y — @[T
/\E':ly 1
272
Wm+1 =
" r(m)

& R eh A7 R A TR,
FE R ARFRINEEIE
dvy =dyo N\ -+ A dyp,.

3 3JEFFX Cauchy-Riemann /5%

AR AT T4 H 2 Clifford 43 #THHAEF5IR Cauchy-Riemann 77 F2 2 B SRR 105
AL A Clifford 23 BT AERS et S BOZ AN R T 2 5 A8 A N 464
e H™ il
x = (z1,22,...,2,) € H",
Hr,
x = (210,211, - - ., Tp) € R™TL =,

PLLE 5| N— i Dirac &1 .
D, = Z eiaﬂvzi'
i=0

283



Fifg#e: £ Clifford 437 [) Cauchy-Riemann J7 %

e

EX 3.1 WU RH PIIFE, f e LU, Rom)").
Dif = =Daf =0,

WIFR f 2 U P (2) EN R
A AL Tt T R BON
f cHY — (R07m)k,

Hrp H =R
EE 3.1 #n>1,5>3 HH g1,92, ., 90 € C5(H", (Rom)®), MR I W7 A2 2401

(1) 7THEAH
le:gl, l:1,...7n (31)
BAIE f € C5(H, (Rom)F), HHMEITRRN

f(z) = —/ . E(y1 — x1)g1(y1, 2" )dvy, ;
R™ 1

(2) MMEE p,i=1,...,n, FRAL:
Djﬁpgp = Apgj. (32)

Bt M EH AT — 2 ROLE, fBTE 1™\ (suppgy U - - - U suppg,,) BICAEE S EA 0.
WERR ()=(2) &4 (3.1) BE f, Bl D, f = g,, T

Djﬁpgp = DjEprf =D;A,f =ApD;f = Apgj.

f@) = = [ Bl =)o (na')do, (33

BATRIGUEH 2 T2 (3.1).
B K — o) N R Laplace 5T A, HIEARE, B,
1
(1- m)wm+1|yl -z M1 .

Ky —x1) =
H Dy, K(y1 — x1) = E(yn — 21) W19
flx) = —/]Rm+1 Dy, K(y1 — x1)g1(y1, 2" )dvy,
= /]Rm+1 Dy, K(y1 — 21)g1(y1,2")dvy,

WAEHEE g1 B Newton fir

w(ry,x') = K(y1 — 21)g1(y1, ") dvy, .
Rm+1

284



RERE: i 48 % 2 M

Hi Newton FLEHITER (S WICHR [16, 55 54 W) 155

O [ Ko —a0ma(n ey, = [0, K~ o0)gr (oo
Rm+

Rm+1
XHEWE

f(l‘) = bﬂﬂl K(yl - xl)gl (yl,zl)dvyr (34)

R
FHN, BATEHIE g (21, 2") B Newton f73 w(zy,2’) f& Poisson J7FERIMFE, Bl
Ayw(ay,a’) = gi(z1,2),
Xt
D; f(z) = DyDyw(zy,2') = g1 (x). (3.5)

MAAERTEUIIMER §=2,...,n, D;jf = g; WOL. SMERE pe {2,...,n}, A, M K(y1 —21) 33
NAREAEIFH g0 BARSE, XF (3.4) PAFIER A, (155

Apf(x) = Dy, K(y1 — 21)(Apg1(y1,2"))dvy, .

R'm,#»l
E‘HEMFXS& Dlﬁpgp = Apgl Eﬁﬁﬂj
Apf(x) = Dy, - K(yr — 21)((D1Dygp) (y1, ') dvy, -

FH gp,p=1,...,n BAHEEM

K(y1 —21)Dy, = —K(y1 — 1) Dz, = =D, K(y1 — 71)

CEGES
Apf(x) = =Dy, Rm+1(K(y1 — 21)Dy, )(Dpgp(y1, ")) dvy,
= D,, - (D K (y1 = 1)) (Dpgp(y1, 7)) dvy,
=Dy, Dy, s K(y1 — 21)(Dpgp(y1, 7)) dvy,
= Dygp(2).

FARIRE BRI HE Dy, D,y = A, VUG AR NI 2 H D,g, B Newton f7#45 2], X
FEXMERE p=1,....n B A,f = Dpgp, B GBI D;D,g, = Apg; AIHEH

Ap(Djf —g5) = DAy f — Apgy = Djbpgp —Apg; =0.
X BT p BEATRAN, ATHEHXMER j=1,...,n, D;f —g; TE H™ H2 AR,
95 € Cy(H", (Ro.m)"),

285



Fifg#e: £ Clifford 437 [) Cauchy-Riemann J7 %

R Ry K (3.3) WIAREIY o WK, f BAAESUE, A D;f —g; € C5(H™, (Ro,m)"). H
THAMERE D, f — g5 7E o/ R RMIFE LN o, AR, XHMEE j=1,...,n, D;jf = g; 7£ H* L
BJE, AR TR (3.1) MEE S X% H (3.1) WA,

D, f ‘H"\(suppmuwu suppgn) = 0-

FrLA, f 7E suppg; U- - - Usuppg, MIAMNEEZ BN K%L, MR AR, BN £ e 3L (3.3), FA1T
RIH |o|? 4 -+ + |za|* USRI,

f(x17x27"'axn) = 0.

P R B8 B e — e FRAEAS 3) f AE H \ (suppgy U - - - U suppgy,) HITCFEE 32 RN 0, Xk 58 ik
T FRAE . O

4 Hartogs EIE

Hartogs I 5& 2 KR RENS FIA BT, & Ul B, 76—/ Mg 32— AN, W44l 8 50430 v] DU
PENIXANE S, BTl £ 2 AR REOe H, AFAEILA AL Beag il il — AR A A7 AE, W i,
Fr, HEAS A E. Hartogs U7 @ H i FL i Hartogs T 1906 FEFIFH Z E 4% Cauchy F AREH.
AE, 85 BOE 2 ] Bochner-Martinelli-Koppelman A3« JE55X Cauchy-Riemann 75 #2245 %37
SEFR AT A B P LA K Ehrenpreis FEAJREL (2 WCHR [18,19)).

% Clifford 73 #71 I& e 2 22 A e [ e, IEn 2 8RR Ra4ik ¥ £ Clifford 4
M i I R B — A B Hartogs fﬂ%, 1208 PR R 2K T3 55 IR Cauchy-Riemann R A
L

EIE 4.1 (Hartogs EH) Wn>1,U N H" PHEEITTE M cU N—NEEIIFH U\M £
B, XA U\ M EREEZ RN R ECER W] 2 R SR BRI U F

WEBR B f N U\ M ERZIENRE, ¢ € C°U,R) AR EIFHAE M H— LR8N
N1 A

for=(1—-9)f, TEUWN. (4.1)

WAR, fo € C(U, (Rom)*) I HAE U\ suppp FAZ IENIREL. 4

hy = Dofo, U, (4.2)
0, £ H\U W.
B fo BIE X, hy, AT R F R
hy = Dy fo, 1E suppy W, (4.3)
0, TE H™ \ suppy H.

AR, by, € C(H™, (Ro,m)*) FFH. supph, C suppp.

286



RERE: i 48 % 2 M

B (4.2) ATH, £ U _ERGE R
D;Dyh, = D;D,D,fo = D;A,fo = ApDjfo = Aphj.

SR, E U Sh, D;Dyhy = Ay B, SKERBEI, by W EAAMER I (3.2). diE R 3.1 A7 FRdd

-

Dpg=hy,, p=12,...,n

Bt g € C(H™, (Rom)¥), 7 H g £ H™ \ (supphy U - - - Usupph,,) FITCFE S 32 FRAL. B (4.3)

/4
=l

E

supph, C suppy, p=1,...,n,
H™ \ suppp C H"™ \ (supphy U - - - U supphy,).
ik, g /£ H™ \ suppy WA EBE 73 My L4 0. O

B RO RPFBARDE N EFERLSEN, TRt F BAFRAR R FET R0 RAFH

&2 Hk

1 Hoérmander L. The Analysis of Linear Partial Differential Operators I: Classics in Mathematics. Berlin: Springer-
Verlag, 2003

2 Eelbode D. Arbitrary complex powers of the Dirac operator on the hyperbolic unit ball. Ann Acad Sci Fenn Math,
2004, 29: 367-381

3 Palamodov V P. Hartogs phenomenon for systems of differential equations. J Geom Anal, 2014, 24: 667-686

4 Colombo F, Sabadini I, Sommen F, et al. Analysis of Dirac Systems and Computational Algebra. Progress in
Mathematical Physics, vol. 39. Boston: Birkh&user, 2004

5 Colombo F, Soucek V, Struppa D C. Invariant resolutions for several Fueter operators. J Geom Phys, 2006, 56:
1175-1191

6 Adams W W, Loustaunau P, Palamodov V P, et al. Hartog’s phenomenon for polyregular functions and projective
dimension of related modules over a polynomial ring. Ann Inst Fourier (Grenoble), 1997, 47: 623-640

7 Adams W W, Berenstein C A, Loustaunau P, et al. Regular functions of several quaternionic variables and the
Cauchy-Fueter complex. J Geom Anal, 1999, 9: 1-15

8 Sabadini I, Struppa D C, Sommen F, et al. Complexes of Dirac operators in Clifford algebras. Math Z, 2002, 239:
293-320

9 Wang W. On non-homogeneous Cauchy-Fueter equations and Hartogs’ phenomenon in several quaternionic variables.
J Geom Phys, 2008, 58: 1203-1210

10 Ffhi. ZWLEER k-Cauchy-Fueter H 7. HEFRFEE: $5%, 2015, 45: 1791-1810

11 Pertici D. Funzioni regolari di pid variabili quaternioniche. Ann Mat Pura Appl (4), 1988, 151: 39-65

12 Marmolejo-Olea E, Mitrea M. Harmonic analysis for general first order differential operators in Lipschitz domains. In:
Progress in Mathematical Physics, vol. 34. Boston: Birkh&user, 2004, 34: 91-114

13 Ren G B, Wang H Y. Theory of several paravector variables: Bochner-Martinelli formula and Hartogs theorem. Sci
China Math, 2014, 57: 2347-2360

14 Brackx F, Delanghe R, Sommen F. Clifford Analysis. Research Notes in Mathematics, vol. 76. Boston: Pitman, 1982

15 Huang S, Qiao Y Y, Wen G C. Real and Complex Clifford Analysis. New York: Springer, 2005

16 Gilbarg D, Trudinger N S. Elliptic Partial Differential Equations of Second Order. Classics in Mathematics. Berlin:
Springer-Verlag, 2001

17 Hartogs F. Einige Folgerungen aus der Cauchyschen Integralformel bei Funktionen mehrerer Verdanderlichen. Bayer
Akad Wiss Philos-Hist Kl Sitzungsber, 1906, 36: 223-242

18 Hormander L. An Introduction to Complex Analysis in Several Variables. North-Holland Mathematical Library, vol.
7. Amsterdam: North-Holland Publishing, 1990

19 Ehrenpreis L. A new proof and an extension of Hartog’s theorem. Bull Amer Math Soc (NS), 1961, 67: 507-510

287


https://doi.org/10.1007/s12220-012-9350-0
https://doi.org/10.1016/j.geomphys.2005.06.009
https://doi.org/10.5802/aif.1576
https://doi.org/10.1007/s002090100297
https://doi.org/10.1016/j.geomphys.2008.04.004
https://doi.org/10.1007/BF01762787
https://doi.org/10.1007/s11425-014-4878-z
https://doi.org/10.1007/s11425-014-4878-z
https://doi.org/10.1090/S0002-9904-1961-10661-7

Fifg#e: £ Clifford 437 [) Cauchy-Riemann J7 %

The Cauchy-Riemann equation in Clifford analysis of several
variables

Haiyan Wang

Abstract The aim of this article is to extend the theory of several complex variables to the non-commutative
realm. In this paper, we solve the non-homogeneous Cauchy-Riemann equation under the differential compatibility
condition, find the explicit integral representation of the solution and derive the Hartogs theorem in Clifford
analysis of several variables. This will generalize the corresponding results in several complex variables.
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