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Figure 1 Phase portraits of the chaotic system

(a) Chaotic states; (b) critical states; (c) large-scale periodic states
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Figure 2 Phase portraits of a chaotic system affected by noise

(a) Chaotic states; (b) critical states; (c) large-scale periodic states
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AT (12) WA, AR 5915 S i, A0 (12) nTRMEfRTEA A (16),
2" + ka' — ax® + ba® = F, cos(wt) + Acos(wt) + ograndn(t)

(16)
= (F, + A) cos(wt) + oprandn(t),

HAE A TR 9945 S IR R InE ezl 71 B b, WA Lyapunov #5850 UM IEAZ G 1L 72
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3.3.1 Lyapunov & 5% 307 < @89 KEK

TEEAE M SN, F, 58K Lyapunov {5800 Z2 WK 3 Frox. BB 'S Lya-
punov B 0 SUNAE, RoRIRT RGAE T IR FRRAS. A2 A7 W0 53 9] R TR IR 2SR R RS J) 3

SRR, B EARRE S0 )22 0 F8 (12) LAGHE S n, b WA — KR X TR (12)
&, AR n f R &N, F FBELE 1 R,

M h=0.01, n=100 B}, fEEAIAKESN ) F. PMIEEL Fy BT By, Fy = 0.719 854 757 750 12, Fy =
0.719 854 757 750 14. WK 3 Fur, 4 F < Fy B, REAE TR 2 F > B B, R T KR
WA M F5F, WIHEE (F < F < R) I, RFELATIHIVRE. ST TAFEBY B, Lyapunov $5 %1
FEI AT ne, n, Mony Tox. SINBIAMERSE LS, F. 5 Lyapunov 85U CR AL (17) #iiA.
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Figure 3 Relationship between the largest Lyapunov exponent of a Duffing oscillator and driving force
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Table 1 Value of driving force threshold in different parameters

h n Fy
0.01 0.719 854 757 750 137
0.001 100 0.718 594 051 440 14
0.0001 0.718 489 729 295 16
0.01 1000 0.719 854 757 750 121
10000 0.719 854 757 750 121

Hor, A, Ao Ay 20 R TRIEAS « W SRS AR B A Lyapunov $544.
3.3.2 EE7SH) Lyapunov 3I5E 5 4t

TR K Lyapunov $EBURMBIEAN 0 & iioaAm, HIAME A 1HE, 5 F oy 36
IR AERMCIRAS T, 3 )5 RGO i AN ) S B VE R BIAE L Lyapunov $88UH) 7 Z2 0F A BEAE A
Wt 75 77 2 RO I TR 38 0. 3 s T ) D IR - AR A A Bt P e e R SR S, T2 TRVDIR S B S
Lyapunov F5801) 77 72 Bt & T4 5 1077 22, PR 5 i/ I RCRTGVE R . i RIS g 75 75 22 4%
gestn, o RSN ARG EITTHRMUIRAS, BEA IR B KL A
e aa (14) A1 (15) RANAIL (17) WIEA, ZERAAG 5 0 WA B G0, Al 2R GEAE TR el 256 1 1)
Lyapunov 8404
A=A+ ne= A+ %nm (18)

.
o, A, FARRIEIRAHY Lyapunov B, n, 2R H, ng F7AF 4 Gaussian(0,1), R, 4 Ll
BT RE T, 264 2 FOSH AT, 76 k = 0.5, 02 = 1075 [I460F T, A, = 0.1815, R, — 0.137.
T A MBI A AT 22 10 A5 L, KRR B IOBER 0. TR Lyapunov
HE MO ARFIE I 4 R
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Table 2 Statistic results of the Lyapunov exponent for a chaotic state

Fy h n Mean value Standard deviation
0.7193 0.01 0.1815 0.0140
0.7185 0.001 100 0.1803 0.0138
0.7180 0.0001 0.1838 0.0135
0.7193 0.01 1000 0.1835 0.0040

10000 0.1839 0.0013
-3
5. 0><10
0.2 AP A om A A ANA 45 I n=100
‘E . 40 | - 7’l=1000 i
s ol 2> Il —— 1=10000
8. % 3.5 l 1
5 < 3.0 J‘\
z 02 Z 25 |
= =) |
2 -04 g 20 1 |
g e L5 yl
< =10 i g 1
0.5 ‘_‘/—Y\\_\
0.8 . . 0 ol S NS =S,
0.7190 0.7193 0.7196 0.13 0.15 0.17 0.19 021 0.23

F Largest Lyapunov exponent
4 Ri7SH Lyapunov IE# S H

Figure 4 Lyapunov exponent distribution for a chaotic state

3.3.3 KRERBEHSHE Lyapunov B9 45t

KRIJE NS 5K Lyapunov FEEURMNIIMEA N 0 MIEZSAR, LML N, 3 SR
IR A WA SAETHAER,  WEES F. 7K, W5 RN CR. J5 225 KRR n B,
SN RBOELE. BT DUE Y AR R R R BAZS 1 8)) ) 2% R 40 0 T8 75 AU ).

Bz (13) F1 (14) ARANAI (17) W50, RFARTTZE 0 o0 [HI N A5 5, Kl R GE A KR
A H Lyapunov 8804

A3 =N +mn =N+ R\l/\?/fnm (19)
i N RN KJUE R Lyapunov F8E03YME, ny RonILme s Ry A LB, n A RAERT ]
B, b RFENRG. i A B A OREIASEUE. 76 k= 0.5, h = 0.01, n = 100 5T, \; = —0.1005,
Ry =19.1. T N HEHAR 72 10 5 0L L, PRIAE RRRE R A ZS BRI 3 A 0.

N 5 F WORART DO MR A 1 13k, HA Y
ANo=—aF, + by, (20)

Hodr, ap A b, WSS RIS F = 0.7199 — 0.7205 S8t 145, a; = 12.2809, b, = 8.7454.
¥ (20) FRARK (19) W15
RiVh
vn

A3 = —aqF, + b + 09- (21)
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Table 3 Statistic results of the Lyapunov exponent for a large-scale periodic state

Fr h n o0 YIE PR =

0.7203 0.01 —0.1005 1.91e—4
—6

0.7195 0.001 100 10 —0.0989 1.07e—4
0.7190 0.0001 —0.0963 5.22¢—5
0.7903 0.01 1000 106 —0.1014 5.59¢—5
10000 —0.1015 1.80e—5

-7 _ —
0.7203 0.01 100 10 0.1005 6.67e=5
108 —0.1005 2.04e—5

USRI A i AN 7 (W S5 T FRYISR BN T R s, al DR S Ak s 5 RRIYISRE sl ) Sk, B

ofF = Rl\/ﬁa
£ al\/ﬁ 0

AR 3 IS4 T4, op = 0.015600, RN I VR 2 400 7 i T8k 17 K4y 18 dB. Higy
it 5 Fros.

3.3.4 IR 7SH Lyapunov 585 4t

TR S S H) Lyapunov ¥8 80 LS, n] LI¥E F. Fll Lyapunov 553G A — K RFERIR @2 o
%. 5 F M 0.719 854 757 750 12 284k F] 0.719 854 757 750 14 Fid FEH, Lyapunov 85 IFECF
Bzt g, HARWIE 6 Pos.

B AL (13) B (14) AR (17) w50, X TARTT 228 oo BV FAR 5, KD RS AE G S Hn
H ) Lyapunov $8E0CH

(22)

R,Vh
Ao =Ap+np, =X, + pf\/ﬁng, (23)
o\, RORIEIESN Lyapunov ¥8E09ME, n, RonHLEEE R, HHHEIHE T, n R, A
FoRKHENRG. N, A5 F, Ak, HHEM . £ K=0.5, F,=0.719 854 757 750 125, h=0.01,

n =100 M4, A, = —0.007019, R, = 1.019 x 10'3. X FiZ$REI LRI A T LU L A RE R
Ap = —a,F + by, (24)
Hrr, a, Al b, AWESHL WIEE 4 G041, o) = 5.256 x 1012, b, = 3.786 x 1012,

o —Rp\/Ea
F=

MR BB 2SR, op = 0.019400, EEUESAE R RE B G2 R AR — 2L

(25)

3.4 Lyapunov 1EERIBIERFit45 4%
Srér AT LU SIAR (17) 0 AR SH S
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Figure 5 Lyapunov exponent distribution for a large-scale periodic state
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Figure 6 Lyapunov exponent for a critical state

R 4 IGFRSH Lyapunov 358 4tit4E

Table 4 Statistical results of the Lyapunov exponent for a critical state

F, h n o0 YA Frift 2
100 0.007019 1.019e—3
—28
0.719854757750125 0.01 1000 10 o 3.364e—d
10000 0.006927 1.613e—4
—29 _
0.719854757750125 0.01 100 10 0.006964 3.352e—4
10—30 0.006979 1.568e—4
R
)\12)\0+7%n0, F < Fy;
R,Vh
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Horh, g, = 5.256 x 10'2, b, = 3.786 x 10'2, a; = 12.2809, b, = 8.7454, R, = 0.137, R, = 19.1, R, =
1.019 x 103,
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4.1.1 Neyman-Pearson EIE
ARSCAE ] Neyman-Pearson #EN] O SRR G810 9915 58000 i) HEAT 0B, 0 T—— A5 54
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(27)
Hg: z(t) = Acos(wt) + ne(t),
H, ng(t) ~ N(0,00). HRHEA (16), X Hy, BATES: n A, HEE & XASK45 RN T F bR
B IR

{ Hy: () = ng(b),

{ Hro: F[K = Fy + nplkl, o9

HFI: F[k]:Fr+A+nF[k]a
A np(t) ~ N(0,0p). BT Flk] REENERS L, ATLUEN F 5 Lyapunov $i8 82 [A] RIS 5C 5
KIEATHI PR, X T Lyapunov FaE ol nl LLEIE N

{ Hyo: A[K >0, )
Hi: Ak <0,
A LA HEERCh
{ Ho: F[K <P, .
Hj - F[k] > Fy.

ARG 55 T Lyapunov 850504 <k W&l 7 Fios.
4.1.2 [EEH=ER

M P(Hj; Hyo) KBRS TAEAERNG THIZAE T, Lyapunov $850KT 0 MHEZE. T ny IRk
MIEZS 3 A, KD 22 G ) R B
Py = P(Hp; Hy) = P(F[k] > Fo; Hy) = 701 exp |:1(/€ —F, )2} dk
fa ’ S ) s J \/m 20_% T

Lerte (szaf ) - %erfe (zl*/\/%Ff/;j’“). (31)
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FEARRAL RS h MERRSES I IAE F, TR ERLR. F. 5 Pro ZIEISCRTTE PR:

RvVh . 4
erfc
al\/ﬁ

Fr:FQ_\/iUO

(2Pyq). (32)
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Figure 7 Lyapunov exponent distributions in weak signal detection
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Statistical approach to weak signal detection and estimation
using Duffing chaotic oscillators

JIN Tian* & ZHANG Hua
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Abstract In this paper, we describe the statistical characteristics of weak signal detection by a chaotic Duffing
oscillator, and present a new method for signal detection and estimation using the largest Lyapunov exponent.
Previous research has shown that weak signals can be detected by a chaotic system. Many researchers use the
Lyapunov exponent to flag the detection of a chaotic state, but our research shows that the Lyapunov exponent
follows statistical characteristics, and therefore more factors should be considered in flagging chaotic weak signals.
Here, we analyze the statistical characteristics inherent in the Lyapunov exponent calculation steps, and build
up a statistical model for different chaotic states based on simulation data. Furthermore, we provide expressions
for false-alarm and detection probabilities, selection of driving force threshold and detection of signal-noise-ratio.
Finally, we summarize the method of signal amplitude estimation. Our research indicates that the performance
of the detection system is related to sampling times and intervals, in accord with the theory of statistical signal

detection.

Keywords weak signal detection, Lyapunov exponent, chaos, Duffing oscillation, statistical signal process
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