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1. Let R(x) denote the number of lattice-points inside and on the circle
x*+ y2=1¢. It is easily proved that as t—> oo, R(¢) ~ =nt, and in fact that

R(t) = =t + O0*) (1)

for some values of ¢ less than 1, It is a question of finding the lower bound,
&, of the numbers & for which (1) is true. The best result hitherto obtained

is that Féi—‘g. This was proved by Loo-keng Hua in 194211, Tt is

the purpose of this paper to prove that & << ;—% We have at the same time

wyyiirigat 3

2, Let

Af(x, ) =fx+m+mm+m,y+m+nm+n) —
— Zf(x i+ myy o m) + ZHx A+ my, y + m) = (%, ),

and let

G(x,9) = A(/x*+ ¥, X = 6mmym;, Y = 23 mmmn;,
Z = szlﬂzﬂj, W = 6?1_\??3?13.

Let 72; = O(%), n;=0(n) and max(x, y) = L. We havel!}

— 3
G,xG’, - ‘J:y - WQ(X, Y, Z, -‘V) +
(X2 + Y2+ 22+ W?)
+0o( = :

* First published in Chinese in Acta Mathematica Sinica, Vol. XIII, No. 2, 1963.
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where
QIX,Y,Z, W)= (8x'+ 6x**+ 3y")y’X* +
+ 3(4x* + 4 x* 4+ 21 x%' 4+ 6 y5)Y? +
+ 3(6x+21x'y+ 4% + 492 + (3x' + 6x% + 8 y)xW? —
— 2xy(Bx' —4x*? + 3y )XY — 2xy(3x' — 4 x*y* + 8 y)ZW —
—2(2 %5 + 20 x'y* + 9 ¥y + 6 )X Z —
— 2(6x5 + 9x'y? + 20 x*' + 2 y9)YW +
+ 2(4 x' + 3x% + 4 y)xyXW — 90 X*y*Y Z,
We begin proving three lemmas,
Lemma 1. If x>y, then
QX,Y,Z, W) =10"{x"(yX — xY )’ +
+ Y (yY — xZ) + xM(yZ — xW )},
Proof. We begin proving
Y!>XZ, Z2>YW.
The first inequality follows immediately from the following identity
Y? = 4[ 2 mmyny(ommn; + mymny + mmm) +

1
+ —;— (rmymany — mymsny )* + 5l (rmmgn; — mymym)* +

+ “12—' (mmmsn, — mamym )* + mimamymng +

+ mymimamn; + mgdmamm ) = XZ +

-+ —;— (mymmgny — mymsny)* + —; Gy — mamsny )? +

+ ';— (mmsny — mymsmy )

and an analogous identity proves the second inequality,

Case I, Let yX — xY = ax¥, la| < -;—, and let

QX,Y,Z,W)=(8x*—4x+ 3y")(»X — xY)* +
+ (3x' — 4 x3 + 8y ) yZ — xW ) + 42 Py (yY — xZ ) +
+ 10 ¥ y2X — x*Z)* + 6 y(y*Y — W) +
+ (9x'y* + 8xy' + 4 ) (22— YW) +
(42 + 125 + 123y + 4 )Y — XZ),
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then we obtain

QX,Y, Z,W) =QuX,Y, Z, W) +
+ {4 x'y'W? — B x2y'YW + 8xy'Z2 + 8y(Y?  — XZ) — 12 XYW +
+ Bxy’XW} + {— 6x*YZ + 9x2Z2 — 9 x'2YW + 6 x393XW +
4 63 (Y? — XZ)} + {4 x'92Y? — 8 x53XZ + 8 872 — 12 SYW +
+ 8y XW} =Q(X,Y, Z, W) + {4 y(2*W — y?Y)* +
+ (4 + 8a) + (4 — 8a)]x*y'Z2 + 4 Y2 — 8 yX Z —
— (4 — 8a)x 'YW} + {3x}(yY — xZ)* + [(3 + 6a) +
4+ (3 — 6a)]x*?Z? — (3 — 62)x'Y’YW + 3 x*y'Y? — 6 x'XZ} +
+ {4 x*'y*Y? — 8x*XZ + [(4 + 8a) + (4 — Ba) ]x82% —
— (4 —8a)xYW} = Q(X,Y,Z, W) + {4Y* + (4 + 8a)x?y'Z? —
— 8y XZ} + {3x1'Y?+ (3 + 6a)x'y?Z? — 6 x*y'XZ} +
+ {4 x'*Y? + (4 + 8a)x®Z* — 8 x'y’ X Z}, (2)

Then on introducing
xZ — yY = Ra(x2),

we have
YX =1+ a)(1 —pe)x*Z, (y’X —x*2) = (1 — ga — 8)**2Z2,
vy =1=8xz. (3)
1+«
Yl — Xz = ¢~ B¢y (4)
1+«
We may suppose Z > 0, otherwise from (2) Lemma 1 follows clearly for
la] < L.

2

Case Ia, If |[g] = 1 then x*y*(xZ — yY)? = o®x*y* 22,
Case Ib. If |p| <1, it follows from (4) that « << 0, (otherwise Y?—
XZ < 0),

Case Ic, If —

<a<0and §=>0, then y=~xz;::—1 * _xz,

+ a

1
2
Case 1d. If-—%gago and ——;_-s:ﬂgo, then

c

_2(1 -+ aj

3

(PX — 2V = ox'Z, Y —XZ >

and if — % <e<0, g --% then (y’X — £?Z)%' > iz—gxbzz - al.
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Case Ia, If % = a =0, then we have

{47+ (4 4+ 8a)x*y'Z> — 8 y°X Z} +
+ {3x9*'Y? + (3 + 62)x'y*Z? — 6 *¥*'XZ} +
+ 7YY — xZ) > {4 9Y? + (4 + 8a + 4a)xy 22 — B YXZ) +
+ {3x%'Y2 + (3 + 6a + 3e®)x'y*Z — 6 *y'XZ} =

= {4ls-—-—¥~2——~—8y"XZ + 4(1 + a)’x’y*zz} +
x* (1+ a)?

6
+{3—-l-——X3—6”XZ+31+ 2yt 22};0.
o X6 (1 + a)ix'y?

{4 x'y’Y? 4+ (4 4+ 8o)x*Z* — 8 x*'y?XZ} +
+ 6 x'(yX — xY ) = (4 + 62)x*y*Y? + (4 + 8a)x*Z? — 8 x'y)X Z =

_ (44 60

0+ oy x*ytX? — 8x*XZ + (4 + 8a)x*Z2? = 0,

Case In. Ifw—;-__qago, g =0 then

{4 5Y* + (4 + 8a)x*y'Z2* — 8 y*XZ} +
+ {3x3'Y2 4+ (3 + 6a)x'yZ' — 6 %' X Z} +
+ {4 x*9*Y2 + (4 + 8a)x*Z? — Bx'y’XZ} +
+ (8 + 6% + B8x'y )Y —XZ) =

L]
2{4 Yo X2+ (4 + 8a “zzus(1+ < ) °XZ}+
(1 + a)? ( @)Xy 14+« Y
oy X __(,(1+ o )x’y‘XZ+(3+6a)x‘y‘Z’}+
(14 a) 1+

r
+ {4x’y*ﬁ —8 (1 + -2 a) SYXZ + (4 + Sa)x“Z’} > 0.

Case Ie, If —léaéo, g << 0 then

2
{457+ (4 + Ba)x¥y'Z: — 8 y°XZ} + 4x(p*X — K*Z) +
+ {3x'Y2— 6x'XZ + (3 4 6a)x*y?*Z%} + 3x(y*X — X*Z) =

]
,>,{4--—3——---x=+4 1+ a)x3y'z2 — 8 XZ}+
(1 + a)y (14 e)ey s
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2
+ {3 y® (—1-%(—-‘-——)—2 — 6x%'XZ + 3(1 + a)’x‘y‘Z’} =0.
4

If -—-%—éﬁéﬂ then
{4xY2 + (4 + 8a)x* 22 — 8 x'y’XZ} + (4 x5+ 12 x*y ) (Y2 — XZ) =

Xz
_,2 4xzy1(—1:¢—)—2 - 8(1 + 1 —(:-a) x‘yzxz + (4 + Sa)xszz}.- 0-

If g< —% then

{4 x**Y? 4 (4 + 8a)x%Z% — 8x"XZ} +

2
+ 33X — RZ) > 4xtyt ?1—2‘::? — 8x'2XZ +

+ (4+8a+%§a’)x°2220.

Hence, for — %-é_ ¢ << — Lemma 1 follows clearly.

le—l

Case II. Suppose yX — xY = axY and a = -%- then we have Y = 0,
Case ITa. If W = 0, then we have

QX,Y,Z, W)= {10x»'X>+ 18x2> — 26 x*y’X Z} +
+ {(Y?— XZ)(4x* + 14 x'y? + 18 x¥y* + 12 %) +
+ 45 2%y (yY — xZ)* + (8x' — 4 x99 + 3 yH(»X — xY)* +
+ (2xy =3 + 47+ (3x' — 4 x% 4 8y")(yZ — xW)*} +
+ {(15 %892 + 16 32 + 4 19)Z2 — (9 x9% + 22 x%y* + 4 ) YW} +
+ {2 9Y? + 10 £*y’W? — 6 'YW} +

+ {(3 4 65y 4 8xy)W (yX — —;'- xY)},

From yX = % xY the result follows clearly.
Case IIb. If W << 0, then we have

QUX,Y, Z, W) = {(1.5x' — 4 x5 + 3 y)(3X — xY)? +
4 6 95Y? + 10 x990 Z2 4+ 12 Y872 + 45 x23(yY — xZ)* +
+ (2% X2 — 35X Z + 2x*'Z%) 4 (4x° + 16 x*y? + 15x%* + 125%)-
(Y2 = XZ)} + {65x(y9X — xY ) 4+ 25| W |2+ 12 xY | W] —
— 83y X|W|} + {(0.5x* + 6 x*y* + 8 x*y")W? +
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+ (8 x*y'X? — 24 x"*XZ + 18 x°2* + 18 x*y*Z?%) +
+ (18 x*y2 + 40 x*y*' + 4 )Y |W| — (6 x¥y2 + 8 xy*) - yX|W]| —
— 2xy(3x' — 4 x5 + 8 y*) ZW ).
Also we have
659X — xY) + 25 8| WP+ 128Y |W| — 8 x°yX|W| =

2 8a—4 ,
= 5% :‘_a)zxs— I“+a Cy|WIX + 2.58|W[*>0.

Case IIb,. Suppose that W << 0, Z =0 then — ZW = 0. Our lemma is
also obvious if @ << 2. Suppose that « = 2 then
3x29t X = 3 x99 XPY?) = 27 2Ny X Z,
and
5 x*y*X? + (6 x*y* + 8 x2y")W? — (6 x*y? + 8 xy )X |W |y > 0.

Hence the lemma follows.
Case IIb,. Suppose that W << 0, Z << 0 then — XZ > 0. From

8 xy'X? + (5x'y* + 3 xyHW? — (6 x*y* + 8xy' )yX|W| =0,
(P 5323yH)W2+ (10x8 + 18 x'y) 22 — 2 xy(3x* + 8y)HZW = 0,
the lemma follows.

Case III. Suppose that yX — xY = oxY, where — 1 <o — It is

NI-—A

easily seen that Y = 0.
Case IIIa, Suppose that W =0, Z > 0 then xY = 1—-2:{— = 2yX.
4

Case Illa,. Suppose that 3 yX = xY = 2 yX then we have

QIX,Y,Z, W)= {(15x—4x} + 3y )(3X — <Y )* +
+4x8(Y:P—XZ)H+ (3% —4xy + By )(yZ — xW) +

+ 45 x5 (yY — xZ)*} + {2(4 x4+ 3x%9 + 4 y)xW (}'X - ——;—.ﬂ’) +

s

+ ( 9-«3—x"—+— 9 xiy? + 16x1y*+4y")(22 — YW)} +

+ {6.5 (X — xY )P+ 10 X% + 9 x'yY?2 + 8 ~§— x8Z — 40 x*y‘XZ} +

+ {7 Y2 —Tx'yIYW + 2 x*? W2} + {15x29'Y2— 18 x99 X Z + 3x*y2Z%} +
+ {3.5yY% — 12 "X Z + 3x'y?Z%} +

+ {14.5 PY? + 8 x'yW? — 21 --;- x=y*Yw}, (5)
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By using yX > —;—xY, x?Y? = 4 y*X? it is easily seen that the Lemma 1 follows.
Case II1a,. Suppose that xY = 3yX then

QX,Y,Z,W)={(15x—4x%+ 3y)(HX — xY)* +
4 (12 + 10 *y?* + 16 x%y* + 49)(Z2 - YW) + (3x* — 4 x*y2 + 8 5%) «
- (yZ — xW ) + 45 x4y (9Y — xZ)* + 4 x(Y? — XZ)} +
+ {6.5x"(yX — xY)?* + 10 x9*X? + 6 x*y?Y? — 40 x*y’X Z + 6 x°Z%} +
4+ {15 *y'Y? + 5 x*92 2% — 18 x19'XZ — 12 X Z} +
+ {204 x*+ 32+ 4 yH)xyXW} + {18 Y2 + 8x*y'W? — 24 x%y'YW } +
+ {10 x*y?Y? — 8 x'y* YW + 2 x*y?W?},
By using (xY)?>= 9 »*X? it is easily seen that Lemma 1 follows.
Case IIIb, Suppose that Y >0, W =0, Z<0, It is easily seen that

the Lemma 1 follows.
Case Illc, Suppose that W << 0, then from (5) and the following

inequality

2(4x* + 3x%y? 4+ 4y )xW (yX — —13— xY) +
-+ (9%::6--1— 9 x*y? + 16 x*y*' + 4y")(22— YW)>=0;

our lemma follows.
Case IV. Suppose ¢ == — 1, then we have X = 0. It is easily seen that

Lemma 1 follows.
Case V. Suppose o< — 1, then we have Y<(Q. If W =0, then
— XY, —YW, XW are positive. It is easily seen that the Lemma 1 follows.
Case Va. If W< 0, Z< 0, then by using Y <0,

QIX,Y,Z, W) =2xy(8x'— 4x*%*+ 3y¥)X|Y| +
+(05x* —4x%2 + 8y)(3Z — xW )P + {(4x°Y* + 4522 —
— 8x3YYZ) + [(4x8 + 12x"2)Y? 4+ 16 x*y'Z2 — 32 x*y’YZ] +
+ (63 x%y'Y? + 10 x'y?Z% — 50 x*y’Y Z)} +
4 {(18 %8 + 50 x9?)Z2 — (12 %5 + 18 x'y? + 38 x5y )YW} +
+ {(3x5 4+ 65)Y* — (2x% + 4O)YW + x'yW?} +
+ {(6 =% + 3y)yX? + 9 x'yW? — 2(3 xy + 4 y)xyX |W |} +
+ {(18 32y + 12 y9)X| Z| + 0.001 x*32X? 4 Y2 + 12 y5Y2} +
+ {25 x*(yZ — xW )P + (4 x5 + 40 xy)X| Z| +
+ 7.999 x'y2X? — 8 %y X | W | }.
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Suppose that x|W| — y|Z| = gy|Z|. If p < 4.5 then
(4x5 + 40 x*y*)X|Z| = 8 x*>yX|W| and the result follows clearly.
Suppose that x|W | — y|Z| = gy|Z|. If 4.5< B <9 then
7.999 x*y* X% + 2.5 x(yZ — xW)* + (4 x° + 40 x*9)X| Z| — 8x*yX|W | =

, 2558 BV _ 44
>7.999 <1y%0 + 2550 L (8 o

> 7.999 x* ‘X‘+25x°(42) W? — 3.6 ¥yX|W| > 0.

)x’- yX|W| >

It =9 then

44 )x’yXIW >
+ 8

2
7.999 x'y2X? + 2.5 x"(—*g——) W — (8 —
B+ 1
> 7.999 xy2X? + (2.5)(0.81)xW? — 8 x*yX|W| = 0

Case Vb, If W =<0, Z2=0 then on noticing ¥ << 0 we see that —Y Z,
—WZ, and —XY are positive and we have

{(2 xy* + 39y X% + (6 x%* + 8 y)x*W? — 2(3 x*y + 4 y)xyX|W |} +
+ (7.5 X? — 839X |W| + 2.5x|W|*} =0
and

(755 4+ 45 5%y )Y? = {7 x5 — 2 4/7-45 x' + 45 5%} Y? + 2 /745 x'y?Y?,

Now our lemma follows from Y*>= XZ and Z! = YW.
Hence in any case, our lemma is correct,
Lemma 2. We have'!

= (x4 )3 {(— 60 x*y% + 45 xy‘)(-—é—X) +
+ (24 Xty — 72 x%y + 9y’)(~;—Y) + (— 6% + 63 x3% — 36 xy‘)(—;uZ) +
+ (—36x'y + 63x%° — 6 y’)(—é—W)}_

Lemma 3. We assume that there is one or more than one m; such that
m; = t'n; where € is an arbitrary positive number, then we have, as t — 0;

QX,Y,Z, W) =107 x(Y* + Z* + W?),

Prove. Using

Z= %YW = 4{(”1’32?”3): + (”1?33»’”1)2 + (??lﬂsmz)z} = t'wn, (6)



we have

(X,Y,Z,W)=(8x'+6x+ 3y)y*X> +
Q
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+ 3(4xF+ 4xty 4 21 %%+ 65)Y  + (3 — 1072)(6 x* + 21 x*y* +-

F 4Py 4 492+ {(3 + 1079 )% + (6 + 1070 ) x*y? +

4 (8 4 1079 5)x?y* 4+ 1072 1595} W2 — 2 xy(8 x* — 4 x*2 + 3 yHXY —
— 2xy(3x* — 4x%2 4- 8y ZW — 2(2x* 4+ 20x*y* + 9%y + 6y9)XZ —

- {(12 12, {}"m)  + (18 42, 10-10) x'y? +
3 3
+ (40 ~ _g_ : 10-10) (4 — £ 10*1") 6} YW +
+ 2(4 x* + 322 4+ 4 yH)xyXW — 90 X*y*Y Z.
Since 1 — 00 and (8 x* — 4 x¥y* + 3 y)(yX ~— xY ) = 0, we have
10 x?9*X? 4+ 17 %522 — 26 x*y*XZ > 0,

45 x*y (Y — xZ)» =0 and Y*=XZ. It is easily seen that Lemma
3 follows. y ‘
3. It is known that 1
1:d |
o _ 371 E
j (R(n) — an}ydn = L > r(v) Jo{2mfot}, f
0 ® gy U 7
where r(v) is the number of solutions of the "
" Diophantion equation 7
mt 4+ nt =, |
u B 1 *
Evidently, we have e T
j' {R(n) — mn}dn = 2 S Lal2n/ (£ 4 i)
0 x=1 ¥=0 x* + J’z ’
Let C denote the region bounded by heavy lines in the figure and C’' denote

the remaining part in the first quadrant, It is easy to deduce that, if

0<a<1 (hcrc U—E)
37

(xz 4 y2)1n"2

+ = {ZZ ns{2n (1t y)m} }’ =2+ {Z;H.

x+y

\.mu {R(n) — an}dn = 4-\‘:*‘" Z Z 1/?}1{2“ (] dn +



642

Here we have

. — 1
{2 ‘/;;} _ sin {27{\/0?2 — 'I:rr} N o(_l_._,,)

(vn)"* (on)*

Hence

Si= o ([ 1ew1ntan ) + otethy,

where
e.’.u \f(.\'"i'y’)n

ORI I

=" < n<t 4+ 15

Similarly we have

S, = Oln* ()|} + O(F),

where

{p( ) Z ezni J(x“"‘}‘z)u

n) = _—_

! o (xk _+_ }.Z)iﬂ
F—ttspE A"

1t
If x << 1% then

iVt | ks 1
at <t 1 -
| ZZ (x* + yz)m[ x{.‘zl'm = (x4 )
x(;llﬂl
< 1 o 1\

<t 3 (Nmt 2N )

e V=1 y=x+1 ¥

RIS 12
= o(ni > x-%) =0(t'®) =0(M).
xge T

11

The same result holds for x << 7.
is
If x = ¥ then

leﬁf(t‘lﬂi)n i 3 1
ZZ (x: + 9| <n' Z O(F) =

M

3
nt

,}‘LI}N

3 s 2.12

— Oy = 0(¢7) = 0.
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15

The same result holds for y = #*. Let D be the region common to C and
u 1

the square " < x, y <", and D’ be the remaining part of the square. Then

11

1 e N N
n*|p(n)| = rerae ik O(#)
and
] ( ) %1 zm«faeh.a)n O(fl’_:
n“ $(n n + ).
‘ (x + y )5}'4
4, Now we consider the sum of the form
N zi\_;
S = E_,Za:'f(x,y))
22
where
f(x, ) = V(5 + y)t.
Write
N
Z Z ¥ i y) Z Z £ y),
x=N ¥y=M x=N y=M
=y -

The estimation of the first sum is similar to that of the second. Now we
estimate the first sum, Let L = max (x, y) satisfy the condition

11 5
!ﬂ é L g 371'

1
When L > &0 , from Formula (23) of [1] we have

7 l
S =0{L"#(logt)* }
E 1—«2.55
Now we only need to consider < L <! . Using Lemma 2 of [1]
three times, we have

S
4 pi—1 p_é—l

S=0(L% %) +0 [L% o> {Z

i=1 ‘m=l n=0

Ps=1

(= =)=

I, 0t
7 pe=] p==~]

= 0(L% -*)+O[ Lo Z{Z 2. X

=1 "mi=1 n;=0

<S5 & Sy,

=1 ng=0 ﬂl ng=0
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Here

1 8
S = S, = EEUD, o= FTLP,
o(x,3) = VAR5,

and S, i =2, ---,8, are similar sums. In §5 we shall prove that if W == 0
2
and L < 7" | then we have

|$9] « L7 dw,
If W = 0, then we have!!

IS9| « L2713 X2 + Y? + Z2]~%,

Hence we have

S =0 L’p_%) + Of L%(L"z t’lf ps.s>’é] -
1

8 —
= O[L¥L" t—“

1,8) =0(LBA1, (N

3 3.8 % 1.1
" = :

_1 1
Y14+ O(* L
5., We consider the sums of the form

S = Z e2xiv(x, )
MIY<IM N<x<IN

and divide the sum into two parts, namely,

§ = Z Z 2 M= y) Z Z eIz )

MIY<IM NQS*<IN MCYSIM NSx<IN
>y <y

We shall give a method to estimate the first sum and the same method can
1
also be applied to the second. Here we shall suppose that L <% — |
We divide the domain D(IN< x<2N, M<y<2M, x>=y) into two
subdomains, @ We define a basic domain consisting of the points (x, y),
N<x<2N, M < y< 2M given by
<

lyX — xY| < oxY, |yY —xZ| <BxZ, |yZ —xW| < yxW,

where @, £, ¥ denote arbitrarily small positive numbers, The domains which
remain after the removal from the domain (N<x<<2N, M<y<2M) of
all the basic domains will be called the supplementary domains. If (x, y)
belongs to the supplementary domains and W = 0 then we have

QIX,Y,Z, W)t > LWk,
If W =0, we have on using the results of [1]

QUX,Y, Z, W)t > LN(X + Y + Zt + W)t
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Hence we may apply Lemma & and Lemma { of [2] and also use the
method of [1] to estimate the sum, This will prove our result, Hence we
need only to estimate the sum in the basic domain. In the basic domain we
can see easily that

LW < |deel K LHX + Y + Z + WA,

Let S, be that part of the sum S which corresponds to the basic domain.
Now we estimate the sum §,. We have the inequalities

LWt & |poel K L(X +Y + Z + W2,
|| K BL(X +Y + Z + W).

The domain Dy can be divided into O((log ¢)*) subdomains, such that in each
subdomain we have

1 1
" & |¢] < =’

where
FELX 4+ Y+ Z+ W)« RL LW,

Let Dy, be any subdomain, We divide the subdomain Dy into two subdomains
Dy, and Dy;, such that Dy, contains all the-points (x, y) of Dy, satisfying

[yZ — xW| « LW,

and Dy, contains the points not belonging to D,;. We use the notation Sy
to denote the partial sum of §; which corresponds to the domain D;;. The

notation S;; denotes the partial sum of S, which corresponds to the domain Dyy,.
11 3t IS |

Here we take L*=L*W?p * R Y, p=1¢ " L",

We may use ordinary method to estimate the sum S;,, namely, letting
LY .. > 1 and using the Lemma 7 of [3], we get

1 10.5

1133 11 ot
Sy K L - L2 « L3L *W 2p? (o™ L7 *)Y K L*W 2p ! 12,

o8 |

Also, when LY¢,. € 1, we have
Su << L - ¢a? & L(L™'Wh) ™% « L'W—¥r3,
Now let us estimate the sum §;;:

Sy = Z Z N )

¥ CuyIgx<Caly)

where C,(y) and C, (y) are linear functions of y, i.e., C,(y)=ayy + 8.,
Cxy) =y + 82, and we have y<<C(y), Cy(y)<2L. For any x
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belonging to the interval C;(y) << x << C,(y), it must satisfy the condition
lyZ — xW| » L**W, Using Lemma 6 of [3], we have

S12 = Sy + Spu + S,
where
512[ == e:i’ Z Z gZ’iﬂ(}IJ/'J‘»{’xx(nﬂ(y)) }‘) =
¥y e lysese,ly)
_ e.:i ] 2 iem (), y)=om,(y)
Yo ly<ece,ly W/(L'xx(”n(y): J’)
Spu < D, (L + R)L™ &« (L + R),

¥
S K Z '\/E « L -\/E,
¥

3’1(}') = ¢'c(cz(}'), J’): Uz()’) = d".\'( Cl()’); J’)-

Here we put also ¢,, << 0. For a given v, let ¥ run through all positive
integers such that 2,(y) < v and ,(y) = z. We shall interchange the order
of summation in question, Since the number of solutions of z(y) =v or
vy(y) = v is at most finite, and v;(y) and v,(y) are continued functions of y,
it follows that the solutions of y satisfying both 2,(y) < v and v, (y)=v
consist of a finite number of intervals on the y-axis whose end-points are
positive integers (whose length << L). Considering now the values of y belonging
to one of the above intervals, we have

Z Gr0) 1
¥

Vou(n (0, 9
n(y) = g(n(y), y) — on(y),
7 (y) = dy(n(y), ¥),
7(3) = (Puxbyy — P2 )0 = H(m,(3), )Pz (1,(9), ).

For these values of v,7,(y) satisfy the equation ¢.(x,y) =v. For any given
y, it must also satisfy

uly) <v<oly).

When v =uvy) = ¢ (C(¥),y), we have n(y)=C(y). When v=

(%, 9) < vy) = &(Ci(y), y), we have n,(y) = Cy(y), where ¢, <0.
Similarly when v = v,(y), we have »,(y) < C,(y). Hence we have

Cily) < n(y) < Cy),
namely,

|yZ — n, (W > LW,
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From Lemmas 1 and 3 we have

H(n,(y), y) > LW?* L™,
where we put

1 1 -1
L~ —= L-—lwr-—-lpi.SR'f > L_IW_]‘|(33‘5 ({IPS.S L--i) ERN
3.5 _1 35
S>Le?t ‘W Lp *t *>» (/L)
and
1 s L
P = (t“ii Lii)a.?s & P L33,
W2 7 2( X+ Y+ Z° + W),
Also we have
 H(n,(3), y) € L7(X* 4 Y2 + Z' 4 W),

Hence from Lemma 7 of [3], we have

St L« L(HezH Rt + (HesH et «
v Vber(n,(3), ¥)
& L(L™%")3R + (L™%W2)~%,

And the number of v does not exceed

1
L eel + [dayl) « L73p™¢2,

Hence we have
. 1 1 1
St & (L(L™376)2) L= ¢2 (L='W )1 +
=1 1 1
4~ (Lﬁs-za w2 t) 2z L—:apa.stz & L2 P? t}‘W—l 4+

1
+ LYWW L L7272 W +
3131 L
+ L*W *p? (L)' <

10.5

L 1 1 1 == 1
K LW+ 3 LW 2p ! & L% 2W,
by using

1 1 1 10.5

1 11
L2 W=t > (S LAW Ip

_33 _1 ;105
L *#*W *p * »1,
_3 3 2-10.5-7 5 3 108
L %p ¢ =] 3% > 1,

~L_, 8 1033 5
(i 15 L!S) L] tSL 2 >3 1,
4521 105, 300—168

2 25
t 120 4 > L 120 s i..C., L & t"
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Hence we have
Sen € (L + R) € L + LW « L-3dw,
S € L4/ R € L(L=W#)~} « LW « L278w,

by using

i 1 1
L270TWr > L, 7> LW, o1 L3,
_1 1 I'i—'l' 28
(f T Lls)s St‘f — 30 Llstmj o5 > La

17
LR = 2.

® T D LY e, LK#

L]
=5
It is easily seen that the above expressions are satisfied when L « #' ~ , and

1 _1

L0 TW™ > LW 2, g > LS,
L, B LI 036 £l .
(P LBY > LS, 8 »L® =L"% e, L&KM

]
—=%e
It is also easily seen that the above expressions are satisfied when L <« £,
y p
and
1 _1 __l_
—1P?tiw—l » LYW %t :
.,l_g 14=3.5 L k-—s.s 3
(¢ ) ? L“) t' > L3
B2 o5, b
N PNy £
2_4,1“;’. 300168 1—1.5(,
T »L Y | je, L&

In any case, when L « t%_m‘ and W # 0, we have
§ < LW,
When W =0, it is known from [1] that
S & L[ X? + Y? + Z7]73,
6. The proof of our result, By (7) and Lemma 1 of [1] we have

ghlJ{xl-hr’}: %_3 1 ds 7 l+la
ZE = Oo(LB 1@y = oo,
[CEEok
and
:-w’ (s +y)e Ly B 1yl

22 =0(L "’:’”’)-—O(L”r’“’)

( x’.l I)SH
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1
—=2.58

if max (x, y) < 1 . By (25) of [1] we have

2w (30 JUE I S
2 G oL,

(2 + Y

. 1—2.59
if max (x, y) =
Now we divide the sum into some parts, i.e.,

zmv’(xa-ryi)r i

ZZ (xz L _ i Z {Z 2= 24y }

P=1 g=1 " gp~1 ,g-1 (€ + y ) .

We have from the figure that

' 1 £ 0 1 1.€

F=1 g=1

12 113?1 12

13 1
+ O(£7) = O(¢* M ) + O(F) = O(r3’ ).

Similarly we have from the figure

¢ o Ly
7| o(n)| = o[ﬁz  fmax (20,2 ot

p=1 ¢=1 "here max (29, 2°) < ‘ﬁ—z.so

0 -3 1
RN {max (27,29 } U ta%‘%] -
p=1 a=1 "here max (27,24) >t fi-se

Bilﬁll 3131

— o[ P AT :3: % = o(:;_;).
Thus we have
12

j:ﬂ {R(n) — mn}dn =: O(zfﬂ),

Hence, in the usual way, we deduce easily
?-2:+:
R(t) =mt + O )
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