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ho(ml,x2,...,$k) = ].,
hi(zi, 29, ..., 28) =21 + T2+ - + xy,
k
2
ha(xy, w2, .., 28) = E x; + E Ty,
i=1 1<i<j<k

FEE AN IE AR L T E SONFFIR e A Xt R 2 T 2 PE 4L 15
EX 1.2 W F, 2= MEA ¢ PIURIARK, F, L= {z, 20, .. 2} WETCH m RS
SRR 2 T E AT

Hq, eF,, H#H. a,, #0.
EE 11 B h(rn,.. . an) BEEREE, F—A k5 m KR AL, i

Ng(h) == #{(a1,...,ax) €F¥ | h(ay, ... ax) = 0}

N h(a,... o) = 0 FFRE RO TR F,- A 5 RN
TESEBRBLFR R, A T B R AR e LM R . SCHR (1] 45 Hh A o SR B L o f
I e (240, S e (560 2 4 i p TR e 8 (1) e b
BE 12 WA, ) REREE, EA k76 m KERMHRETR, i

Ny (h) == #{(a,...,ar) € F’; | h(a1,...,ax) =0,a; # a;,Vi#j}

Nz, ... x) = 0 BE IR B AR RR > B HAAHF G Fop- A H A A5

—ANHEAR S, TS Ny (R) > 0 LA N7 (R) > 0, FF HAE A5 AT LS H— AN F R 722 Scik (1
FI A B LA AR B8 4TS, X k> 3 KA BRI TR Y, 45 T 8 08 T B
—ANF A, Bl 45

518 1.1 (000K (1, EHE 1.4]) W F, 2 DNaRHEA BRI, h(ze,... 2k) € Fyloy, ..., 2] &
—A m REENEEZI (k> 3). & 1<m < qg—3, W Ny(h) > 6¢"3.

HET, X TR A BR A T 45 H a0 R G AR

BE 1.1 (0o 1, A L) W F, R MERHEG BRI, JEE by, 1) 2 Fy B4
k(k>4) MEIG m REEMNMEZ . # 1 <m < q—4, W Ny (h) > 24452

SCHR (1] FPRF T AR IR BRIRIE TS, SRS N, (h) > 6653 BIAER A i £ B — D RAE R
.

58 1.2 (WK (1, B 2.5 T k=3 1ET]) W h(zy, 20, 23) RAREARE F, £~ m
USERMFRL I, 1 <m < q—3, W Ny (h) > 6.

F 11 NTEFHER — RS TE, 4510 1.2 A—@ O, IIMSCHR (1] B a5t 1.1 4 2R
TERITETE. Bl AT E R r Ml s (r>s>1), 2 q=2",m=2° -2, ZEERIKLF, L m KFIK
FTAMNBEZI hy, (21, 02, 23). X Fy FAER 3 NEAMFEMICE a1 ax M az, B

1 a2 —ad? a? —a?
hm(ay,az,a3) = —
az — a1 a2 — as a; —ag
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1 s_
= p—— ((CLQ — a3)2 L (a1 — ag)

2571)'

BSp
ged(2° — 1, —1) = ged(2° —1,2" — 1) = 28°d(ns) _1 =1,

Bl 25 22 -1 RAWE F, LN EHRETR, ETH b (a1, a2, a5) £ 0. FHE, N7 (hyn) = 0.

SR (1] R, #FH R R KBRS AT 43S (maximum distance separable code, MDS i) J& A8 a7,
FEAR 1.1 BOL. A AMBRBURTE AR, FEARRHERS, SCBR 1) JEWI TS TR H k> 2>4H 1<m
<&M Ny (h) > (4)lgh 3. ARSI E BRI F

(1) FERFEMZME T, 4518 1.2 XF T AREFIE S 2 ATh SR 1E

(2) Za A A8 1.1 I —/MIEW, Sebr b, A4 H — DR T 7

(3) BT FH B AET7 58 il B B

EIE 1.1 WA F, RN 2, (w1, 02, 73) = Yort aehe (1, 20, 23) € Fylzy, zo, 23] &4
m WAL IR, # 1 <m < q— 3, I HAFAELH co WL au, # 0, W N (h) > 6.

L 1.1 W (e, an) € Fylan, ] RAMRIETF, B m RGEEXHZHEN 3 1<m
<q—3 H m NEE, W Ny(h) > 6¢"3.

FE 1.2 WHREF, (RER 2, 958 (o, o) AR F, LA m KEEXNH LT
X (k=4). H1<m<qg—3, M Nyh) = 6(q—1)g" 4

it 1.2 FEME 1.1 BT

2 JERA

AR 2 WA S 2 B HEIE B

5138 2.1 B f(z) € Fylo] AWK F, L—4 d RETRX, % f(z) K& F, FHBEBRZI
=, )

#f@acF) <o |10,

B85 2.1 & f(z) €Fylo] BRER dIRZHA (1 <d<q-1), WXER u € Fy, v—u | f(z)— f(u),
BIAEAE d — 1 IREII ¢ (2) € Fylz] AT f(2) - f(u) = du(e)(z —u). WEXNLRT, FAAN u, B
BRE bu(u) = f(u).

FIE 2.1 WSWLE, HXNEE ueFy, ¢u(x) #2 F, LREHRZIE, B {pu(a) | a € Fy} =F,,
WU AT 2518 R

(1) & ¢ 274, WEHA f(x) BB 2;

(2) # q B, MAFLE g(z) € Fylz] W2 f(z) = g(x)%

MERR HEEN, AHMERPANAFEICR wv eFy, A

{pu(a) | a € Fg\ {u,v}} =F\{f'(u), pu(v)}, ['(u) # Pu(v).

aEFEuw}(Qbu(a) - ¢u('U)) - gbu(u) — ¢u(U) - f/(u) EFOEION
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—J7 T,
[T (¢ul@) = sulw)
a€Fg\{u,v}
fa) = flu)  f(v) =~ f(u)
— H _
a€F \{u,v} ( a—-u v—u )
- I ooy I (- 00@ - @) - = 0o - fw)
a€Fg\{u,v} a€F,\{u,v}
- :1 = 1l (w—wfla)+alf(u) - f) +uf() = vf(w).
L
é\
F(z,u,0) = f(2)(v —u) + 2(f(u) — F(v)) + uf(v) = vf (),
A
f(w) = B (o= aeFﬂw} Flaww)
A i, 1
w-uw [ Flawuv)=- - .
a€F\{u,v} f'(w)(uw—v) + f(v) = f(u)

VEREE) E ISR T u Ao SR, B9 F(a,u,0) = —F(a,0,u) v —u= —(u—v). BiLl&at
HIHWRAZSAT u Fl o WFR. T, MEERRNHANTE v, e F,, A
F/(u) (u = v) + F(0) = f(w) = f'(0)(w = u) + f(u) = (v).
HETT, SRS w0 € F,, AiA%t
(F'(u) + £'(0))(u—v) = 2(f(w) — £(v)).
I
(F'(@) + f' W) — ) = 2(f(x) - F())- (2.1)

B q TR p WR, AW axd & f(2x) MEBEIRI (a #0), R (2.1) Wil ik, o]

DRCE
Az +y N (@ —y) =202 — ).

MIfi d =2 (mod p), FHH zy?t =201y, T2 d=2.

g A fBE

(f'(@x)+ f'(y)(x—y) =0,

M f(z) =0, T3, flz) REFMHBURIN, BEMAFAE g(x) € Fylz] W2 f(z) = g(x)2. O

BT ULERHES, FEIEMAA TR FELE R R 1.1, 1.2 XS 1.1 1 1.2,
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IR 1.1 BOIERR  VERE Az, 20, 23) B NEEMIRL TN, BT DME — S8R EAAR %
RAERARRR G B B AR R B IR L BEE, Ny (h) > 6 ST Ni(h) > 1. B Ny (h) = 0.
i flx) =223 aca® € Fola], MZ I f(2) BFIXEOHL 3 <deg(f) =m+2<q—1. BA

i,.J
he(z1, 22, x3) g zk g xixs

k=0 i+j=e—k, 4,520
e k+1 e—k+1>

Z —
T2 — T1

e+2 e+2 e+2 e+2
_ 1 ( 3 — Xy T3 T )
)

To — X1 I3 — T2 T3 — X1

JITEA

1 flag) — flxs)  f(x1) — f(as)
1‘2—581( To — I3 r1 — I3 )
= (b 0) — 6y (1)

B Ny (h) =0, FTUAAER 3 DM EAMFER u,a,b € Fg, H dula) # ¢ (b). IRIETIFL 2.1 AT, ¢ (2)
AR F, ER— BT S,

h(z1,z2,23) =

@ lae R <o |0 <o
5 Gu(e) R B\ fu) ERBHTE
FERSISIE 2.0 EIE T AR p ARTHIORTS, 3 B R — 3
UE.
5 0 B F, \ {u} BT, g — 1 ML gu(a) AL R w i F, R I3,

{pula) | a € Fy \ {u}} U{w} =T,

lES]
wt Y ¢ula)=0. (2.2)

a€lfg\{u}

NIANZ T ¢ () FIREEHE deg(du(z)) = deg(f) —1 < g — 2, FTEA

Z (z)u(a) =0,

a€F,
il
> dula)=0. (2.3)
a€Fg\{u}

PR (2.2) Fl(2.3), AT w = f'(u), T ¢u(x) RERIKF, LH—DEHELIN FREER 2.1
B, 20 f(e) REEHEEEOR, X SR &, A ERE 1.1 13HE. 0
SE 2.1 GAEE 2.1 MSANGSERUEE 11 ROER, A RILZEIA T T 45 1.1 A

HHE .
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HEIR 1.1 RUIERR 4 ¢ RAEHUN, HER 1.1 4L 1.1 KRRIE TR, U & EAARFERTEE T
ﬁEEﬁ?ﬁVE 1.1. Xﬁ’fi% (a4,a5, . .,ak) € F];*B, /Q’\

g(x1, 22, 23) 1= h(z1, 22,23, a4, 05, . . ., ar),
W g(ar, o wa) R m WSERMBE IR, JEHIUY aphon (w1, 20, ). MR m RAH, HORGR
A 11, A Ni(9) > 6, A Ny(g) > 6. M Ny (h) > 64", R
EEE 1.2 BIERR DY m A BUAFFEORUEEORIEN. B2, 45 m R, FIAER 11, H

Ny(h) = 6¢" % =6q x ¢"~* > 6(q — 1)¢" .

HR, & om %,

h(zy1,zo,...,TK)
= amhm(T1, T2, ..., k) + Gm—1m—1(T1, T2, ..., Tk)
+ Z ache(1,x2,. .., Tk)
e<m—2
=am<hm(m1,x2,x3)—|—hm1(m1,x27x3)h1(x47x5,...,:vk)

+ Z he(xlv Z2, I'S)hmfe(xlla T5, .- 71.]6))

e<m—2

+am—1<hm—1(f€1,$27x3)+ Z he(zl,I2,$3)hm—1—e(l’4,$5,---7Ik)>

e<m—2
+ Z ache(x1, o, ..., T))
e<m—2
= amhm (21, T2, 23) + him—1(21, T2, 3)(amh1 (X, 5, . ., k) + @m—1) + g(z1, T2, ..., Tk)
= amhm (1,29, 23) + hp—1 (21, T2, 23) (am (xs + 25 + - - + T) + am—1) + g(x1, T2, . . ., TL),

Hb g(zy, ma, ... 2p) BRT {21, 20, 23} IRECELL m — 2 M5B EXNFRL I 4
S:={(ag,as,...,a;) € IE‘Z_?’ | G (24 + x5 + - + ) + A1 # 0}.

KN @ # 0, FTEL #8 = ¢ 73 — P4 3 ER T, SHMER (a4, a5, ...,ax) € S, KT 1+ 2o Al 23 FI5E4E
WFRZ A b2y, 22, 73) == h(x1, 22,73, 04,05, - - ., ar) FHRECN m, FFH m — 1 IRIWAREA R 0. KN
m — 1 NAEE, Wi E# 1.1, ] Ny(h(z1, 29, 23)) = 6. T 7,

Ng(h) = 6-#S > 6(¢" 3 —¢"*) =6(¢ — 1)¢" ™.

I, 5ER T E R 1.2 BJIER. O
I 1.2 BUIERR & om =1, AW 1 <q—3 WAl ¢ > 4. I,
Nq(h) — qkfl _ q3 . qk74 > 24qk74'
frm =2, MW 2< m<qg—3 8% ¢=>5 W, e 1.2, f
Ny(h) = 6(q —1)¢"* > 24¢"*.

M, HES 1.2 F54IE. O



REREE B B 51 % 910 M

S

1 Zhang J, Wan D. Rational points on complete symmetric hypersurfaces over finite fields. Discrete Math, 2020, 343:
112072

2 Ball S. On sets of vectors of a finite vector space in which every subset of basis size is a basis. J Eur Math Soc (JEMS),
2012, 3: 733-748

3 Ball S, De Beule J. On sets of vectors of a finite vector space in which every subset of basis size is a basis II. Des Codes
Cryptogr, 2012, 65: 5-14
Ball S, Lavrauw M. Arcs in finite projective spaces. arXiv:1908.10772, 2019
Seroussi G, Roth R M. On MDS extensions of generalized Reed-Solomon codes. IEEE Trans Inform Theory, 1986, 32:
349-354

6 Zhang J, Fu F W, Liao Q Y. Deep holes of generalized Reed-Solomon codes (in Chinese). Sci Sin Math, 2013, 43:
727-740 [R1R, FI7H, BEEYE. | Reed-Solomon AT, F ERl S $¥:, 2013, 43: 727-740]
Li J, Wan D. On the subset sum problem over finite fields. Finite Fields Appl, 2008, 14: 911-929

8 Wan D. A p-adic lifting lemma and its applications to permutation polynomials. In: Finite Fields, Coding Theory,
and Advances in Communications and Computing. Lecture Notes in Pure and Applied Mathematics, vol. 141. New
York: Marcel Dekker, 1992, 209-216

Complete symmetric polynomials over finite fields have many
rational zeros

Daging Wan & Jun Zhang

Abstract Counting zeros of polynomials over finite fields is one of the most important topics in arithmetic
algebraic geometry. In this paper, we consider the problem for complete symmetric polynomials. The homogeneous

complete symmetric polynomial of degree m in the k-variables {z1, z2,...,z} is defined as
hm (21,22, .., 28) := Z iy Tig *** Ly, -
1<) o<+ <im <k
A complete symmetric polynomial of degree m over Fy in the k-variables {z1,z2,..., 2z} is defined as
m
h(z1,...,x5) = Zaehe(xl, T2y ey Th),
e=0

where a. € F, and a,, # 0. We are interested in counting the number of zeros and the number of zeros with
pairwise distinct coordinates of a complete symmetric polynomial, respectively. Let

Nq(h) = #{(a1,...,ar) € IF}; | h(ai,...,ax) =0}
denote the number of Fg-rational points on the affine hypersurface defined by h(x1,...,zx) = 0. Let
N;(h) := #{(a1,...,ar) €Fr | h(a1,...,a;) =0 and a; # a;,Vi # 5}

denote the number of IF-rational points on the affine hypersurface defined by h(z1,...,zx) = 0 with the additional
condition that the coordinates are distinct. In the paper Zhang and Wan (2020), the authors showed the lower
bound N,(h) > 6¢" 2 if ¢ is odd, k > 3 and 1 < m < k — 3 and conjectured N, (h) > 24¢*~* if ¢ is even, k > 4
and 1 < m < k — 4. The key ingredient in the proof of the lower bound is to prove N (h(z1,z2,23)) > 6 for odd
q, k =3 and 1 < m < ¢ — 3 which does not hold for even ¢ in general. In this paper, we deal with the even
characteristic case. The main new results are the following (suppose F, is a finite field with characteristic 2):

(1) Let h(z1,x2,23) = Y ", ache(x1, z2, x3) € Fy[z1, x2, 23] be a complete symmetric polynomial of degree
m with 1 <m < g —3. If ae, # 0 for some odd eg, then N;(h) > 6.
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(2) Let h(z1,...,zr) be a complete symmetric polynomial in k > 3 variables over Fy of degree m with
1<m<q—3. If mis odd, then Ny(h) > 6¢" 2.
(3) Let h(z1,...,zx) be a complete symmetric polynomial in k > 4 variables over F,; of degree m with

1<m < q—3. Then Ny(h) > 6(q — 1)¢" .

(4) As a consequence, Conjecture 1.7 in the paper [Zhang J, Wan D. Rational points on complete symmetric
hypersurfaces over finite fields. Discrete Math, 2020, 343: 112072] is true. That is, for any complete symmetric
polynomial h(z1,...,xx) in k > 4 variables over F, of degree m with 1 < m < ¢ — 4, we have Ny(h) > 24¢% 1.
Keywords complete symmetric polynomial, rational zero, even characteristic
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