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To address the challenges for vibration suppression in the precision 
sensors of underwater vehicles, phononic crystals have attracted significant 
attention due to the superior capabilities in elastic wave manipulation and 
vibration suppression. Unlike conventional damping materials, the phononic 
crystals can effectively suppress the wave propagation in the specific fre
quency ranges due to the unique periodic microstructures. Through topology 
optimization methodologies, the microstructure of phononic crystals can be 
systematically designed, which significantly enhances the characteristics of 
band gaps in the low frequency and width [1‒4]. However, the current works 
mainly focused on the phononic crystal designs with symmetric constraints, 
which limits the development in this field. Therefore, the asymmetric de
signs for optimizing the bandgap distribution can provide some novel in
sights for the phononic crystal innovations. 

In this paper, the symmetry constraints of phononic crystal design are 
removed to explore the novel solutions. The plane wave expansion method 
is employed to establish the model of a phononic crystal. The dispersion 
relations and bandgap distributions are discussed. The topological structures 
of phononic crystals are optimized through genetic algorithms to obtain the 
widest bandgap distributions in the first 6 bands. The results demonstrate 
that the asymmetric phononic crystals exhibit various patterns, and the vi
bration suppression range is improved to 141.71% by systematically in
troducing these multiple phononic crystals. 

Figure 1(a) demonstrates the schematic of unit cells with symmetrical and 
asymmetrical characteristics, where the yellow and blue areas represent the 
aluminum and epoxy resin, respectively. The lattice constant of the unit cell 
is a = 50 mm. The unit cell of a phononic crystal is discretized into multiple 
subregions, where each subregion is assigned a specific material. The ma
terial distributions of the whole unit cell can be represented by an array X, 
where 0 denotes the epoxy resin and 1 denotes the aluminum. In this way, 
the value of X corresponds to the structural topology, as illustrated in 
Figure 1(b) and (c). The plane wave expansion method is employed to calculate 

the band gaps of a phononic crystal. Generally, the bandgap formation of in- 
plane waves in the two-dimensional structures is a challenging problem. 
Therefore, this work mainly focuses on the band gaps of in-plane waves. 

For the in-plane waves propagating through the solid structures, the 
governing equations are [5]  
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where r is the position vector, λ and μ are the Lamé parameters, and u x and u y 

are the components of the displacement u along the x and y directions, 
respectively. 

Due to the periodic nature of the metamaterial, eq. (1) can be derived by 
applying Bloch’s theorem and the Fourier series expansion of coefficients, 
the resulting expression is  
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where G and G″ are vectors in the reciprocal space. The detailed derivation 
process can be found in ref. [6]. By solving the eigenvalue of eq. (2), the 
band diagrams and the band gaps are identified, as shown in Figure 1(d). 

To obtain the widest width of band gaps between adjacent bands, the 
genetic algorithm is employed to perform the topology optimization of the 
metamaterial, as shown in Figure 1(e). The objective function is  

( ) ( )Fval X X ik k= min ( , ) max ( , ) ,  ( = 1, 2, , 5), (3)i i+1

where ω i is the angular frequency of the ith band, and X denotes the material 
distribution in the unit cell. The introduction of asymmetric design increases 
the number of optimization parameters. To address this issue, the material- 
field series-expansion method is employed in this study [7]. The size of 
observation points is 50×50, the size of the discretized unit cell is 100×100, 
and the correlation length is 0.3a. 

The widest band gaps in the first six bands are investigated. As shown in 
Figure 1(f), the band gaps are opened in bands 2‒6 with various patterns. 
The frequency range of the bandgap in bands 2‒3 is 21.625‒29.394 kHz. 
The aluminum is distributed in a wavy pattern. The frequency range of the 
bandgap in bands 3‒4 is 24.331‒41.199 kHz. The shape is distributed in a 
square pattern. The frequency range of bandgaps in bands 4‒5 is 
31.413‒40.486 kHz; and the frequency range of the bandgap in bands 5‒6 is 
35.38‒45.529 kHz. Figure 1(f) illustrates the distributions of bandgaps and 
the corresponding topological structures. The widest single bandgap is be
tween bands 3‒4, whose width is 16.868 kHz. Moreover, the vibration 
transmissibility of a planar plane with multiple systematically distributed 

phononic crystals is analyzed. The vibration suppression range corresponds 
to the bandgap regions, which demonstrates the existence of the band gaps 
and the effectiveness of the optimization method. The vibration suppression 
frequency range reaches 141.71% of the single bandgap width.  
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Figure 1 (a) Asymmetric phononic crystal structural layout; (b) discretized representation of material distributions; (c) the topological structures and design space; (d) dispersion 
characteristics and bandgap distributions of phononic crystal; (e) topology optimization design process; (f) the designs of phononic crystals and corresponding bandgaps.  
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