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0 Introduction

Let Der A be the Lie algebra of derivations of the d-torus A = C[tE!, ... ,tfl]. DerA is also the Lie algebra
of diffeomorphisms of torus T¢ by [9]. When d = 1, DerA is the Witt algebra and its universal central
extension is called the Virasoro algebra. The representation theory of Virasoro algebra has been studied
extensively (see [1, 2, 5-7]). When d > 2, Der 4 has no nontrivial central extension [9]. Let A x DerA be
the Lie algebra by defining

[D,a] = D(a), Va €A, D€ DerA.

The authors in [13] classified the irreducible integrable modules of the full toroidal Lie algebras and
characterized explicitly such modules by means of the modules F'*(v,b) for the Lie algebra A x DerA,
except the extreme case that the multi-loop algebra acts as zero and the modules of the full toroidal Lie
algebras thus degenerate to the modules of DerA.

Larsson [3] constructed a functor F'* from gl;,-modules to DerA-modules, which is a special case of
the modules constructed by Shen [14]. So we call this functor Shen-Larsson’s functor in this paper
(see Definition 1.1). Rao [11] generalized F* and studied the image of finite-dimensional irreducible gl ;-
modules. These modules are weight modules for a certain maximal abelian subalgebra H of Der A and the
dimension of each H-weight space are the dimensions of the gl;-module. Rao proved that these modules
are most often irreducible. Moreover, Rao [12] proved that these modules are irreducible as A x DerA
modules and any irreducible A x DerA which have finite-dimensional weight spaces has to come from
Shen-Larsson’s construction.
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Recall that gl; is the Lie algebra of d x d matrices over the field of complex numbers C. Let
gl; = slg & CIy where sl is the finite-dimensional simple Lie algebra of trace zero matrices and Iy
is the identity matrix which is central. A Lie algebra L is called reductive if RadL = Z(L), where Rad L
is the maximal sovable ideal of L and Z(L) is the center of L. It is well known that a finite-dimensional
module of a reductive Lie algebra L is completely reducible if and only if Z(L) is represented by semisim-
ple endomorphisms. Since gl; is a reductive Lie algebra, a finite-dimensional gl;-module is completely
reducible if and only if I is represented by a semisimple endomorphism. The author in [11] (see also
[4]) studied the modules arising from irreducible finite-dimensional gl;-modules. But, finite-dimensional
gl;-modules are not necessarily completely reducible. It is easy to see that every finite-dimensional gl ;-
module is a direct sum of indecomposable submodules. Therefore, it is interesting to study the image of
indecomposable finite-dimensional gl;-modules under the Shen-Larsson’s functor.

Recall that a module is called uniserial if its submodules are linearly ordered by inclusion. It is
clear that every uniserial module is indecomposable. In this work, we study the DerA-modules arising
from indecomposable finite-dimensional gl ;-modules. We prove that these Der A-modules are most often
uniserial and always indecomposable. The paper is arranged as follows. In Section 1, we give some
notations and recall the facts on the Lie algebra of derivations of d-torus; we prove that any nonzero
finite-dimensional indecomposable gl -module is uniserial and isomorphic to V"™ (1), b) for some dominant
integral weight v, complex number b and positive integer m (see Proposition 1.5). In Section 2, we prove
that for (¢, b) # (0k, k), 1 < k < d—1, F*(V™(¢,b)) is uniserial Der A-module (see Theorems 2.4 and 2.5).
Finally, in Section 3, we prove that F'*(V™(dx, k)) (1 < k < d—1) is indecomposable and F*(V"™ (0, k))
is uniserial for o € T". Our results generalize the results obtained by Rao [11]. Moreover, our construction
of modules in the case d = 1 corresponds to the indecomposable weight Virasoro modules with weight
spaces of dimension m.

1 Shen-Larsson’s functor and indecomposable gl ,-modules

Throughout this work we fix a positive integer d > 2 and a Laurent polynomial ring A = C[t{!, ... ,tfitl]
in d commuting variables. Let U be a vector space over C with a basis eq, ea, ..., eq. Let (-, -) be a bilinear
form on U such that (e;,e;) = d;;. Let I' = Ze; @ - - - & Zeg be a lattice in U.

Let G be a Lie algebra with Cartan subalgebra $). Let $* be the dual space of $. A G-module W is
called a weight module if W = @, .. Wi, where Wy = {v € W|hv = A(h)v for all h € H}. Any nonzero
vector in W) is called a weight vector of weight .

Let E;; be the elementary d x d matrix with (¢, j)-th entry 1 and 0 elsewhere. Then E;; (1 <4,j < d)
forms a basis of gl,;. Let gl; = slg & Cly, where slg is the subspace of trace zero matrices and I; is the
identity matrix. Let E be the subspace of diagonal matrices of gl;. Let h = E Nsly with a standard
basis o;" = Ej; — Fit1,i4+1,1 < 7 < d — 1, be a Cartan subalgebra of sl;. Let h* be the dual space
of h and 01,...,0q—1 be the fundamental weights in h* defined by d;(e;7) = J;;. An element ¢ in h*
is called dominant integral weight if ¢(a;”) are nonnegative integers for all 7. It is well known that
finite-dimensional irreducible slzj-modules and dominant integral weights are in 1-1 correspondence.

Let DerA be the Lie algebra of derivations of A. For n = ) n;e; € T let t™ = t't5* ---t}*. For u =
Sue; €U and r = rie; €T, let D(u,r) = Euitrti%. Then DerA = spanc{D(u,r)|lu € U,r € T'}
with the following Lie structure:

[D(u,r),D(v,s)] = D((u,s)v — (v,7)u,r+s), Vu,vel, r,s .

Let H be the subspace spanned by D(e;,0) = tiaitp 1 < i < d, which is a Cartan subalgebra of DerA.

Definition 1.1 (Shen-Larsson’s functor [11,14]). For a = > a,e; € U, define a map

F*: gl;-modules — Der A-modules,
Vi FY (V) =VeA=@,V(n),
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where V(n) =V @™ for each n € T, and the action of DerA on F*(V) is defined as follows:

D(u,r)v(n) = (u,n + a)v(n+7r) + <Z ul-rjEjl-v> (n+7), (1.1)
2%
where v(n) :=v " € V(n), n,r el andu € U.
Remark 1.2.  According to the definition, we have the following results (cf. [11]):

(i) F*(V) is a DerA-module and F'* is a functor from gl;-modules to Der A-modules;

(ii) For any gl -module V', F*(V) is an ‘H weight module and F*(V) = @,,. V(n) is the direct sum
of weight spaces;

(i) F¥(Vi @ Vo) = F*(V4) ® F*(Vz), where Vi, Va are gl ;-modules;

(iv) If a — B € T, then F*(V) = FA(V) for gl,-module V.

For any dominant integral weight v, let V(1) be the finite-dimensional irreducible slg-module with
respect to 1p. For any positive integer i, let V(v);) = {u@)|lu € V(¢)} be a linear copy of slg-module
V(v), that is,

Tougy = (T-u)g, Y eslgueV(). (1.2)

Given any complex number b and positive integer m, let V™ (¢,b) = @, V(¥)(;) be a direct sum of sly-
module V(¢)(;). For convenience, let V°(1,b) = {0}. The following results about the finite-dimensional
indecomposable gl;-modules should be known, but we have not found them in any reference.

Lemma 1.3. V™ (y,b) is a gl;-module with the action of I defined by
Id(v(l)) = bv(l), Id(v(i)) = bv(i) +e-1), 1= 2,...,m, Yo e V(). (1.3)

Proof.  Checking directly by the definition, the action of I; commutes with that of sl;. This completes
the proof.

Remark 1.4. If m = 1, then V!(1,b) is an irreducible gl -module and is denoted by V(1,b) in [11].
Using (1.2) and (1.3), one can see that for 1 <i < m, Vi(3,b) is a submodule of the gl;,-module V™ (1), b)
and the quotient module V(1 b)/V*~1(¢),b) is isomorphic to V(v,b).

For simplicity, we write V!(¢,b) = V* and V() =Vau fori=1,...,m.
Proposition 1.5. (i) For any dominant integral weight 1, complex number b and positive integer m,
V™ (1, b) is a uniserial gl;-module with the chain of submodules given as follows:

{0} C V4, b) € V2(3,b) C --- C V™ (9, b).

(ii) Let M be a nonzero finite-dimensional indecomposable gl ;-module. Then M is isomorphic to
V™ (1, b) for some dominant integral weight 1, complex number b and positive integer m.

Proof.  For (i), we use induction on m. The case m = 1 is true because V! is an irreducible gl,-module.
Assume that V™~! (m > 2) is a uniserial gl;-module and its submodules are {0} ¢ V! c V2 C --- C
V™1 By Remark 1.4 and induction, it is sufficient to show that if U is a gl;-submodule of V™ and U ¢
Vm=lthen U = V™. Let U be such a submodule, then the quotient module (U+V™~1) /Y™~ is a nonzero
submodule of V™ /V™~1. Since V™ /Y™~ is irreducible (Remark 1.4), we have U+V™ "1 = V™. We claim
that V™~ 1 N U = V™~L, Indeed, by induction, it is sufficient to find an element u € (U N Y™m~1)\Ym=2,
Since U+V™~! = V™ for a given nonzero vector v € V(¢)), there exists € V™! such that z4uv(,,) € U.
By simply computing we have

1;- ({,C + v(m)) = b(x + ’U(m)) + V(m—1) +w

for some w € V™72, Thus we have v,—1) +w € (UNV™ H\V" 2 So V"1 NU = V™. Since
U+ VY™~ =VY™m we have U = V™ as required.

For (ii), by Weyl’s theorem, M can be written as a direct sum of irreducible slj-modules, that is
M = @le n;M; for some k,n, > 1, where n;M; := M; & --- & M; (n; times) and M; 22 M, if i # j.
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We claim that £ = 1. In fact, let p; be the canonical projection from M to n;M;, we have p;lq|n, M, €
Homg, (n;M;,n;M;). For j # i, since Homg, (n;M;,n;M;) = n;n;Homg,(M;, M;) = {0}, we have
pilaln;m; = 0. Thus each n;M; is a gl;-module. The indecomposability of M yields kK = 1. So we may
assume that M = @], M;, where M; is a linear copy of V() for some dominant integral weight 1) and
positive integer m. We shall prove that M is isomorphic to V™ (1, b) for some b € C.

For i =1,...,m, let w; be a highest weight vector of slg-module M;. Let My be the highest weight
space of M with respect to the Cartan subalgebra b, then we have My, = spanc{w; : i =1,2,...,m} and

Id|Mw € EndM,,. Choose a basis v1,v2, ..., vy of My so that the corresponding matrix of Id|Mw is
J(bhnl)
J = ,
J(bk,nk)

where

b; 1 --- 0

0--- b 1

0--- 0 b

is an n; x n; Jordan block and ny + - - - + ny, = m. We claim that k = 1. In fact, let V; = U(slg)v;, where
U (sly) is the universal enveloping algebra of sl;. By the choice of v;, one can see that each V; is isomorphic
to the irreducible slg-module V(¢) and V; N 3_,,; V; = {0}. So M has a decomposition M = @le V; as
slg-module. Let Uy = V1 @@V, and U; = Vo googn;, 141D - @ Vi hoogn, (1= 2,...,k). By the
choice of v;, we have M = @le U; which is a direct sum of gl;-modules. The indecomposability of M
yields k = 1. So we have M = U; = @, V; (a direct sum of m linear copies of V(¢) as slg-module) and

Id-(x"l}l):x'(-[d'vl) :bl(x-v1)7

Io-(x-v)=2-(Ig-v) =bi(x-v) +x - vim1, i=2,....m,

for any = € U(slg). By the definition of the gl;-module V™ (1, b1), one can see that M = V™ (1), by). This
completes the proof.

By Remark 1.2, Proposition 1.5 and the fact that every finite-dimensional gl ;-module is a direct sum
of a finite number of indecomposable submodules, it is sufficient to consider F*(V™ (¢, b)) for dominant
integral weight 1, complex number b and positive integer m, where a = > a;e; € U. We end this section
with the following lemma, which can be checked easily.

Lemma 1.6. For 1 < i < m, F*(Vi(¢,b)) is a DerA-submodule of F*(V™(1,b)) and the quotient
module F*(Vi(¢,b))/F*(Vi=1(¢),b)) is isomorphic to F*(V(¢,b)).

2  Uniserial Der A-module F*(V"(¢,b))

Let V be any nonzero gl;-module, then by Remark 1.2, F*(V') is a I-graded weight module of DerA. Let
W be any nonzero submodule of F'*(V'), then W is also I'-graded. Let W (n) be the n-th space of W,
then W(n) =W nNV(n)and W =@,,.r W(n).

In this section, we will describe the structure of the Der A-module F*(V™ (1, b)) for (1, b) # (dk, k), 1 <
k < d—1. In [11], Rao described the structure of F*(V), where V = V(1,b). We firstly list some Rao’s
results.

Lemma 2.1 [11].  Assume that (1,b) # (6k,k),(0,0), 1 < k < d—1. Then F*(V) is an irreducible
Der A-module.

Lemma 2.2 [10,11].  Assume that ¢ = 0.
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(i) If a ¢T orb¢{0,d}, then F*(V) is an irreducible Der A-module;

(ii) If « € T and b =0, then V(—a) is the only proper submodule;

(iii) Ifa €I and b =d, then }_,,, , V(n) is the only proper submodule.

Lemma 2.3 [11]. Let V be a nonzero gly-module and W be a nonzero submodule of F*(V). Let
v(n) € W(n) then W(n) contains the following vectors:

(V1) (Ei — E})v(n),

(V2) Ev(n) (i # j),

(V3) EijEiv(n) (i # j),

(V4) ((ni + i) Eji — (ni + i) Eji)v(n), where n =Y nie;, a0 =y aze;.

Now we consider F*(V™(¢,b)). Let vy be a highest weight vector of the irreducible slg-module V(1))
with respect to the Cartan subalgebra b, then vy ;) is the highest weight vector of slg-module V(1) ;) for
all 1 <i<m.

The following two theorems describe the structure of Der A-module F* (V™ (3, b)) for (¢, b) # (0, k), 1 <
k<d-—1.

Theorem 2.4.  Suppose that (,b) # (0, k),(0,b), 1 < k < d—1. Then for any positive integer m,
Fe(V™) is a uniserial Der A-module with the chain of submodules given as follows:

{0} c F*(VY) c F*(V¥) C --- C F*(V™).

Proof.  We use induction on m. The case m =1 is true by Lemma 2.1. Assume that m > 2 and the
theorem holds for m — 1. By induction, it is sufficient to show that if W is a submodule of F*(V"™) and
W ¢ F(Y™~1) then W = F*(V™). Let W be any such module. By Lemmas 1.6 and 2.1, the quotient
module F*(V™)/F*(V™~1) is irreducible. So we have W + Fo(V™~1) = Fo(V™). We need to show
W nFe(ym=1) = Fe(Yy™=1). Since

W= Wmn) and FIV™)=F*V" )+ Vimy(n),

nel’ nel’

for any m € T, there exists # € V™! such that (z + vyim))(n) € W(n). Let ym=1 — pym=2 4
Z/\<w Va(m—1), where Vy,_1) is the weight space of the slg-module V,,_1) with weight A. Let h; =
Ei — LI (i=1,2,...,d). Using (1.2) and (1.3), we have

(Bii — EZ) - (T + vy(m))
= (G 0) (1= 5 = v )t vum) + 5 (1-2( 5+ 9000 Yot +

for some u € V™1, Since 1 # 0, there exist 4, j such that W(hi — hj) = Y(Ey — Ejj) # 0. So we have
1—2(2 4+ 4(hs)) # 0 for some 4. Using Lemma 2.3, we have

(31 F =200 Josinon +u) () € (¥ 0 PRI,

By induction, we get W N F*(V™~ 1) = F*(V™~1) Hence W = W + F*(V™~1) = F*(V™) as required.
This completes the proof.

Theorem 2.5.  Suppose that ¢ = 0. For any positive integer m, F*(V™) is a uniserial Der A-module.
Moreover,
(i) if a €T orb¢{0,d}, then the chain of its submodules is

{0y c F* (VY c F*(V¥) C --- C Fo(V™);
(ii) if a € T and b =0, then the chain of its submodules is

{0} C Vay(—a) C F¥(V') € F*(V') 4+ Vo) (—a) C F(V?)
C--CFYV™ Y C POV ) 4+ Vi) (—a) € F*(V™);
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(i) if « € T and b = d, then the chain of its submodules is

{0} c Y Vayn) c F*WV) C PV + Y Vigy(n) C F(V?)
n#—a n#—o
C---C Fo(ym=l)y c Fo(ymh) Z Vimy(n) C F*(V™).
n#—a

Proof.  Since ¢ = 0, we have V = Cuvp and V() = Cuvg(jy (j = 1,2,...,m). We use induction on m.

The case m=1 is true by Lemma 2.2. Assume that m > 2 and the theorem holds for m — 1. Let W be a
submodule of F*(V™). By induction, we may assume that W ¢ Fo(V™1).

For (i), we only need to show that W = F*(V™). By Lemmas 1.6 and 2.2, the quotient module
Fe(Ym)/Fe(V™ 1) is irreducible. So we have W + F*(V™~1) = Fo(Y™). Thus, choose n = Y n;e; € '
so that ny +ayq # 0, there exists € V™! such that (z 4 vo(m))(n) € W(n). Using (1.1)—(1.3), we have

1

€1, 62) (T +voemy)(n) = avo(mfl)(” +e2) +u,

d(nz + 042) +b

=D —
v <62 d(n1 + 1)

for some u € F¥(V™=2). So we have w € (W N F*(V"~H))\F*(V™=2). By induction, we get W N
Fe(ym=1) = Fe(y™=1). Hence we have W = F*(V™) as required.

For (ii), it is clear that F*(V™ 1) +V,,,)(—) is a Der A-submodule. By Lemmas 1.6 and 2.2, we have
that if U is a proper submodule of F*(V™) and F*(V™ 1) C U then U = F*(V™ 1) 4+ V() (—a). So we
only need to show that F*(V™ ') C W. Since W ¢ F*(V™ 1), we have

W FEV™1) 2 FE (V™) + Vi (—a).

Hence, there exists 2 € V™! such that (z 4 vg(m))(—a) € W(—a) € W. By a simple computation, we
have ]
w = D(e1,e1)(x + vo(m))(—a) = Evo(m,l)(—a +e1)+u,

for some u € F*(V™=2). So we have w € (W N F*(V" )\ (F*(V"™ %) + V—1)(—)). By induction,
we get W N F*(Vm—1) = Fe(Yym=1) which yields F*(V™~1) C W as required.

For (iii), it is clear that Fo(V™~1) + > nst—o Yim)(n) is a DerA-submodule. By Lemmas 1.6 and
2.2, we have that if U is a proper submodule of F¥(V™) and F*(V™~ ') C U then U = F*(V™ 1) +
> nt—a Yim)(n). So we only need to show that Fe(ym=1) c W. Since W € F*(V™~ 1), we have

W—FFO‘(Vm 1)DFOL Vm 1 Z Vm)
n#—a

Hence, there exists € V™! such that (z + vo(m))(—a +e1) € W(—a +e;) € W. By a simple
computation, we have

1
w = D(e1, —e1)(T + voim))(—a +e1) = —Evo(m,l)(—a) + u,

for some u € F*(V"7?). So we have w € (W N F*(V™ ")\(F*(V"?) + 32, o Vim-1)(n)). By
induction, we get W N Fe(Y™~1) = Fo(Y™~1), which yields F*(V™~!) C W as required. These
complete the proof of the theorem.

By Theorems 2.4 and 2.5, we have the following corollary:
Corollary 2.6.  Suppose that (,b) # (6, k), 1 < k < d— 1. Then for any positive integer m,
Fe(V™ (1, b)) is an indecomposable Der A-module.

3 Structure of F*(V™(0y, k))

In this section, we deal with the case for (1,b) = (dk, k)(1 < k < d—1). We first recall some facts about
V(k, k) and F*(V(k, k)) (see [8, 11]). The vector space U can be regarded as a gl;-module by defining
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E;je; = 0je;. Then one can see that & = V(d1,1) as a gl;-module. Consider the exterior product:
E*(U)=UN--- AU (k times), which is a gl;-module with the following action:

X(vl/\---/\vk):Zvl/\---/\vi,l/\Xvi/\---/\vk, VX € gl (3.1)

It is a standard fact that E¥(U) = V(0k, k) as a gl;-module for 1 < k < d — 1. In what follows,
we identify the gl,-module V(8 k) with E¥(U). Then one can check from (1.1) and (3.1) that the
Der A-module F*(V(d, k)) is given by

UD(u,r)vy A+~ Avg(n) =(u,n+a)vy A~ Avg(n+r)

+Z(u,vi)vl/\-~-/\vi_1 AT A ANog(n+r). (3.2)

Forn = Y nie; €T, let W(n) = spang{ (n+a) Avi A+ Avp_1 ()]s € U} and W(a, k) = @,,cp WH(n)
which is a submodule of F*(V(d, k)) (see [11]).
Suppose that a =Y a;e; € T, then for v A -+ A v, € V(0k, k),

k
D(u,r)vy A+ ANvg(—a) = Z(umi)vl AN ANVt AT A Avg(—a+ 1),
i=1

which belongs to W*(—a + 7). Therefore, W(a, k) := W(a,k) + V(d,k)(—a) is a submodule of
Fe(V(o, k)), and V(dk, k)(—a) is a trivial d-dimensional submodule of F*(V(dx, k))/W (a, k) (see [11]).
Lemma 3.1 [11].  Suppose (¢,b) = (0, k), 1 < k< d—1.

(i) W(a, k) is an irreducible submodule of F*(V(y, k));

(ii) If a € T then F*(V (0, k))/W (e, k) is irreducible;

(iii) If « € T then F*(V(0g, k))/W (o, k) is irreducible.
Proposition 3.2.  Suppose (1,b) = (0k,k),1 <k <d-—1.

(i) If « € T then F*(V(dk, k)) is a uniserial Der A-module with the chain of submodules given as

{0} C W(a, k) C FE(V(0k, k));

(ii) If & € T then U is a nonzero proper submodule of F*(V(0x,k)) if and only if U = W(a, k) + S,
where S is a subspace of V (0, k)(—a);

(iil) F¥(V(dk, k)) is an indecomposable Der A-module.
Proof.  For (i), by Lemma 3.1, it is sufficient to show that if U is a submodule of F*(V(d,k)) and
U ¢ W(a, k) then U = F*(V(k, k)). Now since F*(V(0y,k))/W (a, k) is irreducible, we have U +
W(a, k) = F*(V(dk, k)). Thus, choose n = > nse; € I' so that ng + ag # 0, then there exists x =
> Giyigeip_ (M) Ney A--- Aeg,, such that (z +e; Aeg A--- Aeg)(n) € U, where a;,4,..5,_, € C.
Using (3.1), we have

d
Z n; + a;)(ng + aq)Ejn — (1 +a1)Ejg)(x +e1 Nea A--- Neg)(n)
j=
=g+ ag)(n+a)Nea A+ Neg(n).

—

By the choice of n and Lemma 2.3, we get 0 # v € U N W(a, k). Since W(a, k) is irreducible, U N
W(a, k) = W(a, k). Thus we get U = F*(V(0g, k)) as required.

For (ii), it is clear that W («, k) 4+ S is a nonzero proper submodule of F*(V(d, k)) for any subspace
S of V(dk, k)(—a). On the other hand, let U be a nonzero submodule of F'*(V), we have the following
two claims.

Claim 3.3. If U ¢ W(a, k) then U = F*(V(5, k)).
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In fact, since U ¢ W(a, k) and the quotient module F®(V(dy,k))/W (o, k) is irreducible, we get
U+ W(a,k) = F*(V(0k, k)). Thus, choose m = Y. m;e; € I' so that ng + ag # 0, there exists z =
> Giyigeiy_ (M) Aeiy A-- Aeg,_, such that (z +e; Aea A+ Aeg)(n) € U, where a;,4y...5,_, € C.
As we have done in (i), we get W(a,k) C U. Since U + W(a,k) = F*(V(0, k)) and W(a, k) =
W(a, k) + V(a, k)(—a), we have F*(V (0, k))(n) C U for allm € I'\{—a}. So, for 1 < iy < -+ < i < d,
there exists j € {1,...,d}\{é1,...,ix} such that e;, Aey, A--- Aej (—a+ej) € U. Since

D(ej,—ej)ei, Neiy A= Neg (—a+ej) =e; ANeiy A+ Aej (—a),

we get e;; Nej, Ao ANej (—a) € U, for 1 < iy < -+ <ig < d. So F*(V(dk, k))(—a) C U. Therefore, we
have U = F*(V(dk, k)) as required.
Claim 3.4. If U C W(a,k) then W(a, k) C U.

Suppose that W (a, k) € U. Since U C W (a, k), there exists

r = E Ay iy, Ciy VARERWAN Cipy -
1< << <d

so that 0 # z(—a) € U, where a;,...;, € C. Suppose that a;,...;; # 0, by simply computing, we have

D(ei, i, )v(—a) = Ey > iiei A Aei(—atei)
1<iy <+ <ip<d
= Q;}..if €3, ANRERWA e%(—a + €i’1)
+ g Aifig-eeif, €1 Nejy N--- /\eik(_a—i—ei,l)'

(@ 532,05tk ) F (17585 500,77

So 0 # D(ey, ey )x(—a+ey) € UNW(a, k). Since W(a, k) is irreducible, we get UNW (o, k) = W (a, k),
which implies W («, k) C U, a contradiction. Therefore W («, k) C U as required.

Together with Claims 3.3 and 3.4, (ii) holds. (iii) follows from (i) and (ii). These complete the proof
of the proposition.

Finally we consider F*(V™(éy, k)) for any fixed positive integer m. Recall that V™ (6, k) := @,
V(0r) iy, where V(0x) iy = {v@|v € V(0r)} is a linear copy of irreducible sly-module V(6;). For n € T
andt=1,...,m, let

Wk (n) = spanc{(n + ) A vy A+~ Av_ap (e €U).

Let Wiy (a, k) = @per W(lj) (m), then one can see that W; (o, k) + F*(V'" (6, k)) is a submodule of
Fe(V' (0, k) fori=1,...,m.

Suppose a = > aye; €T For i =1,...,m, let W(i) (a, k) := Wy (e, k) + V(0k)(5)(—). By definition,
one can see that W (a, k) + F*(V=1(5;, k)) is a submodule of F*(Vi(dx,k)), and V(5k)(—a) is a
trivial d-dimensional submodule of F*(V!(6x, k))/ (Wi (o, k) + F*(V1 (6k, k))) for i =1,...,m.

Using Lemma 3.1 and Proposition 3.2 we have the following lemma. The proof of Lemma 3.5 is trivial,
which is omitted.

Lemma 3.5. For1<i<m,letU be a DerA-submodule so that
FOWV (6, k) C U C FY(V! (6, k).

(1) FOV' (b, k) + Wi (o, k) is a submodule of F* (V' (6, k)) and the quotient module (F* (V'™ (6,
k) + Wiy (. k) /(F(V'~ 1 (6k, k)) is isomorphic to W (e, k);

(ii) If a €T, then U = F*(V'" 0k, k) + Wiy (o, k);

(iii) If €T, then U=F*(V'" (63, k)) + Wiy (o, k) + S, where S is a subspace of V(6r)(;)(—a). Con-
versely, let S be a subspace of V(0r) (i) (—a), then F*(V'=1(k, k) + Wy (o, k) + S is a Der A-submodule.

Theorem 3.6.  Suppose (¢,b) = (0k, k),1 < k < d— 1. For any positive integer m,
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(i) if « € T then F*(V™(k,k)) is a uniserial Der A-module with the chain of submodules given as
follow:
{0} € Wiy (a, k) € FE(VH(0k, k) C FO(VH 0k, k) + Wiay(a, k) € F(V2(0k, k)
C-- CFYV Yok, k) C FV™ 1 (0k, k) + Wiy (o, k) € FE(V™ 8k, k));

(i) if « €T and U € FE(V™ (6, k)), then U is a proper submodule of F*(V™(8k,k)) if and only if
U=F*V""' 0k, k) + Wiy (a, k) + S,

where S is a subspace of V(6x)(m)(—a);

(iil) F*(V™(6k, k)) is an indecomposable Der A-module.
Proof.  We use induction on m for (i) and (ii). The case m = 1 is true by Proposition 3.2. Assume that
m > 2 and (i), (ii) hold for m — 1.

For (i), let U be a submodule of F* (V™ (4, k)). By induction we may assume that UZF (V™1 (8,, k).
By Lemma 3.5, we have

U+ FE(Vm=1 (65, k) = FO (VL (5, k) + Wiy (0, k)
or U+ Fe(Vm=1(5, k) = F(V™ (85, k)).

So it is sufficient to show that
UNFYV™ (6, k) = FCOV™ 1 (6, k).

Choose n = Y nje; € I so that ny + ai,ng + ag # 0, there exists & € V" 1(dy, k) such that u(n) =
(x4 (n+a)Nea A+ Aegum))(n) € U. By simply computing, we have

2(711 + al)
d

for some s € F*(V™2)+W(,,_1)(a, k). By the choice of n, we have (Ey1 — E}) Ju(n) € F*(V™ (6, k))\
(FO(V"2(6k, k) + Wim—1) (o, k)). By Lemma 2.3 and induction, we have U N F*(V"™ 1 (6, k)) =
Fe(V™=1(6y, k)) as required. Therefore (i) holds.

For (ii), it is clear that if U = F*(V™ 6k, k))+ W) (a, k)45, where S is a subspace of V() () (— ),
then U is a proper submodule of F*(V™ (8, k)). Now suppose that U ¢ F*(V™ (4, k)) is a proper
submodule of F*(V™(dk, k)). By Lemma 3.5, it is sufficient to show that

(Er1 — E?)u(n) = — er Nea A Aegim—1y (1) + 5,

FEV™ Y6, k) NU = F*(V™ (6, k)).
Since U € F*(V™ (8, k)), using Lemma 3.5 we have
FOWV™ Y6k, k) + Wiy (o, k) C U + F*(V™ (6, k).

Thus, choose m = Y n;e; € I' so that ny + a1,ng + ag # 0, there exists € V™~ ! such that u(n) =
(x4 (n+a)Nea A+ Aegum))(n) € U. By simply computing, we have

2(n1 =+ 041)

(Byy — Ef)u(n) = — y

et Nex A+ Aegm-1y(n) +s
for some s € F<(V™2(6, k))—i—W(m_l) (o, k). By the choice of n, we get (E11 — E?))u(n) € FY(V™ (6,
k) \ (F(V™ 20k, k) + Wim—1)(a, k)). By induction and Lemma 2.3, we have U N F*(V"™ 1 (6, k)) =
Fo(Y™m=L1(6k, k)) as required. Therefore (ii) holds.

(iil) follows from (i) and (ii). Thus we have completed the proof.
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