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�� �����	
��Æ�� a
�
���������������
�
���� Φ(x) = [φ1(x), φ2(x), · · · , φr(x)]T ���Æ�� a, ���� m 

�
���������� ���!�� r + s,���� m + L (L ∈ Z+)

"�
����� Φnew(x) = [ΦT(x), φr+1(x), φr+2(x), · · · , φr+s(x)]T.  #$�
%!&"�����
!���#$
����%'�&'#��()*(�+
,-�
�
����� Φ(x) = [φ1(x), φ2(x), · · · , φr(x)]T �./
��"� 

����� Φnew(x)012�������34567./)���#89�
 �:�

;<= >? @ABCD EFG HIJ

1 KL

���	
���
���	
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���
���

����	
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��������	
�� a = 2�������������

�������������� ��	
�� a > 2�����������

�� (!	
 [5∼10]�).����� ���
���
������" !"

�!"����!�
!#�$!
%�#���&$�	#$������%

�!"� �%�#�%�!"����%&&'�!"(
 (�	
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821����%�#��9�2
�33:;9 (TSTs) (!	
 [12,13])
2

1<4 (!	
 [14,15]).Æ	=� Chui
 Lian1)�54�>?
56�7@92

1	
��� a��
�
���%�#�69�8AB�!C7>��
�


��� Φ(x)���$!�9:D;��
��� Φnew(x)E89<21 %�

#�8:F;GH�$!�

2 MNOPQKR

<

Φ(x) = [φ1(x), φ2(x), · · · , φr(x)]T (φ1(x), φ2(x), · · · , φr(x) ∈ L2(R))

==>>2
�??@@�I�

Φ(x) =
∑
k∈Z

PkΦ(ax− k), (1)

 � a× a??A> {Pk}k∈Z$� Φ(x)�2
�??A>���ÆJ�BEA


K!�B<��CL Pk E�C��M7�� φj(x)N����	!�
$
L��	@@D$�� Φ(x)�
L�
��
����!CD��$

�E�EF {φl(x − k), 1 � l � r, k ∈ Z}DODFG!GH�HI��
=�
a− 1L rID$��

Ψμ(x) = [ψμ
1 (x), ψμ

2 (x), · · · , ψμ
r (x)]T (μ = 1, 2, · · · , a− 1)

$����
��� Φ(x)��
����!C

{ψμ
l:j,k(x), 1 � l � r; μ = 1, 2, · · · , a− 1; j, k ∈ Z}

DO L2(R)��
=�
P'D$J�� Ψμ(x) (1 � μ � a− 1)!>�

Ψμ(x) =
∑
k∈Z

Qμ
kΦ(ax− k), μ = 1, 2, · · · , a− 1. (2)

�A� (1)
 (2)42QK Fourier:;��

Φ̂(w) = P (e−iw/a)Φ̂
(w
a

)
, P (z) =

1
a

∑
k∈Z

Pkz
k, (3)

Ψ̂μ(w) = Qμ(e−iw/a)Φ̂
(w
a

)
, Qμ(z) =

1
a

∑
k∈Z

Qμ
kz

k, μ = 1, 2, · · · , a− 1, (4)

 ��L4?? P (z)$� Φ(x)�2
�RS�Qμ(z) (μ = 1, 2, · · · , a − 1)$�

Ψμ(x) (μ = 1, 2, · · · , a− 1)�2
�RS�
< Φ(x)�	
��� a��
�
����Ψμ(x)(μ = 1, 2, · · · , a− 1)��

���
����P (z) 
 Qμ(z) (μ = 1, 2, · · · , a − 1) ����2
�RS�9

1) Chui C K, Lian J A. Construction of orthonormal multi-wavelets with additional vanishing moments.
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P (z)
 Qμ(z)==>>�I (�	
 [13, 14]):⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a−1∑
k=0

P (zk)P (zk)∗ = Ir×r,

a−1∑
k=0

P (zk)Qμ(zk)∗ = Or×r, μ = 1, 2, · · · , a− 1,

a−1∑
k=0

Qμ′
(zk)Qμ(zk)∗ = δμ,μ′Ir×r, μ, μ′ = 1, 2, · · · , a− 1.

(5)

Æ	��zk = e−i(w+ 2kπ
a ), B∗ ^Q?? B �_SUV�In×n 
 On×n �A^Q

n× n�`W??
C??�

TU 1 <Φ(x)�	
��� a��
�
����Ψμ(x) (μ = 1, 2, · · · , a−
1)�����
����P (z) 
 Qμ(z) (μ = 1, 2, · · · , a − 1)�A��
���

Φ(x)
������ Ψμ(x)�2
�RS�< Qμ
j (z)�2
�RS Qμ(z)�a

j X�9⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

a−1∑
k=0

P (zk)Qμ
j (zk)∗ = Or×1, j = 1, · · · , r; μ = 1, · · · , a− 1,

a−1∑
k=0

Qμ′
h (zk)Qμ

j (zk)∗ = δμ,μ′δh,j , h, j = 1, · · · , r; μ, μ′ = 1, · · · , a− 1.

(6)

V bR Φ(x)
 Ψ(x)��
!�� P (z)
 Qμ(z)== (5)4�S

Qμ
j (z) = [Qμ

1 (z)∗, Qμ
2 (z)∗, · · · , Qμ

r (z)∗]∗

cT� (5)4U9�� (6)4�

$?? P (1)==YV E,!C 1�?? P (1)�Æ`8ZJ (6�� 1),:D

� [8ZJ λ�WN�� 1.

6d� (3)4���

Φ̂(w) =
∞∏

j=1

P (e−iw/aj

)Φ̂(0).

!CX�P'�\Y??ef
∏∞

j=1 P (e−iw/aj

)Z[�9�gX49� BP'

Φ̂(w),:$ Φ(x)��2
�??RS P (w)\O�
>�>?\Y??efZ[�2L]� (�	
 [16]).

TU 2 \Y??ef
∏∞

j=1 P (e−iw/aj

)���]X
^Z[�^_�??

J���h�i�YV�?? P (1)�8ZJ

λ1 = λ2 = · · · = λs = 1, s � 1,

: [8ZJ λ�WN�� 1.

�^_�
@@��8`�1 ia�?? P (1)�Æ`8ZJ (�	
 [17]),

U

TU 3 B<2
�??RS P (w)\O� Φ(x)�^_��: Φ(x)�E�

EFDO�
b�9?? P (1)==YV E.
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3 WXYZ[\]^_]`a

Æ_>?D;�
�
����6�7@9�U=�`&>P	
���

a��
�
�����g7@ 6�D;:��
�
�����9�

< hi,j(z) (i = 1, 2, · · · , r; j = 1, 2, · · · , s)==>>YV�
(i) �`&�E� i (1 � i � s),

∑r
j=1 |hi,j(za)|2 = C, � 0 < C < 1;

(ii) �`&�E� i, k (1 � i < k � s),
∑r

j=1 hi,j(za)hk,j(za)∗ = 0,
P' s× r?? H(z)�

H(z) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

h1,1(za) h1,2(za) · · · h1,r(za)

h2,1(za) h2,2(za) · · · h2,r(za)
...

...
...

hs,1(za) hs,2(za) · · · hs,r(za)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
.

D; s× r?? A(z)!>�

A(z) = H(z)Qμ(z) = H(z)

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Qμ
1 (z)

Qμ
2 (z)
...

Qμ
r (z)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

r∑
j=1

h1,j(za)Qμ
j (z)

r∑
j=1

h2,j(za)Qμ
j (z)

...
r∑

j=1

hs,j(za)Qμ
j (z)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (7)

TU 4 <Φ(x)�	
��� a��
�
����Ψμ(x) (μ = 1, 2, · · · , a−
1)�����
����P (z)
Qμ(z) (μ = 1, 2, · · · , a−1)�A�
��� Φ(x)


����� Ψμ(x)�2
�??RS�A(z)� (7)4P'� s× r??�9
a−1∑
k=0

A(zk)A(zk)∗ = Is×s, (8)

a−1∑
k=0

P (zk)A(zk)∗ = Or×s, (9)

a−1∑
k=0

A(zk)Qμ(zk)∗ = H(z). (10)

V ��

A(z)A(z)∗ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

r∑
j=1

h1,j(za)Qμ
j (z)

...
r∑

j=1

hs,j(za)Qμ
j (z)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

[ r∑
k=1

h1,k(za)∗Qμ
k (z), · · · ,

r∑
k=1

hs,k(za)∗Qμ
k(z)

]

SCIENCE IN CHINA Ser. A Mathematics



7 12J MKNVWXOP�QYZRLMSTN[�\]OP 1351

=

⎡
⎢⎢⎢⎣
W1,1 · · · W1,s

...
...

Ws,1 · · · Ws,s

⎤
⎥⎥⎥⎦ ,

 �

Wn,m =
r∑

j,k=1

hn,j(za)hm,k(za)∗Qμ
j (z)Qμ

k(z)∗, n,m = 1, 2, · · · , s.

bR (5)4
 hi,j(z)==�YV���
a−1∑
k=0

A(zk)A(zk)∗ = diag
( r∑

j=1

|h1,j(za)|2,
r∑

j=1

|h2,j(za)|2, · · · ,
r∑

j=1

|hs,j(za)|2
)

= CIs×s.

X4&Æc (8)4Oa�� ]� 1, (9)
 (10)49<b3Bdc�

ÆU 1 B< s× s?? B(z)==YV
a−1∑
k=0

B(zk)B(zk)∗ = (1 − C)Is×s, 0 < C < 1,

P'??

P new(z) =

⎡
⎣ P (z) O

A(z) B(z)

⎤
⎦, (11)

9�]� 4�YV>�Oa
a−1∑
k=0

P new(zk)P new(zk)∗ = I(r+s)×(r+s). (12)

V bR]� 4,��
a−1∑
k=0

P new(zk)P new(zk)∗

=
a−1∑
k=0

⎡
⎣ P (zk) 0

A(zk) B(zk)

⎤
⎦
⎡
⎣ P (zk)∗ A(zk)∗

0 B(zk)∗

⎤
⎦

=

⎡
⎢⎢⎢⎢⎣

a−1∑
k=0

P (zk)P (zk)∗
a−1∑
k=0

P (zk)A(zk)∗

a−1∑
k=0

A(zk)P (zk)∗
a−1∑
k=0

[A(zk)A(zk)∗ +B(zk)B(zk)∗]

⎤
⎥⎥⎥⎥⎦

=

⎡
⎣ Ir×r Or×s

Os×r Is×s

⎤
⎦ = I(r+s)×(r+s).

www.scichina.com
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ÆU 2 B<?? B(1)�7�8ZJ�WN�� 1,!C?? P (1)==Y

V E,9 (11)4P'�?? P new(1)B==YV E.

�	
 [17]e�\Yef
∏∞

j=1 P
new(e−iw/2j

)Z[��M:�6�� r + s

��

��� Φnew(x)9�gD� Fourier:;� BP'�U

Φ̂new(w)

= [φ̂1(w), · · · , φ̂r(w), φ̂r+1(w), · · · , φ̂r+s(w)]T

=

⎡
⎣ P (e−iw/a) 0

A(e−iw/a) B(e−iw/a)

⎤
⎦[
φ̂1

(w
a

)
, · · · , φ̂r

(w
a

)
, φ̂r+1

(w
a

)
, · · · , φ̂r+s

(w
a

)]T

.

fd:�
���

Φnew(x) = [φ1(x), φ2(x), · · · , φr(x), φr+1(x), φr+2(x), · · · , φr+s(x)]T

= [Φ(x)T, φr+1(x), φr+2(x), · · · , φr+s(x)]T,

U Φnew(x)�g
��� Φ(x)�7@�
=�X��$����>��D;P��

ÆU 3 <Φ(x)�	
��� a��
�
����Ψμ(x)(μ = 1, 2, · · · , a−
1)�����
����P (z) 
 Qμ(z) (μ = 1, 2, · · · , a − 1)�A��
���

Φ(x)
 ������ Ψμ(x)�2
�??RS�9�P� 1
 2�YV>�

j� sL�� φr+1(x), φr+2(x), · · · , φr+s(x),e�

Φnew(x) = [ΦT(x), φr+1(x), φr+2(x), · · · , φr+s(x)]T

DO
L:�6�� r + s��
�
���� ���2
�??RS� (11)

4P'�?? P new(z).

4 bcd^ef

$�
���Φ(x)��m%�# (m � 1),!C��j�mLD$ {yl}m−1
l=0

⊂ R
1×r,: y0 �= O1×r,e��7� l = 0, 1, · · · ,m − 1
 h = 0, 1, · · · , a − 1�>

4Oa�
l∑

k=0

(
l

k

)
(−i)l−kakykDl−kP (e−2πhi/a) = δ0,hyl, (13)

 � D^Qh�6��

(13)4�f�
l∑

k=0

(
l

k

)
(−1)ka−kyl−k

∑
j∈Z

(aj + h)kPaj+h =
1
al

yl, h = 0, 1, · · · , a− 1. (14)

��%�#�i@�g9<�	
 [12∼15]. j7ke�!C�
����

m%�#�9 �������� m#lA?�
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Æ_$�a 3_�D;?�:��
�
����%�#�<⎧⎪⎪⎨
⎪⎪⎩

bu(z) =
∑
j∈Z

buj z
j =

1
am

(
1 + z + · · · + za−1

a

)nu

hu(z),

hu(1) = 1,

(15)

 � u = 1, 2, · · · , s, nu ∈ Z+.h (15)4P'� bu(z)D; s× s�i??

B(z) = diag [b1(z), b2(z), · · · , bs(z)], (16)

9�>��]��

TU 5 < {buj }� (15)4P'� bu(z)�RS���A>�9

am+1
∑
j∈Z

buaj = am+1
∑
j∈Z

buaj+1 = · · · = am+1buaj+a−1 = 1, u = 1, 2, · · · , s,
∑
j∈Z

(aj)kbuaj =
∑
j∈Z

(aj + 1)kbuaj+1 = · · ·

=
∑
j∈Z

(aj + a− 1)kbuaj+a−1, k = 1, 2, · · · , nu − 1.

�j
kB�B<

B(z) =
∑
j∈Z

Bjz
j, L = min{n1, n2, · · · , ns},

9 ∑
j∈Z

(aj)kBaj =
∑
j∈Z

(aj + 1)kBaj+1 = · · ·

=
∑
j∈Z

(aj + a− 1)kBaj+a−1, k = 1, 2, · · · , L− 1.

TU 6 !C7�� bu(z) (u = 1, 2, · · · , s)N==
a−1∑
k=0

bu(zk)bu(zk)∗ =
1
a2m

,

9
a−1∑
k=0

B(zk)B(zk)∗ =
[
1 − a2m − 1

a2m

]
Is×s. (17)

ÆU 4 <

Φ(x) = [φ1(x), φ2(x), · · · , φr(x)]T

��� m %�#��
�
�������2
�RS� P (z); Ψμ(x) (μ =

1, 2, · · · , a − 1)���� a− 1L�
����Qμ(z) (μ = 1, 2, · · · , a − 1)�A�

���2
�??RS�B< (16)4P'�?? B(z)== (17)4�(7)4P'�

?? A(z)==
a−1∑
k=0

A(zk)A(zk)∗ =
a2m − 1
a2m

,

www.scichina.com
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9 (11)4P'�2
�??RS P new(z)9\O:��
�
���

Φnew(x) = [ΦT(x), φr+1(x), · · · , φr+s(x)]T,

: Φnew(x)��m+ L%�#�

V �P� 39e P new(z)9\O
L:��
�
��� Φnew(x).��

Φ(x) �%�#� m, 7<ij� m LD$ yl ∈ R
r (l = 0, 1, · · · ,m − 1), : y0

�= O1×r,e��� h = 0, 1, · · · , a− 1,Oa

yl

(∑
j∈Z

Paj+h − 1
al
Ir×r

)
= −

l−1∑
k=0

(
l

k

)
(−1)l−k

al−k
yk

∑
j∈Z

(aj + h)l−kPaj+h. (18)

>�8�dc:��
�
��� Φnew(x) �� m + L%�#�Umn m + L

LD$ wl ∈ R
r+s, l = 0, 1, · · · ,m + L − 1,: w0 �= O1×(r+s),e��>4OaU

9�

wl

⎛
⎜⎜⎜⎝

⎡
⎢⎢⎢⎣

∑
j∈Z

Paj+h Or×s

∑
j∈Z

Aaj+h

∑
j∈Z

Baj+h

⎤
⎥⎥⎥⎦− 1

al
I(r+s)×(r+s)

⎞
⎟⎟⎟⎠

= −
l−1∑
k=0

(
l

k

)
(−1)l−k

al−k
wk

⎡
⎢⎢⎢⎣

∑
j∈Z

(aj + h)l−kPaj+h Or×s

∑
j∈Z

(aj + h)kAaj+h

∑
j∈Z

(aj + h)kBaj+h

⎤
⎥⎥⎥⎦ . (19)

fd

wl = [yl, 0, 0, · · · , 0] ∈ R
r+s (l = 0, 1, · · · ,m− 1)

== (19)4��MS K�== (19)4�kmLD$�[>� LLD$l�

wm+l = [ym+l, c1m+l, c
2
m+l, · · · , csm+l], l = 0, 1, · · · , L− 1.

fdD$ wm ia==
s∑

j=1

|cjm| �= 0.

m%X�!C7�� cjm = 0,9

wm = [ym, 0, 0, · · · , 0],

%&Æc Φ(x)�%�#�m+ 1,oYV3nl���po��J��7��

l = 0, 1, · · · ,m− 1,m, · · · ,m+ L− 1

N 

wl = [yl, c1l , c
2
l , · · · , csl ]

SCIENCE IN CHINA Ser. A Mathematics
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^Q�9�� j = 1, 2, · · · , s
 l = 0, 1, · · · ,m− 1� cjl = 0,�M (19)4�f�>

�24�

yl

(∑
j∈Z

Paj+h − 1
al
Ir×r

)
+ [c1l , c

2
l , · · · , csl ]

∑
j∈Z

Aaj+h

= −
l−1∑
k=0

(−1)l−k

al−k

(
l

k

)[
yk

∑
j∈Z

(aj+h)l−kPaj+h+[c1k, c
2
k, · · · , csk]

∑
j∈Z

(aj)l−kAaj+h

]
,

(20)

[c1l , c
2
l , · · · , csl ]

[∑
j∈Z

Baj+h − 1
al
Is×s

]

= −
l−1∑
k=0

(−1)l−k

al−k

(
l

k

)
[c1k, c

2
k, · · · , csk]

∑
j∈Z

(aj + h)l−kBaj+h. (21)

��� j = 1, 2, · · · , s
 l = 0, 1, · · · ,m− 1N� cjl = 0,m96q (21)4�>�2

4�

[c1m, c
2
m, · · · , csm]

[∑
j∈Z

Baj+h − 1
am

Is×s

]
= Os×s, (22)

[c1m+l, c
2
m+l, · · · , csm+l]

[∑
j∈Z

Baj+h − 1
am+l

Is×s

]

= −
l−1∑
k=0

(−1)l−k

al−k

(
m+ l

l− k

)
[c1m+k, c

2
m+k, · · · , csm+k]

∑
j∈Z

(aj + h)l−kBaj+h,

l = 1, 2, · · · , L− 1. (23)

�]� 5e ∑
j∈Z

Baj+h =
1
am

Is×s,

�M� ∑
j∈Z

Baj+h − 1
am+l

Is×s =
al − 1
am+l

Is×s.

7<

[c1m+l, c
2
m+l, · · · , csm+l]

= − am

al − 1

l−1∑
k=0

(−1)l−kak

(
m+ l

l− k

)
[c1m+k, c

2
m+k, · · · , csm+k]

∑
j∈Z

(aj + h)l−kBaj+h,

l = 1, 2, · · · , L− 1. (24)

`p

[c1m, c
2
m, · · · , csm] �= O1×s,
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bR (24)49<q?

[c1m+l, c
2
m+l, · · · , csm+l], l = 1, 2, · · · , L− 1.

r� (20)4�q?��� ym+l,U��[>� L− 1LD$

wm+l = [ym+l, c1m+l, c
2
m+l, · · · , csm+l] (l = 1, 2, · · · , L− 1),

n8dc� Φnew(x)��m+ L%�#�

g o h (h ∈ {0, 1, · · · , a− 1})pEs�J����s
L [c1m, c
2
m, · · · , csm]

8`�]� 59<Gd (24)4q?� [c1m+l, c
2
m+l, · · · , csm+l] (l = 1, 2, · · · , L− 1)�

3s��

5 hij^kl

Æ	Æ$�
���p�����$��!C�
���p����7�

�$�r��$���r�q�$���	
 [7,10,13],�

TU 7 <Φ(x)�	
��� a��
�
����Ψμ(x) (μ = 1, 2, · · · , a−
1)�����
����P (z)
Qμ(z) (μ = 1, 2, · · · , a−1)�A��
���Φ(x)


 ������Ψμ(x)�2
�??RS�9Φ(x)
 Ψμ(x) (μ = 1, 2, · · · , a−1)

��$�h�i�YV�

S0,rP (z)S0,r = D0,r(za)P (z)D0,r(z), (25)

Sμ,rQ
μ(z)S0,r = Dμ,r(za)Qμ(z)D0,r(z), μ = 1, 2, · · · , a− 1, |z| = 1, (26)

 �

Sμ,r = diag[(−1)kμ
1 , · · · , (−1)kμ

r ],

Dμ,r(z) = diag[zaμ
1 +bμ

1 , zaμ
2+bμ

2 , · · · , zaμ
r +bμ

r ],

μ = 0, 1, · · · , a− 1, kμ
l �� 0p 1. o kμ

l �� 0�^c Φ(x)p Ψμ(x)�����

$��$��o kμ
l �� 1�^c Φ(x)p Ψμ(x)�����$�q�$��:s

L�$��	tI�

supp φl(x) = [a0
l , b

0
l ], supp ψμ(x) = [aμ

l , b
μ
l ], l = 1, 2, · · · , r.

ÆU 5 <�
��� Φ(x)
������ Ψμ(x) (μ = 1, 2, · · ·a− 1)N�

�$��

Ds(z) = diag[zc1 , zc2, · · · , zcs ],

Ss = diag[(−1)λ1 , (−1)λ2 , · · · , (−1)λs ],

 � λi (i = 1, 2, · · · , s)�r�� 0,�r�� 1. !C>>24Oa�

SsA(z)S0,r = Ds(za)A(z)D0,r(z), (27)

SsB(z)Ss = Ds(za)B(z)Ds(z), (28)
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9�P� 4�YV>��2
�RS P new(z)\O��
�
����%�#�

21�s�FGHg���$!�

V �� Φ(x) 
 Ψμ(x) (μ = 1, 2, · · · , a − 1) ��$��7<j� Sμ,r,

Dμ,r(z) (μ = 0, 1, · · · , a− 1),e� (25)
 (26)4Oa�r� (27)
 (28)4�9

<t? [
S0,r O

O Ss

]
P new(z)

[
S0,r O

O Ss

]

=

[
S0,r O

O Ss

][
P (z) O

A(z) B(z)

][
S0,r O

O Ss

]

=

[
S0,rP (z)S0,r O

SsA(z)S0,r SsB(z)Ss

]

=

[
D0,r(za)P (z)D0,r(z) O

Ds(za)A(z)D0,r(z) Ds(za)B(z)Ds(z)

]

=

[
D0,r(za) O

O Ds(za)

][
P (z) O

A(z) B(z)

][
D0,r(z) O

O Ds(z)

]

=

[
D0,r(za) O

O Ds(za)

]
P new(z)

[
D0,r(z) O

O Ds(z)

]
.

�MbR]� 7e�Φnew(x)GHg���$!�

6 mnop

q 1 (r = 2, s = 1
 a = 2����%�#n 221� 4) <

Φ(x) = [φ1(x), φ2(x)]T

�
L%�#� 2 (Um = 2)��
�
����==>>�I [18]:

Φ(x) = P0Φ(2x) + P1Φ(2x− 1) + P2Φ(2x− 2),

 �

P0 =

⎡
⎢⎣ 0

2 +
√

7
4

0
2 −√

7
4

⎤
⎥⎦, P1 =

⎡
⎣ 3/4 1/4

1/4 3/4

⎤
⎦, P2 =

⎡
⎢⎣

2 −√
7

4
0

2 +
√

7
4

0

⎤
⎥⎦.

����
��� Ψ(x)==��I�

Ψ(x) = Q0Φ(2x) +Q1Φ(2x− 1) +Q2Φ(2x− 2),
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 �

Q0 =

⎡
⎣ 0 3/4

0 1/4

⎤
⎦, Q1 =

⎡
⎢⎣ −2 +

√
7

4
−2 −√

7
4

−2 −√
7

4
−2 +

√
7

4

⎤
⎥⎦, Q2 =

⎡
⎣ 1/4 0

3/4 0

⎤
⎦,

�M

P (z) =

⎡
⎢⎢⎣

3
6
z +

2 −√
7

8
z2 2 +

√
7

8
+

1
8
z

1
8
z +

2 +
√

7
8

z2 2 −√
7

8
+

3
8
z

⎤
⎥⎥⎦,

Q(z) =

⎡
⎢⎢⎣

−2 +
√

7
8

z +
1
8
z2 3

8
− 2 −√

7
8

z

−2 −√
7

8
z +

3
8
z2 1

8
− 2 +

√
7

8
z

⎤
⎥⎥⎦.

p

B(z) =
[1 + z

2

]2 (1 +
√

3) + (1 −√
3)z

8
,

A(z) =
√

15
4
Q2(z) =

√
15
4

[
− 2 −√

7
4

z +
3
4
z2,

1
4
− 2 +

√
7

4
z
]
,

guvd

B(z)B(z)∗ +B(−z)B(−z)∗ = 1 − a2m − 1
a2m

= 1 − 15
16
,

A(z)A(z)∗ +A(−z)A(−z)∗ =
a2m − 1
a2m

=
15
16
.

bR (11)4�9<D;

P new(z)

=

⎡
⎢⎢⎢⎣

3
8z + 2−√

7
8 z2 2+

√
7

8 + 1
8z 0

1
8z + 2+

√
7

8 z2 2−√
7

8 + 3
8z 0

− 2
√

15−√
105

16 z + 3
√

15
16 z2

√
15

16 − 2
√

15+
√

105
16 z

[
1+z
2

]2 (1+
√

3)+(1−√
3)z

8

⎤
⎥⎥⎥⎦.
(29)

rbRP� 3, (29)4P'�2
�RS P new(z)9<\O:��
�
���

Φnew(x) = [φ1(x), φ2(x), φ3(x)]T.

�j
k��P� 4e Φnew(x)�%�#� 4,;`(�Φ(x) �%�#n 221

� 4.
q 2 (r = 1, s = 1 
 a = 3 ����%�#n 1 21� 2 rGH�$! )

< φ1(x) �
L	
��� 3,%�#� 2 (U m = 2)��

����==�
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I [19]

φ1(x) =
2 −√

6
4

φ1(3x) +
1
2
φ1(3x− 1) +

2 +
√

6
4

φ1(3x− 2)

+
2 +

√
6

4
φ1(3x− 3) +

1
2
φ1(3x− 4) +

2 −√
6

4
φ1(3x− 5),

���2L�
�� ψ1(x)
 ψ2(x)==��I�

ψ1(x) = − 2 −√
6

4
φ(3x) − 1

2
φ(3x− 1) − 2 +

√
6

4
φ(2x− 2)

+
2 +

√
6

4
φ(3x− 3) +

1
2
φ(3x− 4) +

2 −√
6

4
φ(3x− 5),

ψ2(x) = −
√

2
2
φ(3x) +

√
2φ(3x− 1) −

√
2

2
φ(3x− 3).

< φ1(x), ψ1(x)
 ψ2(x)�2
�RS�A� P (z), Q1(z)
 Q2(z).p

A(z) =
2
√

2
3
Q1(z), B(z) =

1
3

[1 + z + z2

3

]
.

guvd
2∑

k=0

A(zk)A(zk)∗ =
8
9
,

2∑
k=0

B(zk)B(zk)∗ = 1 − 8
9
.

D;??

P new(z) =

[
P (z) 0

A(z) B(z)

]
.

�P� 3
 4e�P new(z)\O
L	
��� 3� 26�
�
���

Φnew(x) = [φ1(x), φ2(x)]T,

 %�#�gu� 121� 2,s Φnew(x)Er���$!�
s!Cp

A(z) =
2
√

2
3
zQ2(z), B(z) =

1
3
P (z),

9 A(z)
 B(z)==P� 5�� (27)
 (28)4� �

S1 = S0,1 = 1, D1(z) = D0,1(z) = z5/2.

b3B9<vd A(z)
 B(z)==P� 4
 5� vYV�D;

P new(z) =

[
P (z) 0

2
√

2
3
zQ2(z)

1
3
P (z)

]
,

�P� 4
 5e�!MP'� P new(z)\O��
�
��� Φnew(x)E89<

21%�# (n 1#21� 2#),8:FGH�$!�

rs *+t,uvw��
xy-z�{�

www.scichina.com



1360 ���� A� �� 7 350

| } ~ �

1 Vetterli M. Perfect reconstruction FIR filter banks: Some properties and factorization. IEEE Trans Acoust

Speech Signal Process, 1989, 37: 1057∼1071
2 Jia R Q, Zhou D X. Convergence of subdivision schemes associated with nonnegative masks. SIAM J

Matrix Anal Appl, 1999, 21: 418∼430
3 Han B, Jia R Q. Multivariate refinement equations and convergence of subdivision schemes. SIAM J Math

Anal, 1998, 29: 1177∼1199
4 Han B. Vector cascade algorithms and refinable function vectors in Sobolev spaces. J Approx Theory,

2003, 124: 44∼88
5 Han B, Mo Q. Multiwavelet frames from refinable function vectors. Adv Comp Math, 2003, 18: 211∼245
6 Zhou D X. Interpolatory orthogonal multiwavelets and refinable functions. IEEE Trans Signal Processing,

2002, 50: 520∼527
7 Chui C K, Lian J A. A study on orthonormal multiwavelets. J Appl Numer Math, 1996, 20: 273∼298
8 wwx�tyzu[0,1]xyzvw{x*u���y�2002, 45: 789∼796
9 Yang S Z, Cheng Z X, Wang H Y. Construction of biorthogonal multiwavelets. J Math Anal Appl, 2002,

276: 1∼12
10 Yang S Z. A fast algorithm for constructing orthogonal multiwavelets. ANZIAM Journal, 2004, 46:

185∼202
11 Lian J A. On the order of polynomial reproduction for multi-scaling functions. Appl Comp Harm Anal,

1996, 3: 358∼365
12 Plonka G. Approximation order provided by refinable function vectors. Constr Approx, 1997, 13: 221∼

244
13 Plonka G, Strela V. Construction of multiscaling functions with approximation and symmetry. SIAM J

Math Anal Appl, 1998, 29: 481∼510
14 Li H G, Wang Q, Wu L N. A novel design of lifting scheme from general wavelet. IEEE Trans Signal

Process, 2001, 49: 1714∼1717
15 Fritz K. Raising multiwavelet approximation order through lifting. SIAM J Math Anal, 2001, 32: 1032∼

1049
16 He W J, Lai M J. Construction of bivariate compactly supported biorthogonal box spline wavelets with

arbitrarily high regularities. Appl Comput Harmon Anal, 1999, 6: 53∼74
17 Cabrelli C, Heil C, Molter U. Accuracy of lattice translates of several multidimensional refinable func-

tions. J Approx Theory, 1996, 95: 5∼52
18 Strela V, Heller P N, Strang G, et al. The application of multiwavelet filterbanks to image processing.

IEEE Trans Image Process, 1999, 8: 548∼563
19 {||�}~zu3{y}{x��v|�}5~�~�u|)���A��2001, 31: 602∼614

SCIENCE IN CHINA Ser. A Mathematics


