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Figure 1 Graph of f(z) and its reconstructed graphs using the first 8 terms of Fourier, Walsh, QU-3 and BU-3 series,

1 Fourier, Walsh. QU-3 5 BU-3 HJRT 8 BURIIELE IR

and Frequency coefficients. (a) Original; (b) Fourier; (¢) Walsh; (d) QU-3; (e) BU-3; (f) frequency coeflicients
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Figure 2 Graph of g(z) and its reconstructed graphs using the first 16 terms of Fourier, Walsh, QU-3, and BU-3 series,
and Frequency coefficients. (a) Original; (b) Fourier; (¢) Walsh; (d) QU-3; (e) BU-3; (f) frequency coefficients
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Table 2 Approximation error with the partial sum of a series

Function Terms Fourier Walsh BU-3 QU-3
f(x) 8 0.8563 4.7877 0.3034 0.0378
g(z) 16 9.0380 4.6750 2.3914 0.0056

Fourier 240111 /0 20 LI ABAIST | 75 3 st 5 [0 W7 s AL A ORI 22, F Waalsh 200147 BRICUT LU, )
S BR. I 1(e) AT LA, F Fourier BU 208/ H LT UGS R B, S48 = = L &b
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HBITALA 0.
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Kt s — 2 TR B JLAT I, AE CAGD FIMN I, — R 22 IR 7R J LA
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N-1 N-1
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1 1
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Figure 3 Image edges, reconstructed edges, and coefficient curves. (a)(e)(i)(m) Original edges; (b)(f)(j)(n) reconstructed
edges with 64 coefficients of QU-3; (c)(g)(k)(o) reconstructed edges with 64 Fourier coefficients; (d)(h)(1)(p) coefficients of
QU-3 in the z- and y-directions. (a) Edge of apple; (b) apple, QU-3; (c) apple, Fourier; (d) coefficients of apple; (e) edge
of bird; (f) bird, QU-3; (g) bird, Fourier; (h) coefficients of bird; (i) edge of butterfly; (j) butterfly, QU-3; (k) butterfly,
Fourier; (1) coefficients of butterfly; (m) edge of word; (n) word, QU-3; (o) word, Fourier; (p) coefficients of word

Hdr o, B (6) M. WA 3 IRFESRREIMG LS, B4 LLH 3 IR Fourier-QU 244 14 B2 1
ET % 3 REACBTY I BN 2 4™ 4L W] 2 REEA R G, IR A T LU 2
K Fourier-QU AT BRISURS T TE M1 2 WXRESORERY, BT IO & L 3 475

K 3 & 4 EEMGEH 3 IR Fourier-QU 2% Fourier A 64 I M EIMGRERZ& 45 R, 5 R
PG EC BREXT L, A BRI Fourier- QU A& AT DL ELARHERf M ik G 56 B 2k, iX AN 45 R 5 Fourier 2%
HOEAAIR, HERATTH 10 250 Fourier-QU RALZAb, HARMIZHR KA 0, IXFER 45 R,
AU A BRI Fourier-QU R BORAMIE BB IR L, ditb T LIS 2] — 2B i IR E 7, B QU il
b

5.3 QU #ikF
1) QU ik v L5 M.
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4 Ef% F1 5 F2 ETHRAIBHNRELSEER
Figure 4 Original and transformed shapes of images F1 and F2, together with energy values. (a) Original F1, F =8.2052;
(b) transformed F1, E =8.2052; (c) original F2, E =7.6240; (d) transformed F2, E =7.6240

FHE 3 fsesn] 40, AT LA Fourier- QU ZREUNTHT N IR FORFS IR BHG 1 JLAIL F, 5 31
HHZ f(t) = 2(t) +iy(t), A7 5 AW Sk f(t) 76 X J15 Y J5FE Fourier-QU 2%, Wik (9) i
AR AT AR) = A Ay AR A(k) RPN £(1) M5 kA QU AT, BB dk) = 351, 5
ok ezt IARK d(k) A f(t) W E ANE— QU ik 7. d3cik [9,10], FATTal LA E RS2 i

) iy il

EE 10 ek f(t) B 20 RIE o 5iEse 0 BIEHE &k (k€ 2) MR TA N(k) =
e Nk) + 2o (K)], Hor, AR) A f(t) B k(k € ZT) MR 7. HIH— R T dk) &2 P
U S i AN AR 1

4 EWIEEIR F1 5 F2 MR EL U KLE TR el S5 )RZ R 5 Rk, B 4 1 7
JRARRC BRI “Rem” 5 HE I ERE “Rem” i, Hrh PRl (—30,20). BEFEMEEA . ff
ARPER 1.5, “Be M6 QU ik FIRIMBATHEL, Bl B = S0 d(k). HISE T LA e
PR 10 A& AT HY.

2) EEII QU BHE.

T IH— QU fiid 12— RE. e A2, ik, v DU e ke LEHE T QU BE
BB da(k) 5 de(k) 2B A 5 B K k ANH—4 QU Hid 1, & X

=1

App = J (da (k) — di(k))*
k

MBI A 5 B A QU BEE. K 5 & MPEG7-CE-1 1 spring 28K 5 IEEI%, K 6 ZHLE AR
(1) 5 WP, & 3 )2 spring K 5 IR Z M) QU BEES, 3£ 4 ARFZF 5 [EEME R QU EE.
H# 3 W LLEH, FZREMRZH1) QU BEE VN, BT 14 5HAR 4 A Spring 1925 il 5 m AN, A
EHAh 4 A Spring 1) QU BEESRCK, 1K 4 BBk AR EIGE, B eAZ R B EoR.
XA QU BEBGEOA, G R FARAE RN, RZBEK. BRI, QU Hid 72 — KA IR I8 7.

6 it

AL T — R U-RG IS S VA 3R, SO G BRIV IE B AT 2 WL SCik [13,14].
T QU-RSZ 3K L?[0,1] TIE&MIER /B MR, HE R H01 73 BUsAE [0,1] X IE A Y
HEIA B AL, I FLe B P A e 282 1 5 v b 15 A (R T R R ek 2, DR, W DS Fourier-QU 208K
(A BRI i 7 — 2R 2RSS Y941, ] Fourier—QU 2 AT FRIFUIT AL — G F 5 1) X ok ik
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Figure 5 Image edges of five springs. (a) I1; (b) I2; (c) I3; (d) I4; (e) I5
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Figure 6 Image edges of five different image classes. (a) 16; (b) I7; (c) I8; (d) I9; (e) I10

HISIOH I B HL T Fourier 2044, Walsh 2444, HaxfRlixZ/N T Fourier-BU 244, ik, v LA
B Fourier-QU ZREUMIAR JL BB B EHG R ER e, XA TAT T DA R —F I 2 A FER F ——QU
AT, IF HIA—4 QU ik 7t — 2RI TP . e 5 N AR AR &, AT 7, BATE
A PARY I — 2R DU R 20 Be 2 TR 22 /e (TRIFR QVLets), HoBR/NIHE QU-R G sk 30 iot, 1
QU- RGEMIEERET LA QVLets B/ pRELZ E TR (S 0GR [13]), Rk, QU IEAZ R4t n] LA
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% 3 Spring £HH 5 BEKEN QU X
Table 3 QU distances between the five springs

I1 12 I3 14 15
I1 0 0.0605 0.3326 1.8089 0.0605
12 0.0605 0 0.3080 1.7930 0
13 0.3326 0.3080 0 1.5875 0.3080
14 1.8089 1.7930 1.5875 0 1.7930
15 0.0605 0 0.3080 1.7930 0

x4 FTEEGEFH 5 BEGKEN QU EEH

Table 4 QU distances of the five image classes

16 I7 18 19 110
16 0 1.0687 2.1253 3.2100 1.6211
I7 1.0687 0 2.3893 2.9251 1.9987
I8 2.1253 2.3893 0 2.0626 0.7637
19 3.2100 2.9251 2.0626 0 2.1132
110 1.6211 1.9987 0.7637 2.1132 0

i QVLets MK (cascade) HIESZIL 181 N FARSC 77k, AT LIS 2N (N 2 IEHEEL) HEH]
5 B2 a2 /N, BEA—Efetit oV HEFIR U-RS, 7830k [13] o, 140 T REME 2N
HEH] U-RGE 7850 D B4, (HIRVE 2 ) SUEASHE— DI 9T.
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A class of orthonormal complete piecewise polynomial systems
and applications thereof
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Abstract In the application of geometric graphs and image shape analysis, the Gibbs phenomenon appears
if we approximate discontinuous geometric graphs using trigonometric functions, while the approximation effect
of Walsh functions is not very good because of its slow convergence. This paper constructs a class of piecewise
polynomials systems (referred to as quaternary U-Systems), whose breakpoints only appear at quaternary rational
numbers. Such quaternary U-Systems are a class of complete orthonormal systems in L? [0,1} . In addition, we also
investigate their properties, formulae for basis values and Fourier-QU coefficients, and present a set of explicit
expressions for a quaternary U-system of degree r (r=2, 3, 4). Next, we apply a finite Fourier-QU series to
represent image edges, and propose using the finite Fourier-QU coefficients to depict geometric graphs and image
shapes. As a result, we obtain a new class of polynomial descriptors, called QU descriptors, and prove that unified
QU descriptors are invariant under translation, scale, and rotation. Finally, we verify experimentally that the
convergence rate of Fourier-QU series is faster than that of Fourier series, Walsh series, and Fourier-BU series
in terms of the approximation of the function of a single variable. Furthermore, the experimental results prove
that the QU descriptors are a class of practical shape descriptors, and that the QU distance between images can

accurately measure their similarity.

Keywords piecewise polynomials, orthogonal functions, quaternary U-system, Fourier series, Walsh functions,
image edges, shape descriptors
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