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B ERBENELEH, BELRESRGETRALR, S H - RREGARROHELBE ARAXM
RN UFE —RAA KUK ESFH, NTf# 2 EET Schmidt 7 Simion FT# &% T
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1 35

1946 £F, FE2 %2 A Schoenberg M 25 1 T — JORE R RN 4 PP A5 Fourier A8 ¥4 4« Taylor

R KW T 2 T . 3K 4 PO RUAEAAE A% B S S TH SN LEOARS B 2R A AR A HOR 1 7 2 40
R ORI, A TIRIL R K 2 oA 2 S TR ON U U LT A AL S A B D)%
FAHZ, BT ERAERGE, ERK BRI, AMIFRA S RB el AR R, B
ZITFR, 2 IO B HCEC A IR A B 50 T AT E AL, 2 E AR Vergne U £ 2006
FRARRKEM 1L NSRS, BRNA T 2 eI, R, w7t FI R St
TFIE T X — A it 7 1561 HO R 36 7183 [7], 52 T Box FEAAIIEFE RS £ 70 Bernoulli £
W RIR. T 23 VR G R 1800 SRS TT e 1 20 Th (A PR AR B I P 8 T 0] R 1 22 O R 2% T VAT
Fo. FTLAUE, B I R B AR B 23 SO BB N LGB M 5] AN 7] S0 B 2K 0 900, v il X
SER A SCHHT IR 2.
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ARSI B H A2 B AR 2% BR B0 IR 7T 5 AR S ) B RS LA S AN ZH 5 2 L, B 80 LA g T
L2 R ST 5 PR U THD 1) UMV 5 AR RO 2% s a8 5 T £ 225 18 2 Mh2H & 2 TR RE 2% eR 2
TR LA A5 P B B U R AR 26 D 10 9. AR ST B = o HORE 2 R B 18, AMEBRAIE IR 2 Bk
JUAEA R & e b SR S R, T HAS ) — R 50 B ST BT, AT 2 o ) 5
AT IR RIRE SR BB RAE — 2. ASCESHINTR: 55 2 TR B FE SR BB EE AL, 55 3 194 B
FESAEENL T PR VITH IF) @ R 26 4 51018 B AR 54 0 Eulerian BUOCHE; 55 5 19HH5L B ¢
S 54ML Eulerian %, T2 BIAAR S AR NERR; 55 6 TTIRRAE S FFI B 1 B %
THERTFT.

2 B #HZREIEL

B FEE 51 RN T2, IR T Curry M1 Schoenberg 10 S&F— o4& I TAE, &—FhE X B
FESR I T UART B 5325, 3K b 7 v A o A2 T 9 vy 24 2 [) 11°) 22 T A 1 3 A0 24 2 1) 3 52 1Dl 2 bR .
PL#;, 0 < <n NE5REI—I0 B FE&E N

/S(t|t0,...,tn)g(t)dt:/ o((v,))dm(t), Vg € Co(R), (2.1)
R A

Hrf Co(R) AENTE R _ERIEAHRLERELL R E LK. Curry Ml Schoenberg 10 g (2.1) 45 T
—JC B FEAHI— M LT RRE. 3 n B4 o TR v FISE— &2 t, 0<i < n, N

vol, _1{v € o |vV) =1t}
nlvol,,o

St | to,. . tn) = (2.2)

)

Hr o) F£IR o HE—N0E, vol; N R H1 Lebesgue WL, W JCHRE A B, I B2 YA 4R Lebesgue
MR

de Boor Al De Vore M 25644 (2.1) F1 (2.2) #E) 2 T = 4EE . 2V N s xn SFEREH rank(V)
=5 VWAEEILERN s gEFIRE vy, .. v, HROWTEES. BE V (ISYEAEEERS, WS v
AHIEH) Box FEAAEREL B(x | V) AT R BT 5 121

EX 2.1

/ 6(@)B(x | V)dz = / s(Vu)du, @ c D(R), (2.3)
Rs [0,1)"
HrAr DR N R s H S SR R B 2H Rl 25 1]

PG ik Box FELIIE X, 53] T Box FEZIIANN JLAAT iR (21

vol,(V=lz N [0,1)")
|det(VVT)]

Hh vole = {y | Vy =z}, H vol,(Vlz) AZIHEK V- la f£ R AR
2.1 #FHEE(22) A1 (2.4) I [0,1)" HHCAFRERAE A, WIHIE L) B FEA&RUR
Micchelli 12 5] NFJBRAETERESG. #0065 [0, 1) B4l R, W45 2] H Dahmen 031 & SCHER: 5%

Bz | V)= , (2.4)
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H EIRE XATEH, Bz | V) IXEN

V] = {Z

j=1
F ¢ = exp(—iy-), ARG B(-| V) (¥ Fourier A8y
. 1y L —exp(—i¢To))
B¢ Ivy=11 #7

j=1
(2.5) KW, Box FEAHIBRUIRRZ Box 5%, Bl

B(x |W)*B(z |V)=B(z | VUW).
Xf Bz | V) ME&E S8, BI1F 240 Box FE&

Mz |V)=Ba+ey | V), cvi=Y. %ﬂ

v; €V

og%gLv%.

=

FFEA Mz | V) B Fourier 45

M(w| V)= ][] sinc(vfw), sinc(t) :=

gt t/2

o, &V =(1,1,...,1) € R, g3 B LAEFHE R {0,1,...

B 5%, i0fE Ba(x). Bk,
1-— exp(—iw))n.

M, ATRAARE] n Br 8025 B, () FIBHRE X

1 b

By(x) = { , A xel0,1),
0, FAth,

Bn = Bl * Bn—l-
B E AR, B, BRI [0,n] BT 2 XK. 2 n > 2 B,

MA% n>1,H

By (z) = %Bn(x) n ”*i_ T Bu(z —1);
HAEAFREL
1 " /n i e
B = G 2 () e
Hor

(x —4)7 " = (max{z —i,0})" .

¥ B, AE— TP, #1520 T S ORI 5] B #E %
M, (z) := B, (x + ;L), n>1.

KTF M, (z) HUWF Fourier 84t Ji:

 sin(t/2)

(2.5)

(2.8)

,n} ER—J0 B Hk — 3

(2.9)

(2.10)

(2.11)
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I 2.1 M, € L' (R)N L*(R),

My(w) = sinc™ ("2’) sinc(w) = Sinu(j‘”). (2.12)

KT B FESHE TR BT 7T, e AT LB E] 1904 £, Sommerfeld M4 ) F724 R A, IEA T B
FESEPEE B K, WL 3] Gauss BRIEL. )5, Schoenberg 10 {IF B 7 — M4 ri i) B FESEBEE IREL
38K, B B Polya AT A% ELE 1992 4, Unser 5 A 1) 4IEB T 3650 B FEAARIMIE M RAE LP(R)
75 [ HATY SR AL Brinks 161 Unser 55 NS RAHE 21 T B FEAM SR, I H T HIIEH /N
B, MbE, VPR EA 2 0T BT B MR RILRHUE Lr(R) A% B] H i v 5 ISy, 19381 T
Wi E

I 2.207 4 ke WXT d>k+2, BREEZH k Br SERIF5 B 8T Gauss 5
B k 38, B

d 2 (k) d d 1 k x? 1
2) B L+ f)=—>D T - 2.1
(12> P ( 12x+2) T exp 5 +0 1) (2.13)
/ k41
; AN gl A AL L e z
dh_{]go{<12> B, < 12334—2)}— \/Z?D exp 5 ) (2.14)

Hrp R 2 R AW EE 7 LP(R), p € [2,00) .
B k=0, R 2.2 BN T HAHERL:
WL 2.1 X TAER d e N, 3 B HEARISIE] Gauss BRIHL,

JIs(Eer D)= (%) o(2), 013

. d d
Jm qu( 2t 2) = 75 o (‘ 2)7 (2.16)
Fr IR AR L(R), p € [2, 00) .

I HA

3 B #EEMEBI S AYImEIc)RE

JER 37 7 AR D] TH] 1) 80 A2 B O AR 22 A% O 1) . Zomg ESCHR [18] A1 “Cambridge Tracts in Mathe-
matics” AP EZE “The Cube: A Window to Convex and Discrete Geometry” 19 1 & G5 i/ 44
T RESL T RAE B AR LA 2 o B B . X 5 TR T B e] LUB W B Laplace 29 F1 Pélya U [ TAE.

Laplace N | fFRe— MR, HE T UTEE: & I Fox n e85 60500714, B

I"'={zeR"|0<z;<1,i=1,...,n}.

& I v
H(t)={zeR"|z1+ 22+ -+ 2, =t}

FITACER (K <AL CRE o — 1 4RV ARRANARTEAR), FoR R ot~ AR 7 2 3
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EIE 3.1 20

voly_1 (H(t)) = @ <812”) cos((n — 26)u)dp,
Horb voly(X) NEES X 78 R™ R & 4EMIFE.
B > n/2, WP H,(t) BEE S TR0 enn o= (3,1, 1) HIBEES Ny

_t _Vn
Si= ==

FAE— MR AR R AT RIS TTR I I A e HEE T EX ML (1,1,...,1) BP0 7R
vol,— 1< < + f)) 2\f (sm,u) cos(2v/nsp)du

Polya (1) 435 —£5 e B AR 5B AERIBIL A erp HBELT R 0 = (01, 00.....v,)
VI

H,(z) :={z e R" | viz1 + vaxa + -+ - + vz, =t}

B PR 0 — 1 gEDIHIAR, 153 7 R A S
EIE 3.2 [2U
Vol 1 (I" O\ Hy (2)) = 2Y™ / smw s (2ux)dp. (3.1)

Laplace M1 Pélya #B & £k BN T 458

EIE 3.3
nlgI;oVOl" 1< < —|—Sf>) \/E 657, (3.2)

124 N1k, Polya Frgs SL IR VI e 3 (8 2 3.2) CRBCABE I 2 A UI T fiz 0 077, i,
B Good %5 Hi (156 T8 37 7 PR ATH 1) FAf i, B2 241 Good H5AH, FHAIF IR B Hensley 22 F
WERAS ) LT s oF T Pélya FT2a B LR AL E4l, Hensley 45 H T 5 — /N T H £ K
HEEE. HE 1989 4, i Ball 23 FEFERLXT Pélya Fres H AAFIRR 43 430 (3.2) JEATAHUF, ANITHIERA
T Hensley J548. 2001 4, Borwein 24 138 45 HZRAULT Pélya A A (3.2). KT T TEA AN
RATAZ TR (18] H2 BIRSS TSI R DI 45 5K 2 iR 0745 3. 2k, el £ 1)1+
TR B, UL 5 A DI THD 1] R 1) 27 3 HI A TR R B 4% BR B0 ML R R A TR, YPEsR P 0
W LT AR DI e) A0 9 5 2 SR RE 2% BRI Box #E2%, 25 th 1 S0 7 AR D) T AR AR
Rk Rk, TS HERE 3.2 A1 3.3 HIFESKIEM].

EIE 3.2 A1 3.3 BOIERR  HEAATEEEIL N e HEETHE o = (vi,vs,...,v,) K FHE 1
g n— 1 4EVIHEE A vol, 1 (I" N Hy(z)). B Box FEZMIJ LT E XL — A (2.4) AT%0, 7£ M(z | V)
H, A2V ={v,...,0.}, W vol, 1(I"N Hy(z)) = M(z | V). [AFEH M(x| V) 1 Fourier 284t

_ Hsmc%, sinc(t) == Sir;(”. (3.3)
i=1
*F ]/W\(w | V) {E Fourier i45#s, 743 Laplace fil Pélya 1 = (3.1):
400 T si ; 2
voly_1(I" N Ha(2)) = VnM(z | V) = 2£ H 07;72/ e

745



PRHE: TR E AR XTI B RS B

MR B RS0 LA 5 mT %,
vol,_1 (He (;L + sﬁ)) =+/nB, (;L + 5\/ﬁ>
MIARPEHES 2.1 A

. n n n . n n 6 52
i vol—1 (\/ uHe(z 5y 12)> = ﬁBn(\/ 25t 2) = /P (‘ 2>'

MIMIER T Laplace F1 Pélya Fr4h H S 5 AR THAAR L 4518 — e # 3.3. O

4 B ¥¥EF Eulerian #

VP2 A THEUR RS 2 TR B AR S 5%, Horb ELBEE 4 9] T2 Eulerian 20 JLATARRE.
Laplace [2°) 7£ 1886 ©¥f Bulerian ${ 5 #87 F AV AR RE L, 45 Eulerian B0 R JLATfiE
B AEEX AL (1,1,...,1) b, SRR d+ 1 4l RS0 HERE T EXNMAL (1,1,...,1)
() — G~ T AR AL S T A 14, A5 BB ST RS d AN

T¢ = {xe]d kflgzmgk,kzo, ,d}
1=1
NIES] .
vola(Ty) EAd,k, (4.1)
HH Eulerian 3 Ay, A 2 XFIA
bld+1
A, = —1)(k — )¢ 4.2
=3 () (4.2
His 2 H8 R
Agpr1 = (k+1)Ag 1 p1 +(d—k)Ag—1x, Aoo=1 Ago=0, d>0. (4.3)

AT, Eulerian A W NG MR Agy W ULHSRERIR Sq XIFREEH A BT HCN & BHE)
S B
Agp = #{n | 7€ Sq, #(D(m) = k)},

HH 1i=a,a9,...,aq € Sq. D(m) NEEFEES (descent) & LA
D(ﬂ') = {Z | a; > a; 1,1 <z<d—1}

MRZANHEMREAMR , Agr BIHFRESR Sp={z e I" | 2y > iy, MT i B9 & ME}Y KA
N MRERFEE, £E T SRE S, ZHEGAAE DRI MU 1S =38 [, XA
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B Foata 291 2, JFH Stanley 26! 25 B T R M AUERH, MIMZ5 H T Bulerian ) L B
HAEUEW]. Stanley HIJTTVENIARENE, AR 2 S5RBURE SR 4H & B0 & F A A 1 7 V519 2
FLUIdRE ). lan, NSO SR B 4845 e S T B 2 BIUREL D(d, n, k) W TURATRRE, (852 H
Steingrimsson 27} 7EIAE A8 SC R FHZRALT Stanley ML 45 H.

THHEHZGH T B FEAFRES Bulerian HZ [AIHK R,

EIE 4.1 Ay, =d - Bayi(k).

ZEFER B, Bulerian $(n] LEER B H B FE2%. AT AT DURI R & s KR 2% sR 2R, o 5
Eulerian 20U R 4H & o) @l #4701 75

4.1 Eulerian &ML R L BRFFE

Eulerian #HIFE MR CERE 4.1) 45RO N AEBR R, (A5 A U AR 2 72 LAY
HH.REK.
i 4.1 (Worpitzky fH55:0) B FEA0 2 41T Marsden 1HZF
d

(@=y)"=> Banly+k) [[@+k—7). (4.4)
kEZ y=1
1E (4.4) H, &y =0, 7 FERD By BESZEMNR, BITIXE [0,d /MENZE, U (4.4) BN

d

d
29 =37 Boaa (k) [[ (@ + k).
k=1

y=1

M43 2]¢ T Eulerian 13 % 1 Worpitzky 18553
d

d r+k—1
= Ag k.
=3 ()

k=1

MIXAMEF- B LA HY Worpitzky 1H2 28R DA 1E & Marsden 1525 20 fr) 45491
5 4.2 (B3R R) 1991 4, Nicolas 2 45 H T Eulerian ZUIAR 43T

P . d+1
Agr =2— / cos(d+1— 2k)w(smw> dw. (4.5)
™ Jo

w

EANE RO LRSS Laplace W45 AR, B A BBEZE, fEFEFREW T, X T B ARSI
LIk T I T LT A] LUB I 31 Sommerfeld M4 #E 1904 S8 TAE. FIHZ5 H Nicolas T Eulerian %
TR RRNHIREZAE . JER T By(z) 9 Fourier A5

Bd(w) _ eidw/2( w/Q

% Bg(w) HL Fourier i35, 4
o0 . d
Bd+1(1‘) — l /+ eiw(mf(d+1)/2) <Sln (w/2)> dw

™ w/2
2 +o00 . d+1

= f/ cos(d+1— 21:)w<smw> dw. (4.6)
™ Jo w

PG 4.1 A (4.6), AT LATF 3 Eulerian FHAR73F£oR (4.5).
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Bl 4.3 WRETTFE) B FEARRIRUREZ T2

d+1
Bann(0) = 32T Bt - (7)
=0
LN 55 U 2 S . 450, Blerian 00 15 2 AU

d+1

_afd+1
Ad,k:ZZ d( j )Ad,Qk—ja

=0
FHEHFTUEER B AR TR IIRRF1.

5 4.4 1973 4, Tanny B0 FHMEZRS A O BR @ P4 H T Eulerian ZUW#TTE. G,
Carlitz %5 A BU RIS 77545 2] T 13X — Wik A SNAEIEHY. (H)2 Carlitz 55 A5 H P& T I HF A
R, DURKT d 19 -3 B, FIA ESCA I Bulerian BUNFREAMRE CEEE 4.1) 47 NI A& HL:

EE 4207 HF oy =[Sl A

1 6 T _3

X R T Carlitz 58 A BY 25 HIKE LT

5 B HEX5MWESFFE. Eulerian A TEZINI
EX 5.1 4 PP, N RPN QESEMNE), TAEER A =0 F
AP+ puPy={da+ub:a € P, B e P}

MR T X 5.1, Minkowski B2 i Hy 73 9 EE R R G AFIMS (REMRABIR T d <3 M1EE).
FEAESEHL V(T d — §3 T, ) = 0, W FARREI A, 0> 0 Wi 2

d
VOl(AP; 4 puPy) = Z (d> V(Py,d— j; Py, )N 3, (5.1)
j=0
W V(Py,d— j; Py, 5) FX Py K1 Py 1 j- BROIRGARFR.
A
~
d
(E=DA+1<) <m+1},

i=1

Xi, = {a: eX-[o,1]¢

WA X§,, = AT+ T2, (B 050k [33)) A

d
vol(Xy 1) =) (j>V<T£7j;T,?+1, d—j)N, (5.2)
j=0
Forb vol () ICAEAREA IR 5, BIKE a 4EAIST 7R 19 ARFT vol ([0, 1]4) i/E d!. IBREAARH
Aleksandrov-Fenchel NEXEH, FPF V(T j; T 1, d — §), j =0,...,d FAXHMIE B3],
R TRORWTTE, FATH (V] F(N) BRGER KT N BIHE () B N TR AL TR
YR T M Ty BFHREEIAS B AR WT R A:
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I 5.1

. ; ; 1 d
Vst - ) = W0 0B (k4 17 ) ) /(9) 2o

WEER 1 (5.2) A1 B FEZRHIJUMTRERE — 230 (2.4) ATIE.

M B FEEMEaREIENX — A (2.11) FUERE 5.1 w775 R ) @ B

EIE 5.2

d+1
1

k
VI T d— ) =3 (
1=0
FEE—, AT LAA SRR I T T TR A R FR R S5 R
EIE 5.3 EHMWANNEZHEHAEE XN

)(—1)1'(1«—2) (k—i+4 1)

PZ‘::{{L‘EIR‘V.’L'ZZ)Z‘}, 1=1,2,

HEANTRRAHFRD

M&

V)\Pl—’_;U‘PQ = () Plvd_j;P27j)>\d_j/'l‘jv

Jj=0

V(Pl,j;Pg,d—j):d!-[Aj]((A+m)dBd+1(b1+ a ))/(d) A0,

A+m
Horr b il ba NEHHA be = mb1 + q.
MERR  HH B FESRI ) LA AR mT A,

HAH

q
VAP, + Py) = d/(A+m)?Bgy1 <b1 Aben m) .

A4 p=1, M (5.4) F
V(P j; Po,d — §) = d! - [M] (()\ +m)iBy <b1 + q))/(d> A 0.

A+m
.

(5.3)

(5.6)

O

FERL 5.1 25 TRFIRTE B MRS RRIRE SR iR, IR SR AL & 7 I RO B Pt Fe b B+
Sy BB AL, FEEBFABL R L Stanley B0 F1 Brenti B7381 71X — 45Uk i) 43538 M SCRik b 22 U B 2R

FeLH A BRI BT 5T IR A AR AR 7. Schmidt AT Simion B9 £ H 41 R A FF i) -

AFFERE 5.1 AWRLEA G PR AE T AT 2 AR 7 EAT R A R A A

PSR & R LRI

B SR B LT e A6 A5 € AEBIE TEIX 28 5 2 AR AT A D% A 2H & T Bl e b A 5 e A A 4

5.1 TEZIA . A1t Eulerian 1 B #5%
TREZ I, 12E DR(t), XA

d
Zank
k=0
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H D(d,n, k) 2 ST A kAR ERERF I RECE, B Sy FoRrafats P rES . fairfrsl
N Sq SFRBEF I — T FIIN E—A 0 B n — 1 Z [AI AR (27331,
D(d,n, k) 7& Bulerian W —MHE™, 4 n = 1 B, SLEEF ) Eulerian £0. IT4EK, SCHR [27,33,40]
St HLk AT TIRANHIBTFT. $R PR 5 HIE H RIS U7 81
Steingrimsson 27} 25 H T $8 b5 751 00 ) AT i fe

D(d,n, k) =V (XI,). (5.7)
Hk, BAEHE D(d,n, k) FIFEERE:
EIE 5.4
D(d,n, k) = d! - n - Byyy (k + ;) (5.8)
R 4
1 d
Yk—{yE[O 1] +E Zyl k+ — }
=1
A4,

ket 1 1 1
V(Yy) = d!/ By(x)dx = d! - / By (k + = - t)dt =d'- By (k + >
(k—1)+% 0 n n

Hrp s —AFA A B HERN LT — A3 (24) 53], Ha—5F0H

1
Bd+1(l‘) = /0 Bd($ — t)dt

BE. BT X4, =Y, BATE V(XL,) =n?- V(Ye). H (5.7) AI{3EH 5.4. O
Steingrimsson 271 45 H T D(d, n, k) FTish & B9 =306 9 2 20
HEIR 5.1
D(d,n,k) = (nk+1)D(d—1,n,k)+ (n(d — k) + (n —1))D(d — 1,n,k — 1). (5.9)

E 5.1 HEH 5.4 Ml B AEZHEIARXRAR (2.10), AT LURE BB k@R, HHM
n =1, B3] N ANFK Eulerian IS IAK R (4.3).
24k, Eulerian %, 104F Ay Koj NXFRRE Sq A EANEFIFHERE IR N § TS, /Y

Agpj i =#{r|m:=(a1,...,aq) € Sq, #D(m) =k,aq = j}.

(IR LR i SUATRN, A, TEN Agx MAMETER, TTLAE (ERAAEHT Bulerian 30 Agy 5 Ag i

LI ANEE. IWTTH 5 Aggy = Aax 25— RIVBRILEE. AR, A0 Eulerian %
A T Eulerian B — S8 5T, QX B ML AT P 5 .

Ehrenborg % A\ B3 44 Ay FoRMENSI A HMEYIN T 5 Thp FIRAEEL A3

T Agry RF j BEIUE. BT Bulerian ¥ Ay KT d MIHHEIEAN Gauss B AN

Ay 1 BE T EFERIPERT. SR1f, Conger 1 FIFHEUE SIS E] Ay BEE d (ARG R, Hi
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R XIFARIES AR, B TEMRE MR, I, FA 1% 404 Eulerian BUIFEFMERE. F
X — i RA3 3 7 4046 Eulerian )2 XUNE HE A N4 7 Hermite 158 2 HIFR
HI404k, Eulerian ZH#TE . MIAERE T Conger [41) ) FH 500 S 36 75 2 ) I 42 Ehrenborg 2\ [33]
HET™ T Laplace MIZE5E, 48 Ay g BRI M T M Thpy BORAHAH

Agiipari—j = V(TL 5T d— j), (5.10)

MITIERA T 414K Eulerian %Y Agiikdt1—j KT 5 BAEXMEMME R, 2T LR, 404k Eulerian 05
B HEEZA W TR A:
EIE 5.5 28]

; 1 d
Adirkdri—j = db- [N <(>\ +1)“Baya (k + A—H))/(y)’ A= 0. (5.11)

RAEEHE 5.4 F1 5.5, ATLMFEIW R T D(d,n, k) Pl Agir g ajir HIBTEE SR
FI 5.6 (i) D(d,n, k) BEREERN

k
TR Sl G IS CCEURAIE

< 1
=0

(i) Ay p,d—jrr FHRE AL

ke fd+1 , 4 ,
Aveiaion = 3 (T 0= e - i
=0

(iti) #8 D(d,n, k) 2R ETTFE N

d+1
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Mixed volumes, log-concave sequences and B-splines

XU Yan

Abstract In this paper, a series of problems emerged in discrete geometry and combinatorics related to spline

functions are systematically studied. For example, in discrete geometry, the spline representations of cube slicing
and mixed volumes of polytopes are considered. With the geometric interpretations of B-splines, the volume of
cube slicing can be considered as an equivalent problems in spline theory. Based on the connection, a simple

proof for Laplace and Pdélya’s formulas in cub slicing is given by spline theory. A class of mixed volumes are

given by the relations between splines and the mixed volumes. A class of log-concave sequence are derived by the
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connection. Therefore, the open problem proposed by Schmidt and Simion is partially solved. In combinatorics,
the combinatorial polynomials and log-concavity for some combinatorial sequences are investigated by spline
theory. With the well developed spline theory, not only the existing results in discrete geometry and combinatorics
have been verified, but also a novel method for solving related discrete mathematics problems has been studied.
Splines as functions of a continuous nature provide an analysis method in combinatorial enumerations which
are usually considered as counting discrete objects. This method provides a novel analysis method for studying
discrete objects.

Keywords B-splines, mixed volumes, Eulerian numbers, the volumes of polytopes, log-concavity
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