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It is known that for 1 <p<+oo, n=2 or 1 <p<(n+2)/(n—2), n>3, the elliptic problem
—Au=uf—u, xeR”,
{ u(x)>0, u(x)—~0 as |x| >+ o0
has a unique solution u(x) which is radially symmetric and satisfies #'(0) =0, u (r) <O,
u(x) ~ Me ¥ as [x| >+ 0. Let u(x, 1) be the solution (positive) of
. { u,—Au=ui—u', xeR" 0<t<T, 1)
u(x, 0)=4Au(x), xeR", 1>0. _
In Ref. [1] it has been proved that if A>1, then u(x, f) blows up in finite time. We de-
note the life span of u(x, ¢) by 7,. In this note, we discuss the estimate of T, and ob-
tain the following

Theorem. Let A>1.
() If 1<p<+o0, n=2 or 1<p<(n+2)/(n—2), n>3, then
ATPuTP0)/(p—- DS T, C/(AP' = 1),
(/- 1) Pe g hm (T,—"=D - 4(0, t)<C

(11) If in addztlon p=2, then as A— l+ . T,=0(—In(A7"'=1)).
Proof. (i) Choose a=(p—1)/(p+1), and set
1(t)=J‘ uP* ' (x, Hdx, J(O)=I"%().
According to the proof of Theore; 3 in Ref. [1] we know that there exists 0<T7,<T,<

~J(0)/J'(0), such that lim [lu(-, 9l , =+ o0, im (-, #ll,,=+ oo. Direct computatlon

=Ty t—~T"

j u? i (x)dx
_ {(O) - _Jr
70 (p—l)J wP(x)dx
). ¢
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Therefore T,=T\ < T,<T*=C/(##"'~1).
Let éu=v. Then lim u(x, )=+o0 iff Lim v(x, £)=+ 0.
=T t=T;

v,—Av=e1"PyP xeR" 0<(<T,,
v(x, 0)=2Au(x), xeR".

For any A>1, define

X=1{v(0):[0, 1]~ L(R") is continuous, v(f)>0 and [v()ll <A u(0)},

!

FOv(t)=e"(u)+ J e~ (PN yr() ds, ve X, 0< 1<t
0

Then we have
t
0 < F(v()) < Au(0)+ 4227 uP(0) J e~ Usds < Au(0)+ AP AP uP(0)t.
0
Choose 0<t,=(A4—1)/(4PAP~ TuP~1(0)). Then F(v())<AAu(0) for any 0<r< t, i.e

FveX.

Define sequence ‘ :
vO(t) = e’A(i;)’ vm(t) = F(Vm—] (t))9 m= 15 27 .

Then we have v, ()>v,_,(t) for all 0<r<t, m=1, 2, ---. And hence

lim v, ()=v()eX and v(f)=F(r ().

m—>+o0
This shows that v(¢) is the solution of the following integral equation

v(H)=e(lu)+ j e~ DspU=98yp(5) ds. 0<<y,
0
That is, v() is L*(R") solution of (3) defined on [0, #,]. From the smooth property of
u(x), it is easily proved that v(x, H)=v(f) is classical solution of (3). v(eX . implies that
0<v(x, H<Au(0) on R"x[0, 1,). ‘

Considering v(x, ,) as the initial data of (3) and using v(x, 1,)<A4Au(0), similar to
the above arguments we prove that if 7,—#=(4~1)/(4(A2)?~ " u?~(0)), then (3) has classi-
cal solution v(x, 1) on [¢, t,). Continuing the above procedure, we deduce that if

ety = (A= D/(ANA )7 u? =1 (0)),

then (3) has classical solution v(x, ¢) on [t,_,, ], k=1, 2, ---. Therefore
T.2t,=Y (4=t )=(A—-1D 4727y 7P@0) ), 404 D
k=1 k=1 -

=(A-DA (A =D PR 0).
Let A—= 1", It is deduced that
T.= 2 Pu' P 0)/(p—1).
The first result of (i) holds.
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If we consider v(x, f) as the initial data of (3), similar to the above proof we have
T~ ezlv(-. Ol e—D=e""P (-, oli?/(p—1).

Because u(x)=u(r) and u’(r)<0, it follows that u(x, §)=u(r, 7 is radial function of x and
u,(r, N<0 (for r>0), so that llu(, )ll,=u(0, 7 and

lim (T, — "¢ Du(o, t)>e'T*( )'/@ b,
t—T;

Usmg the method of Ref. [2] it is easy to prove that there exists C>0 such that
lim (T,— 9" Yu(0, n<C.

0 . =T
The second result of (i) holds.

@) In Ref [I1] we have proved that the solution u(x, f)=u(r, ) of (1) satisfies
u,(x, =0, =0 and for any 0<T<T,, there exist M,;>0 and a,>0 such that u(x, 7)<
M, exp{—aylx?} on R'x[0, T]. Moreover, |Vu| and |Vu,| are uniformly bounded on
R"x[0, T]. Therefore, the following integration by parts are reasonable.

If p>2, set t=¢', v(x, )=u(x, Int). Then 20 iff t>1.

w,~A=v—y, xeR" 1<1<71,
v(x, 1)=Au(x), xeR".

i

Let I()= Lh(v(x, 9)dx, h()=v"*'. Write f()=v"—v. Then
I'(n)= J R (v, dx,
' (1)= j h () (v,)dx= J h’ (V) (Av+f () dx
- —L" h”(v)IVvlzdx+fnh’(v)f(v)dx.

h’“lelzv,dx+f (W' f+h'f)v.dx
R’l

@' @) = - J

r

= A== W[ 4
| L w @

On the other hand,
f\

@) =| [ Gyl dx

= th”(v)vfdx-{-f h' (W(Av+ f(v)), dx
dR" n

=\| th"(v) vfdx+.[

JR" R"

h'(v)f’(v)v,dx— % L h”(v)%- Ivv|dx. (5)

(3)x2—(4) gives
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h”’(v)IVvlzvrdx+f

R

h"()vidx+ J

R!I

(I’ (1)) =21 f

(' f' —h"f)v.dx.
R‘H 1

Using I’ (r)=‘[

h’ () v, dx, from the above equation we get
R" .

h”’(v)lelzvtdx+J

R

h”(v)vfdx+f

R n

I’ (1)= th

R"

(f'h" —h"f—h")v dx y

u,>0 implies v,>0. Direct computations show that

R (>0, i’ () f ) =h"Mf () —h' (1)=0.
Hence
I”(t)?Zf h”(v)vidx.
. R"
Choose a=(p—1)/(p+ 1), J(t)=1"%1). Similar to the proof of Theorem 3 in Ref [1] it
can be proved that there exists 1<t7,<1=J(1)/J’ (1), such that J(zj)=0, thus

lim /()= + o0, ie lim lv(-, o), =+c0.

T>1g 119

Therefore, there exists T,<Int, such that lim llu(-, 9ll,.,=+co. From the construction

l—’Tor

of J(z) it is easy to know that —J(1)/J' (1)=T*, where T* is defined l')y (2), so that

T, < Ty<Inty<In(l+ T*)=In(1+ C/(*~' ~ 1)) |
=In(C+A*'=D)=In(A7 "= 1)=0(-In(A*"'=1)) 6)
as A>1 and close to 1.

In the sequel we will prove that if 1<p<+o00, n=2 or 1<p<(n+2)/(n—2), n=3,
then ‘

l-p
A P

| —sp]

T,>u'"P(0) A~ 'J ds.

0
In fact, choose A=u?"'(0)>1. It is easy to prove that u(x)—e ‘e“u(x)<Atu(x) for all
xeR" and r>0. Wnte (1) as the integral equation

' !
u(®)=e"'e(Au) - e"JA e’e "I YP(s) ds. : (7)
0 .

{
u(x) satisfies u=e e u+ e"J‘ e’ I8 yPds. Choose B>1 and define
0

X={u(:0, t,] = L¥(R") is continuous, 0<u(f)< Biu(x)},

F(uw)=e "e®(Au)+ e"f e eIy (s) ds. ueX.
: 0

For 0<t<1,
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t
0<Fu())<e 'e(lu)+ B")»"e"f e'e I8 YPds
0
=Ju+ ABPAP ' = D)(u—e"eu)
<Au+ A(BPAP'—1) Aut.

Choose t,:(B?A”"'—1) At;=B—1. Then for any 0<t<t,, 0< F(u(f)) < Biu holds, i.e. F(u(t))

€X. Define sequence
uy(N=e"'e"*(u), u,(ty=F(u,_,), m=1, 2, -
It is easy to verify u,(f)=u,-,(f), for all me#" and 0<t<t. Thus
lim u,()=u(eX and u(t)=Fu().

m—=+ow

This shows that u(¢) is the solution of (7) on [0, ] and u(x, t,)<Blu.

Considering u(x, #,) as the initial data and using u(x, f,)<BAu, similar to the above
arguments we can prove that if r,— satisfies [B?(BA)’"'—1]A4(t,—t,)=B—1, then (7) has
solution u(x, #) on [t, t]. So, (7) has solution u(x, #) on [0, t] and u(x, £)< B*iu for all

xeR" and 0<1<y,.

By induction we see that if #,—¢ _, satisfies
i

te— bt =(B—1)/A[B?(B*" '3y~ - 1],
then (7) has solution u(x, #) on [0, #]. Therefore,
T;.Ztoo=§(fk*tk—1), fh=0
Choose B=4""'>1. From (8) we obta; |

T;)(B— l)A—] i(BH(}‘_”(p-”,{F’_l— 1)_1
k=1
=(B‘1)A_] f(Bp+l+(k—l)(P‘1)_1)-1.
k=1
In view of the inequality x?—1<g(x—1)x*"' (x>1, g>1), we obtain
J_i |
Lz & R+k@-1]BtkeD

[s 8}
\
For y<l1, set F(p)=) ————— y'*¥e~D  Then
& 24 k(p—1)

' =w l 2+k(p—1) — TE l+k(p—1) g, — ¢ s?
yF(y) Zl 2+k(p_]) y Ozy dy o l_Sp—l ds.

k= k=1

Consequently,

B! » _ il-r »
T.> % ‘[ j;p_l ds=u"”(0)z1"“‘j _s - ds.

0 L 0

@)
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Direct computation shows that

[ dss=p—1.

M +
A1

. 1P )
lim {'-ln(lp“—l)/J s
0 s

And hence,
T,20(—In(#*"'-1)) as i—>1",

This inequality and (6) show that the result of (i) holds.

The proof of our theorem is complete.
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