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1 Úó

D�nØäké��{¤ [1],§3Nõ+�¥Ñäk­���^. 'u/ª�?ê�þ

�D�kLéõ�ïÄ (ë�©z [2–5]). D�´Nõ�êé��ïÄóä, ÏdXJ·��

�'uD����©aò´�~k�Ï�. - K ����â­¡�¼ê�,= K ´ Q��

�Ý� 1 �k�)¤�*Ü. 3�©¥, ·����â­¡þD����©a.

·��Ñ�
Ä�½Â: - K ����. XJ v ´ K ���D�, K½Â v �pÝ�

minR ht(Pv ∩ R), Ù¥ R H{ K �¤kf�, É�åu q.f.(R) = K,P� htv. ¿�k½n:

- K ����, v � K ����²�D�.XJ R´ K ���f�,É�åu q.f.(R) = K

� dimR = n < +∞, K rankv 6 htv 6 n.

Ùg·��Ñ�� Cp,G �½Â.

Cp,G =

{

ûÐ| �/ªÚ
∑

r∈G, ar∈T

arp
r

}

,

Ù¥ p ´���ê, G ⊂ R ´�¹ 1 �\{f+, T ´ Teichmüller J, Fp → W (Fp) ��,

¿�
∑

r∈G, ar∈T arp
r ´ûÐ| �, �Ò´` {r ∈ R | ar 6= 0} 3 Archimedes S “<” e´

��ûSf8. ·��� Cp,G ´���¿� Cp,Q ´�ê4�.

�©¥ïÄ
�â­¡þ�D�.
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- K ����â­¡�¼ê�, = K ´ Q ���Ý� 1 �k�)¤�*Ü. - v �

K ���D�, Rv �D��, ¿� Gv ��S+. ·��±{z� K ´ Q ���X��*

Ü��/.

·���D����©aXe:

½n 1.1 ¼ê�� K ��â­¡þ�¤k�²�D��±©� 7 «a.:

(i) Y²Øfa.. v ´ K ��� Q- D�, - F � Q 3 K ¥��ê4�, �3 F þ

���1w��­� C, ±9��Ó� ϕ : F (C) → K. v d C ����Øf�Ñ.

3±e� 6 «�/¥, �3���ê p, É�åu v 3 Q þ���´ Q ��� p ?D

�� v(p) = s.

(ii) R�Øfa.. �3 K ���f� R É�åu R ⊇ (p) � q.f.(R) = K. -

P = Pv ∩ R = {f ∈ R | v(f) > 0}, K Rv = RP ´��lÑD��.

(iii) Witt a.. �3����ê

ϕ = a1p
1/s + a2p

2/s + · · · , ai ∈ T, ∀ i,

É�åué?¿ f(x) ∈ Q(x), v(f(x)) �u f(ϕ) � p ?D�.

(iv) kn�lÑa.. �3����ê

ϕ =
∑

r∈Q, ar∈T

arp
r ∈ Cp,Q,

É�åué?¿ f(x) ∈ Q(x), v(f(x)) �u f(ϕ) � p ?D�.

(v) �kna.. �3���Ãnê r, É�åué?¿ f(x) ∈ Q(x), v(f(x)) �u f(pr)

� p ?D�.

(vi) Ã¡�a.. é·�À�� x, XJ f(x) ∈ Q[x],

f(x) =
∑

i,j

aijp
ixj , aij =

mij

nij
, mij , nij ∈ Z, p ∤ mij , nij , (mij , nij) = 1,

K

v(f) = min
aij 6=0

(j, is),

Ù¥ (j, is) �Sdi;S�Ñ.

(vii) Ã¡�a.. é·�À�� x, XJ f(x) ∈ Q[x],

f(x) =
∑

i,j

aijp
ixj , aij =

mij

nij
, mij , nij ∈ Z, p ∤ mij , nij , (mij , nij) = 1,

K

v(f) = min
aij 6=0

(is, j),

Ù¥ (is, j) �Sdi;S�Ñ.

ß� 1.1 - K = Q(x1, . . . , xr). ¤k3 Q þ���´ Q � p ?D���� 1

� K ��²�D� v, Ñ�±d3 Q þ�êÕá� α1, . . . , αr ∈ Cp,R �Ñ, �=é?¿

f(x1, . . . , xr) ∈ K, v(f) �u f(α1, . . . , αr) � p ?D�.

31 4 !¥, é?¿� m 6 n ∈ Z, - Vm,n ��� n− m + 1 � R-�þ�m, �I�ê

l m � n. ·�í2 Cp,G �½Â,

Cp,G =

{

ûÐ| �/ªÚ
∑

v∈G, av∈T

avpv

}

,
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Ù¥ p ��ê, G ⊂ Vm,n ��¹ 1 �\{f+, T ´ Teichmüller J, Fp → W (Fp) ���
∑

v∈G, av∈T avp
v ´ûÐ| �, = {v ∈ Vm,n | av 6= 0} 3i;S “≺” e� Vm,n �ûSf

8.

ß� 1.2 (i) - K = Q(x1, . . . , xr). ¤k3 Q þ���´ Q � p ?D���� n �

K ��²�D� v, Ñ�±d3 Q þ�êÕá� α1, . . . , αr ∈ Cp,V0,n−1
�Ñ, �=é?¿

f(x1, . . . , xr) ∈ K, v(f) �u f(α1, . . . , αr) � p ?D�.

(ii) Cp,Vm,n
´�ê4�.

2 �
Ä�½Â9(J

'uD���
®�(J�±ë� [6–8]. Äk�ÑD��pÝ�½Â.

½Â 2.1 - K ����,XJ v ´ K ���D�,½Â v �pÝ� minR ht(Pv ∩R),

Ù¥ R H{¤k¦� q.f.(R) = K � K �f�, P§� htv.

5 2.1 Pv ∩ R �pÝ� R �À�k'.

~X, - K = k(x, y), v ��� k- D�, É�åu v(x) > 0, v(y) = 0 �

R = k[x, y] ⊃ R′ = k[x, z], z = xy,

K

Pv ∩ R = {f ∈ R | v(f) > 0} = (x), ht((x)) = 1,

�

Pv ∩ R′ = (x) ∩ R′ = (x, z), ht((x, z)) = 2.

½n 2.1 - K ����, v ´ K ����²�D�. XJ R ´ K ���f�, ¦�

q.f.(R) = K � dimR = n < +∞, K rankv 6 htv 6 n.

y² �±l Rv ����n��,ó�� Pv ∩ R ����n��,ó, l
(Ø´

y.

- K � k �k�)¤*�, v ´ K ��� k-D�. XJ tr.deg(K�k) = 1, = K ´ k

þ­� C �¼ê�, Kéu?¿ v, htv = 1 � v ´d C ����Øf½Â, ¡§�Øfa

.. ·��±ò§?1í2, ¦� htv = 1 �D�¡�Øfa.. z�Øfa.�D�Ñ´

lÑ�.

Ùg·��Ñ�� Cp,G �½Â. ±eò^�3 Archimedean S “<” e� R �ûSf

8. ��Bå�, ¡ù
8Ü� “R �ûSf8”. ±e´ù
8Ü��
Ä�5�.

Ún 2.1 - Ω � R �¤kûSf8�8Ü.

(i) XJ ω ∈ Ω � S ⊂ R ´ ω �¤k4�:�8Ü, K (ω ∪ S) ∈ Ω.

(ii) XJ ω ∈ Ω, K ω ´���ê8Ü.

(iii) XJ ω, ω′ ∈ Ω, K ω ∪ ω′ ∈ Ω.

(iv) XJ ω, ω′ ∈ Ω, K ω + ω′ = {r + r′ | r ∈ ω, r′ ∈ ω′} ∈ Ω. ?�Ú, é?¿ s ∈ ω + ω′,

{(r, r′) | r ∈ ω, r′ ∈ ω′, r + r′ = s} �k�8.

(v) - ωn ∈ Ω (n = 1, 2, . . .) � rn = minr∈ωn
(r), ∀n. XJ limn→∞ rn = +∞ , K

⋃∞
n=1 ωn ∈ Ω.
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P T � Teichmüller J, Fp → W (Fp) ��. �Bå�, ·�^±e�â�: é/ªÚ

a =
∑

r∈R, ar∈T

arp
r, (1)

P Supp(a) = {r ∈ R | ar 6= 0}, ¡� a �| ; XJ S ⊂ R �¹ Supp(a), K a 3 S þäk

| ; XJ Supp(a) 3 Archimedean S “<” e�ûS8, ` a ´ûÐ| �.

é?¿\{f+ G ⊂ R �¹ 1, P

Cp,G =

{

ûÐ| �/ªÚ
∑

r∈G, ar∈T

arp
r

}

, (2)

é?¿ a =
∑

r∈G, ar∈T arp
r, b =

∑

r∈G, br∈T brp
r ∈ Cp,G, dÚn 2.1, N´wÑ±eÚ±9

¦È�½Âk¿Â:

a + b =
∑

r∈G

(ar + br)p
r, (3)

ab =
∑

r∈G

∑

s,t∈G, s+t=r

(asbt)p
r. (4)

¯¢þ, é (3) ª, - ω = Supp(a) ∪ Supp(b), Km>�±w¤��Ú, H{¤k r ∈ ω. 5¿

� ar + br ∈ W (Fp) �±L�¤��Ú
∑∞

n=0 crnpn (crn ∈ T ), §d Z>0 5| . Ï� Z>0

´ R �ûSf8 (3 Archimedean Se), dÚn 2.1, ω′ = ω + Z>0 ´��ûS8. éz�

r ∈ ω, É�åu r − i /∈ ω′, ∀i ∈ Z>0, k
∑

i∈Z(ar+i + br+i)p
i ∈ W (Fp), Ïd a + b �±��

�L�¤/ªÚ
∑

r∈ω′, cr∈T

crp
r. (5)

é (4) ª, � ω = Supp(a) + Supp(b) 5�O. dÚn 2.1, ω Ú ω′ = ω + Z>0 �ûS8, �z

�
∑

s,t∈G, s+t=r(asbt)´��k�Ú,Ïd��±��L�¤ Cp,G ¥���/ªÚ.N´w

Ñ±þÚ±9¦È�½ÂD� Cp,G ������(�.

~ 2.1 �Ä G = Z ��/. w,k;�Ó�

Cp,Z
∼= W (Fp) ⊗ Q. (6)

éu��� G, Ï� Z ⊂ G, Cp,G �±w¤ W (Fp) ⊗ Q ���*�. ?�Ú, N´wÑ p ?

D��±*Ü� Cp,G þ, ¿�dÚn 2.1(v), Cp,G ´ p ?���.

·K 2.1 é?¿\{f+ G ⊂ R �¹ 1, Cp,G ´���.

y² é?¿ a 6= 0 ∈ Cp,G, - arp
r � a �äk�$ p ?D���. �y² a 3 Cp,G

¥k_, �±b½ arp
r = 1, ÄK�±^ a−1

r p−ra 5�O a. ��±b½ a 6= 1. - b = 1 − a

� r = vp(b) (b � p ?D�). - ω = Supp(b) + Z>0, dÚn 2.1, §�ûS8. 5¿�
n

︷ ︸︸ ︷

ω + · · · + ω

�4��´ nr, ÏddÚn 2.1(v),

ω′ =

∞⋃

n=1

n
︷ ︸︸ ︷

ω + · · · + ω (7)

�ûS8. l
�±wÑ cn = 1 + b + · · · + bn ∈ Cp,G (n = 1, 2, . . .) 3 p ?ÿÀeÂñ�

c ∈ Cp,G, §d ω′ 5| . N´wÑ ac = 1.
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½n 2.2 Cp,Q ´�ê4�.

y² �Iy²?¿�~�Ä�õ�ª f(x) ∈ OCp,Q
[x] 3 OCp,Q

¥k":.

·�P f(x) = xn + c1x
n−1 + · · · + cn. - r1 6 r2 6 · · · 6 rn � f � Newton �Ç. X

J rn 6= ∞(�= f(0) 6= 0), � m �¦� rm = rn ����ê. - amps � cm �Ì�, �=

äk��D� s ��"�. é?¿ i > m, - ai � ps+rn(i−m) 3 ci ¥�Xê (5¿� ci v

kD��u s + rn(i − m) ��"�). � amxn−m + am+1x
n−m+1 + · · · + an 3 Fp ¥���

": α �- a = T (α). - g(x) = f(x − aprn), s1 6 s2 6 · · · 6 sn � g � Newton �Ç, K

ri 6 si (1 6 i 6 n − 1) � rn < sn.

y3^��8B{, éuz�Äê�u ℵ �Sê λ 5�E��� aλ ∈ OCp,Q
, ¦�:

(i) éz� λ, aλ �z��"��D��u f(−aλ) ��� Newton �Ç;

(ii) é?¿ü�Sê λ ≺ µ, aµ − aλ �z��"��D��u aλ �z��"��D�;

(iii) é?¿ü�Sê λ ≺ µ, f(x − aλ) �z� Newton �ÇØ�uéA� f(x − aµ) �

Newton �Ç, ¿�XJ f(aλ) 6= 0, K f(x − aλ) ��� Newton �Ç�u f(x − aµ) ���

Newton �Ç.

(iv) é?¿ü�Sê λ ≺ µ, aµ = aλ ��=� f(aλ) = 0.

XJ µ ´���U, - µ ´ λ ����U� f(aλ) 6= 0. - r � f(x − aλ) ���

Newton �Ç, Kdþ, �±� b ∈ T , ¦� f(x − aλ − bpr) ��� Newton �Ç�u r. �

aµ = aλ + bpr, N´wÑ±þ (i)–(iv) E,¤á.

XJ µ´��4�,- S ´¤k¦� λ ≺ µ� aλ �8Ü,�- a� S �¤k��/ª

Ú. ØJwÑ a ∈ OCp,Q
. XJ f(a) = 0, � aµ = a; ÄK� aµ = a + bpr, Ù¥ r � f(x − a)

��� Newton �Ç, b ∈ T ¦� f(x − a − bpr) ��� Newton �Ç�u r. N´wÑ±þ

(i)–(iv) E,¤á.

- α0 �Äê�u ℵ0 ���Sê, K�3 α ≺ α0, ¦� aλ = aλ0
, ÄK aλ0

k��êõ

��, ÚÚn 2.1 gñ. ùy²
 aλ0
´ f 3 OCp,Q

¥���":.

Ï� Cp,Q ´ p ?����ê4�, �k

íØ 2.1 Cp �±;��w¤ Cp,Q ���f�, Ù¥ Cp � Qp ���z.

5 2.2 Cp,Q ' Cp ��õ. ¯¢þ, XJ a ∈ Cp, K Supp(a) �z�4�3 Q ¥.

~ 2.2 - K � Q �k�)¤*�. K →֒ Cp,Q �Ñ K ���D� v ÷v:

(i) v ��3 Q ¥,

(ii) htv 4�, �= htv = tr.deg(K�Q) + 1.

3 �â­¡þ��²�D�

- K � Q �k�)¤*�, tr.deg(K�Q) = 1. - R � 1 ��4��, q.f.(R) = K. -

C � SpecR þ�1w²"��V., äk�é�ê 1 �AÛ�n�, �= C ´¼ê�� K

��â­¡.

3�!¥, ·�é K �¤kD�?1©a. - v � K ����²�D�, Rv �D�

�, Gv ��S+. é?¿��� x ∈ K, K 3 Q(x) þ´�ê4�, K v ´ Q(x) þ,�D�

w �*Ü, Ïd���/�±�z� K ´ Q � 1 �X��*Ü��/.
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ü� Q →֒ Cp,Q p� Q �����3 Q ¥�D�. Gal(Q�Q) �[��^3 Q �¤k

p ?D�þ, �= Q � p ?D��*Ü, Ïd Q �¤k p ?D��±dü� Q →֒ Cp,Q 5

p�. Q(x) þ�?�D�´ Q(x) þ,�D����.

XJ

mv ∩ Z = 0,

Kk Q ⊆ Rv, Ïd§´ K ��� Q- D�, ¿��±�z� 1 �Øfa. (Y²Øfa.),

�3 K ���f� R, ¦� q.f.(R) = K. - P = Pv ∩ R = {f ∈ R | v(f) > 0}, K htP = 1

� Rv = RP �lÑD��. �é{`, - F � Q 3 K ¥��ê4�, �3 F þ���1

w��­� C ±9��Ó� ϕ : F (C) → K, ¦� v d C ����Øf�Ñ.

XJ

mv ∩ Z = (p),

Ù¥ p ´���ê, v(p) = s, K v 3 Q þ���´ Q ��� p ?D�. d�D����©

aXe:

1©htv = 1 (R�Øfa.)

3ù«�/¥, �3 K ���f� R, ¦� R ⊇ (p) � q.f.(R) = K. - P = Pv ∩ R =

{f ∈ R | v(f) > 0},K htP = 1 � Rv = RP �lÑD��.

2©htv = 2 � Gv
∼= Z (Witt a.)

�3 x ∈ K, ¦� K = Q(x) � v(x) ∈ N. - U �¤kgêØ� p �Ø�ü ��8

Ü,� K ′ � K Ú U )¤��,K�3 K ′ ���f� W ,¦� K ′ = q.f.(W [x]). W 3 Zþ

���¹ U , Ï� Z 3 K ′ ¥�4��¹ U . - P � W [x] �4�n�, ¦� P ⊇ (p, x). Ï

� Z[x]/(p, x) ⊇ Fp � W [x]/P ´ Fp �k�*Ü, ¤± W [x]/P ∼= Fp.

- W (Fp) � Fp � Witt �,K W (Fp)´��lÑD��� W (Fp)/(p) ∼= Fp. ·�EP

T : Fp → W (Fp) � Teichmüller J,.

XJ R ´ K ′ ���f�, Kéu R �?¿4�n� P , R/P ´ Fp ��ê*Ü, Ïd

R/P ∼= Fp.

-

R1 = W

[
x

p1/s

]

⊃ W [x], P1 = {f ∈ R1 | v(f) > 0},

�±� a′
1 ∈ Fp, T (a′

1) = a1 ∈ T , ¦�

x

p1/s
− a1 =

x − a1p
1/s

p1/s
∈ P1,

K

v

(
x − a1p

1/s

p1/s

)

> 0, v

(
x − a1p

1/s

p2/s

)

> 0.

-

R2 = W

[
x − a1p

1/s

p2/s

]

⊃ R1, P2 = {f ∈ R2 | v(f) > 0},

K�±� a′
2 ∈ Fp, T (a′

2) = a2 ∈ T , ¦�

x − a1p
1/s

p2/s
− a2 =

x − a1p
1/s − a2p

2/s

p2/s
∈ P2,
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K

v

(
x − a1p

1/s − a2p
2/s

p2/s

)

> 0, v

(
x − a1p

1/s − a2p
2/s

p3/s

)

> 0.

UìÓ���ªUYe�, ��ê

ϕ = a1p
1/s + a2p

2/s + · · · . (8)

·K 3.1 ϕ 3 Q þ´���.

y² b��3 f(x) ∈ Q[x], f 6= 0, ¦� f(ϕ) = 0. - v(f) = n,

ϕn =

n∑

i=1

aip
i/s

� g ∈ Q[x], ¦�

f(x) − f(ϕn) = (x − ϕn)g(x),

f(ϕ) − f(ϕn) = (ϕ − ϕn)g(ϕ).

·�k

v(f(x) − f(ϕn)) > v(x − ϕn) > n,

v(f(ϕn)) > v(ϕ − ϕn) > n,

K v(f(x)) > min{v(f(ϕn)), v(f(x) − f(ϕn))} > n, gñ.

½Â 3.1 é?¿ f(x) ∈ Q(x), �±½ÂD� vϕ, ¦� vϕ(f) � f(ϕ) � p ?D�.

·K 3.2 vϕ Ú v �d.

y² �Iy²é?¿ f(x) ∈ Q[x], XJ

f(ϕ) =
+∞∑

i=r

cip
i, cr 6= 0,

K v(f) = r. -

ϕn =

n∑

i=1

aip
i/s

� n ≫ 0, ¦�

v(f(x) − f(ϕn)) > r,

v(f(ϕn)) = v(f(ϕ)) = r.

·�k

v(f(x)) = min{v(f(ϕn)), v(f(x) − f(ϕn))} = r.

3©htv = 2, � Gv ≇ Z (kn�lÑa.)

�3 x ∈ K, ¦� K = Q(x) � v(x) = r1 ∈ (Q \ Z)+, �= r1 ∈ Q \ Z � r1 > 0. -

r = sup
a∈Q

(v(x − a)),

ϕ = lim
a∈Q,v(x−a)→r

a,

K ϕ 3 Q þ´���, � ϕ ∈ Cp,Q.

½Â 3.2 é?¿ f(x) ∈ Q(x), �±½ÂD� vϕ, ¦� vϕ(f) � f(ϕ) � p ?D�.

835



Nw: �â­¡þ�D�

·K 3.3 vϕ Ú v �d.

y² �Iy²é?¿Ä�õ�ª f(x) ∈ Q[x] , v = vϕ. -

f(x) = (x − a1) · · · (x − an).

é?¿ i, v(x− ai) < r, K�3 β ∈ Q, ¦� v(x− ai) < v(x− β) � v(β − ai) = v(ϕ− ai), Ï

d v(β − ai) = v(x − ai) � v(f) = v(f(β)) = v(f(ϕ)).

4©htv = 2, Gv * Q � Gv ⊆ R (�kna.)

�3 x ∈ K, ¦� K = Q(x), v(x) = rs ∈ (R \ Q)+. -

ϕ = pr. (9)

·K 3.4 ϕ 3 Q þ´���.

y² b��3 f(x) ∈ Q[x],

f(x) =
∑

i,j

aijp
ixj , aij =

mij

nij
, mij , nij ∈ Z, (mij , nij) = 1, p ∤ mij , nij ,

¦� f(pr) = 0.

XJ i1 + j1r = i2 + j2r � j1 6= j2, K

r =
i2 − i1
j1 − j2

∈ Q.

d
∑

i,j

aijp
i+jr = 0 =⇒ aijp

i+jr = 0, ∀ i, j

=⇒ aij = 0, ∀ i, j =⇒ f = 0.

Ïd ϕ 3 Q þ´���.

½Â 3.3 é?¿ f(x) ∈ Q(x),·��±½ÂD� vϕ,¦� vϕ(f)� f(ϕ)� p?D�.

·K 3.5 vϕ Ú v �d.

y² vϕ(p) = 1, vϕ(x) = r, Ïd v �±d ϕ 5½Â.

5©rankv = 2

�3 x ∈ K, ¦� K = Q(x), v(x) > 0. Gv
∼= Z

⊕
Z, §�Sdi;S�Ñ. é·�À�

� x, XJ f(x) ∈ Q[x],

f(x) =
∑

i,j

aijp
ixj , aij =

mij

nij
, mij , nij ∈ Z, p ∤ mij , nij , (mij , nij) = 1,

·�kü«�/:

(i) Ã¡�a.. v(x) ≫ v(p), K

v(f) = min
aij 6=0

(j, is).

(ii) Ã¡�a.. v(x) ≪ v(p), K

v(f) = min
aij 6=0

(is, j).

½n 3.1 ¼ê�� K ��â­¡þ�¤k�²�D��±©� 7 «a.:

(i) Y²Øfa.. v ´ K ��� Q- D�, K�3 K ���f� R, ¦� q.f.(R) = K.

- P = Pv ∩R = {f ∈ R | v(f) > 0},K htP = 1 � Rv = RP �lÑD��.�é{`, - F
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� Q 3 K ¥��ê4�, �3 F þ���1w��­� C, ±9��Ó� ϕ : F (C) → K.

v d C ����Øf�Ñ.

3±e� 6 «�/¥, �3���ê p, s.t. v 3 Q þ���´ Q ��� p ?D��

v(p) = s.

(ii) R�Øfa.. htv = 1, K�3 K ���f� R s.t. R ⊇ (p) � q.f.(R) = K. -

P = Pv ∩ R = {f ∈ R | v(f) > 0}, K htP = 1 � Rv = RP ´��lÑD��.

(iii) Witt a.. htv = 2 � Gv
∼= Z, K�3 x ∈ K, ¦� [K : Q(x)] < +∞ � v(x) ∈ N.

v �±d����ê

ϕ = a1p
1/s + a2p

2/s + · · · , ai ∈ T, ∀ i

5û½, �=é?¿ f(x) ∈ Q(x), v(f(x)) �u f(ϕ) � p ?D�.

(iv) kn�lÑa.. htv = 2, Gv ⊆ Q � Gv ≇ Z, K�3 x ∈ K s.t. [K : Q(x)] < +∞

� v(x) = r1 ∈ (Q \ Z)+. v �±d����ê

ϕ =
∑

r∈Q, ar∈T

arp
r ∈ Cp,Q

5û½, �=é?¿ f(x) ∈ Q(x), v(f(x)) �u f(ϕ) � p ?D�.

(v) �kna.. htv = 2, Gv ⊆ R � Gv * Q, K�3 x ∈ K, s.t. [K : Q(x)] < +∞ �

v(x) = rs ∈ (R \ Q)+. v �±d���Ãnê r 5û½, �=é?¿ f(x) ∈ Q(x), v(f(x)) �

u f(pr) � p ?D�.

(vi) Ã¡�a.. rankv = 2 ��3 x ∈ K s.t. [K : Q(x)] < +∞, v(x) ≫ v(p), K

Gv
∼= Z

⊕
Z, §�Sdi;S�Ñ. é·�À�� x, XJ f(x) ∈ Q[x],

f(x) =
∑

i,j

aijp
ixj , aij =

mij

nij
, mij , nij ∈ Z, p ∤ mij , nij , (mij , nij) = 1,

K

v(f) = min
aij 6=0

(j, is).

(vii) Ã¡�a.. rankv = 2 ��3 x ∈ K s.t. [K : Q(x)] < +∞, 0 < v(x) ≪ v(p), K

Gv
∼= Z

⊕
Z, §�Sdi;S�Ñ. é·�À�� x, XJ f(x) ∈ Q[x],

f(x) =
∑

i,j

aijp
ixj , aij =

mij

nij
, mij , nij ∈ Z, p ∤ mij , nij , (mij , nij) = 1,

K

v(f) = min
aij 6=0

(is, j).

y² �â htv, rankv ±9�S+ Gv é K �¤k�²�D� v ?1©a. Ï� v ´

�²��, �k

1 6 rankv 6 htv 6 2.

(i)Y²Øfa.. XJ v´ K ��� Q-D�,K�3 K ���f� R,¦� q.f.(R) =

K. - P = Pv ∩R = {f ∈ R | v(f) > 0},K htP = 1� Rv = RP �lÑD��.�é{`,-

F � Q3 K ¥��ê4�, �3 F þ���1w��­� C ±9��Ó� ϕ : F (C) → K,

¦� v d C ����Øf�Ñ.
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3±e� 6«�/¥, v3 Qþ���´ Q��� p?D�,Ù¥ p��ê,� v(p) = s.

(ii) R�Øfa.. XJ htv = 1, K�3 K ���f� R s.t. R ⊇ (p) � q.f.(R) = K.

- P = Pv ∩ R = {f ∈ R | v(f) > 0}, K htP = 1 � Rv = RP ´��lÑD��.

±eb½ htv = 2.

(iii) Ã¡�a.. XJ rankv = 2 ��3 x ∈ K s.t. [K : Q(x)] < +∞, v(x) ≫ v(p), K

Gv
∼= Z

⊕
Z, §�Sdi;S�Ñ. é·�À�� x, XJ f(x) ∈ Q[x],

f(x) =
∑

i,j

aijp
ixj , aij =

mij

nij
, mij , nij ∈ Z, p ∤ mij , nij , (mij , nij) = 1,

K

v(f) = min
aij 6=0

(j, is).

(iv) Ã¡�a.. XJ rankv = 2 ��3 x ∈ K s.t. [K : Q(x)] < +∞, 0 < v(x) ≪ v(p),

K Gv
∼= Z

⊕
Z, §�Sdi;S�Ñ. é·�À�� x, XJ f(x) ∈ Q[x],

f(x) =
∑

i,j

aijp
ixj , aij =

mij

nij
, mij , nij ∈ Z, p ∤ mij , nij , (mij , nij) = 1,

K

v(f) = min
aij 6=0

(is, j).

±eb½ rankv = 1,�= Gv �±i\ R����kS\{f+. {üå�,·��±

b½ Gv ⊆ R.

(v) �kna.. XJ Gv * Q, K�3 x ∈ K, s.t. [K : Q(x)] < +∞ � v(x) = rs ∈

(R \ Q)+. d·K 3.5, v �±d���Ãnê r 5û½, �=é?¿ f(x) ∈ Q(x), v(f(x)) �

u f(pr) � p ?Ðmª¥�$g��gê. �é{`, v(f(x)) �u f(pr) � p ?D�.

±eb½ Gv ⊆ Q.

(vi) Witt a.. XJ Gv
∼= Z, K�3 x ∈ K, ¦� [K : Q(x)] < +∞ � v(x) ∈ N. d·

K 3.2, v �±d����ê

ϕ = a1p
1/s + a2p

2/s + · · · (ai ∈ T, ∀ i)

5û½, �=é?¿ f(x) ∈ Q(x), v(f(x)) �u f(ϕ) � p ?Ðmª¥�$g��gê. �é

{`, v(f(x)) �u f(ϕ) � p ?D�.

·�y3���/

(vii) kn�lÑa.. XJ Gv ⊆ Q � Gv ≇ Z, K�3 x ∈ K s.t. [K : Q(x)] < +∞ �

v(x) = r1 ∈ (Q \ Z)+. d·K 3.3, v �±d����ê

ϕ =
∑

r∈Q, ar∈T

arp
r ∈ Cp,Q

5û½, �=é?¿ f(x) ∈ Q(x), v(f(x)) �u f(ϕ) � p ?Ðmª¥�$g��gê. �é

{`, v(f(x)) �u f(ϕ) � p ?D�.

Ïd�â­¡þ�¤k�²�D��±©� 7 «ØÓa..

5 3.1 - K = Q(x1, . . . , xr). XJ� α1, . . . , αr ∈ Cp,R 3 Q þ�êÕá,K�±½Â

K ���D� v, ¦�é?¿ f(x1, . . . , xr) ∈ K, v(f) �u f(α1, . . . , αr) � p ?D�.
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ß� 3.1 - K = Q(x1, . . . , xr). ¤k3 Q þ���´ Q � p ?D���� 1 � K

��²�D� v Ñ�±d±þ�ª�Ñ.

5 3.2 � r = 1 �, ¤k� 3 «a.: (i) Gv
∼= Z, (ii) Gv ⊆ Q � Gv ≇ Z, (iii) Gv ⊆ R

� Gv * Q, Ñ�±d,� α ∈ Cp,R �Ñ, Ïd� r = 1 �ß�¤á.

4 �
í2

·�ò±þ'u Cp,G �½Â?1í2. é?¿ m 6 n ∈ Z, - Vm,n � n −m + 1 � R-

�þ�m, �I�êl m � n. XJ m 6 m′ 6 n′ 6 n, Kò Vm′,n′ �Óu Vm,n �f�m

{(am, . . . , an) ∈ Vm,n | ai = 0 e i < m′ ½ i > n′}. ?�Ú/, XJ m 6 0 6 n, Kò R �Ó

u V0,0 ⊂ Vm,n. ·�½Â Vm,n �S “≺” �i;S, �=é?¿ (am, . . . , an), (bm, . . . , bn) ∈

Vm,n, XJé,� i, ai < bi �é?¿ j > i, aj = bj , K (am, . . . , an) ≺ (bm, . . . , bn). ù�Ñ


 Vm,n ��kS\{ Abel +�(�.

Ún 4.1 - Ω � Vm,n �3 ≺ e�¤kûSf8�8Ü.

(i) XJ ω ∈ Ω � S ⊂ Vm,n ´ ω �¤k4�:�8Ü, K (ω ∪ S) ∈ Ω.

(ii) XJ ω ∈ Ω, K ω ´���ê8Ü.

(iii) XJ ω, ω′ ∈ Ω, K ω ∪ ω′ ∈ Ω.

(iv)XJ ω, ω′ ∈ Ω,K ω + ω′ = {v + v′ | v ∈ ω, v′ ∈ ω′} ∈ Ω. ?�Ú,é?¿ w ∈ ω + ω′,

{(v, v′) | v ∈ ω, v′ ∈ ω′, v + v′ = w} �k�8.

(v) - {ωi | i ∈ I} ⊂ Ω � vi = minv∈ωi
(v), ∀i ∈ I. - ω =

⋃

i∈I ωi. XJé?¿ v ∈ ω,

�kk�õ� i ∈ I ¦� vi ≺ v, K ω ∈ Ω. AO/, é?¿ ωn ∈ Ω (n = 1, 2, . . .), P

vn = minv∈ωn
(v), ∀n. XJ limn→∞ vn = (+∞, . . . , +∞), K

⋃∞
n=1 ωn ∈ Ω.

·�N´r/ªÚ�Vgí2�
∑

v∈Vm,n,av∈T avp
v, ±9r| !äk| �!ÚûÐ

| �Vg?1í2. b½ m 6 0 6 n. é?¿�¹ 1 �\{f+ G ⊂ Vm,n, P

Cp,G =

{

ûÐ| �/ªÚ
∑

v∈G, av∈T

avp
v

}

. (10)

5¿�,3 Cp,G ¥k��D� ν ��3 G¥,�dÚn 4.1(v), Cp,G ´ ν ?���. l

Ún 4.1 ·���

·K 4.1 b½ m 6 0 6 n. é?¿�¹ 1 �\{f+ G ⊂ Vm,n, Cp,G k��g,�

����(�, ¿�´���.

y² é1 1 �äó, ·��±{ü��ì Vm,n = R ��/. ·�y3y²1 2 �ä

ó.

Ú·K 2.1 �y²��, ·��±�z�y² a = 1 − b 3 Cp,G ¥k_, Ù¥ b �D�

ν(b) > 0. - bvp
v � b ��, É�åu v = ν(b). P v = (am, . . . , an), K�3 i ∈ [m, n], s.t.

ai > 0 � aj = 0, ∀j > i, �= v ∈ Vm,i. - b′ � b �¤k�I3 Vm,i ¥���Ú, KdÚn

4.1(v), ·�wÑ 1 + b′ + . . . + b′n ∈ Cp,G (n = 1, 2, . . .) Âñ� c′ ∈ Cp,G, � (1 − b′)c′ = 1.

1 − ac′ vk�I3 Vm,i ¥��. ^ ac′ 5�O a ¿�­E±þ?Ø. d8B{, ²Lk�Ú

�� a ���3 Cp,G ¥�_.

5 4.1 - K = Q(x1, . . . , xr). XJ� α1, . . . , αr ∈ Cp,V0,n−1
3 Q þ�êÕá, K�±

½Â K ���D� v, ¦�é?¿ f(x1, . . . , xr) ∈ K, v(f) �u f(α1, . . . , αr) � p ?D�.
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ß� 4.1 (i) - K = Q(x1, . . . , xr). ¤k3 Q þ���´ Q � p ?D���� n �

K ��²�D� v Ñ�±d±þ�ª�Ñ.

(ii) Cp,Vm,n
´�ê4�.

�� ª�/a�o���Çé·��y±9�·?1�kÃ?Ø.
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