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�¼ê½&Ò f(x) ∈ L2(R),XJ f̂(ω) ⊂ [−Ω, Ω],K¡ f(x)´ª�É��. â Shannon

æ�½n, f(x) ���d§3: tj = jπ
Ω (j = 0,±1,±2, . . .) ?��­�. O(/`, f(x) k

Xe�?êL�ª:

f(x) =

+∞∑

j=−∞

f

(
j
π

Ω

)
sin(Ωx − jπ)

Ωx − jπ
,

þªm>�?ê��Âñ, ¿¡g,ªÇ ν = Ω
2π
� Nyquist ªÇ.

½Â3E²¡ C þ��¼ê F (z) ¡�� σ (σ > 0) �ê.�, XJ�3~ê C > 0, ¦

�é ∀ z ∈ C, |F (z)| 6 Ceσ|z|.²;� Paley-Wiener½nw�·�:� F (x) ∈ L2(R),K F (x)

´ σ �ê.��¼ê F (x + iy) 3 x ¶þ����¿©7�^�´ suppF̂ ⊂ [−σ, σ]. �þ

ã^�k�¤á, Òk

F (z) =
1

2π

∫ σ

−σ

F̂ (ξ)ei(x+iy)dξ, z = x + iy.

²;� Paley-Wiener ½n���«
E²¡þ)Û¼ê��êO�5�§3¢¶þ�

��� Fourier C�|8����m�éX. §´ Shannon æ�½n�nØÄ:.

1957 c, Stein[1] ÏLrp���/=z�����/, í2 Paley-Wiener ½n�õE

Cê)Û¼ê��/.

Paley-Wiener½n��í2��xäk;|8� SchwartzÁ�¼êaÚ;|8�©Ù,

= Paley-Wiener-Schwartz½n. A^ù�½n, Malgrang y²
: Rn þ~Xê �©�§

P (D)δ = u 7�3Ä�).
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²; Paley-Wiener½n�y²^� Phragmén-Lindelöf½n, §´E)Û¼ê4���

nlk.��Ã.���«í2. ùI���Ä��¯¢: E)Û¼ê�¦ÈE,´E)Û

¼ê. �ù�¯¢3p��E©ÛXo�ê©Û!l�ê©Û!Clifford ©Û�¥ÑØ2¤

á.

o�ê©Û�ïÄ©u 20­V 30c�, ¿3 50c�Ä��õ, �ÙA^Fª2�.�

C, o�ê Fourier C�nØ�^uçÚã�?n.

��E©ÛÚo�ê©Û��«p�í2, Clifford ©Û´ 20 ­V 70 c�±�uÐå

5�, §´ïá3(Ü�ê Clifford �êþ�©ÛnØ. ò Rn i\� Clifford �ê�¥, �

�u3 Rn þD��êÚE)Û(�, dd�)� Clifford ©Û��{y®²2�A^uê

ÆÚÔn�õ��¡.

2002 c, a7Ú Kou Kit-Ian[2] ¦^ Clifford ©Û��{, r²;� Paley-Wiener ½n

í2� Clifford )Û¼ê��/¿�Ñ
�
A^.

��=k� 4 «D��Ø�ê “¢ê!Eê!o�ê!l�ê” ¥���ö, 'u¦{,

l�êØ2�¦¦{���ÆÚ(ÜÆ¤á, Ï
l�ê©ÛnØk����Ð�m. ,


�´l�ê�����(Ü5, 3��ÏS{N
l�ê©ÛnØ�uÐ.

�é@Òk<5¿�l�ê3êÆÚÔn�¡��^. 1925c, Élie Cartan[3] Äkuy


 8 ��m¥��þ�^f�m�é¡'X. 1934 c, Jordan � [4] 'uþfåÆÄ:�Ø

©, 5¿�
l�ê�Ôn�d3'X.

l�êØ
3Ôn�¡��^, §�­�5�3u§Ú�
q�´�á�ÚJ±���

�ê(�éX3�å. ü Lie �êÒ´Ù¥���~f. 19 ­V�Ï, Killing Ú Cartan u

y, ~	�ü Lie �ê�k 5 �. �uy
§��l�ê�'X��, âý��Ù: Ù¥� 4

«
u O, O ⊗C, O ⊗H, Ú O ⊗O ��K²¡��å+ [5]. ���«Ò´l�ê�gÓ�

+. ,��­��~fÒ´ü¢ Jordan �ê�©a. 3 × 3 Hermite l�êÝ
�ê H3(O)

�¤
~	� Jordan �ê. ,	, |^l�ê� “|Ü5”, �±�Ñ�P�¥æÈ¯K3

n = 8 ��) [6].

Clifford©ÛnØ�×�uÐ,¦�uÐl�ê©ÛnØ¤��U. 1995cå, ·�m©

él�ê©Û�XÚ�ïÄ, ¿ºY�¤
l�ê)Û¼ênØ�Ä�µe [7−15].

l�ê©Û�nØÚA^�ÅìÚå'5. 2001c, Baez 3©z [5]¥�Ñl�ê?u

Nõ-<k,��êÆ+����:. ©Ù£ã
l�ê� Clifford �ê!̂ f!Bott ±Ï

5!ÝKÚ Lorenzian AÛ!Jordan �ê!~	 Lie �ê�'X, ¿?Ø
l�ê3þfÜ

6!�éØ!�é¡��¡�A^. 2005 c Baez[6] qØã
l�ê3AÛ, �â, �é¡�

¡�A^. 3©Ù [5] ���, �öJÑ 14 �3l�êþ��&¢�¯K. 1 1 �¯KÒ´

3l�êþïá�E©Ûaq�¼ênØ.

�u Paley-Wiener ½n3êÆ�Ä:nØÚ&EØ�õ�¡k­��^, ��g,�

¯KÒ´: UÄ3äk����(Ü�µ�l�ê)Û¼ê�mïá Paley-Wiener ½n?

�
Lãl�ê¥� Paley-Wiener ½n, IÄkÀJ½ÂÜ·�l�ê�ê¼ê: Ù

��´l�ê� (m) )Û�, �±Ù½Â�l�ê� (m) )Û¼ê� Fourier C�E,´

l�ê� (m) )Û�. qdu©z [11] ¥�l�ê Taylor ÐªØU^u½n�y², ·

��I�ïál�ê©Û¥äkÈ©�� Taylor Ðª. ,	, ©z [2] ¥�Ä�¼êÑ´
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½Âu Rn � Clifford �ê��¼ê, 3Nõ|ÜÑ��6u Clifford �ê�(Ü5. X

(fg)h = f(gh), ((fg)h)k = (fg)(hk) = f((gh)k) �. 
él�ê�¼ê, ù
ÑØ2¤á. ·

���{´r�(Ü5�5�(J^(Üf5£ã, ,�|^·�#Cïá�l�ê©Ûn

Ø?n(Üf. ù«�{´3(Ü�êþ�©Û¯K¤ØQ���. �©���Ñl�ê

Paley-Wiener ½n���{üA^.

1 ý��£

D���Ø�ê�k 4 «: ¢ê R, Eê C, o�ê H Úl�ê O. �Ò´`, e

3 Rn ¥5½¦{$� “·”, ¦é?¿� X, Y ∈ Rn, Ek X · Y ∈ Rn, � ‖X · Y ‖=

‖X ‖‖Y ‖, ¿¦�"�þk_, K n ��U� 1, 2, 4, 8, Ù¥ ‖x‖=
√∑n

1 x2
k. 'u¦

{, o�êØ÷v��Æ�E÷v(ÜÆ, l�êQØ÷v��Æ�Ø÷v(ÜÆ. §�

÷vi\�¹'X: R ⊆ C ⊆ H ⊆ O. � e0, e1, . . . , e6, e7 ´ O þ��|Ä, - W =

{(1, 2, 3), (1, 4, 5), (2, 4, 6), (3, 4, 7), (2, 5, 7), (6, 1, 7, ), (5, 3, 6)},K

e2
0 = e0, eαe0 = e0eα = eα, e2

α = −1, α = 1, 2, . . . , 7,

�é?¿ (α, β, γ) ∈ W, k eαeβ = eγ = −eβeα, eβeγ = eα = −eγeβ, eγeα = eβ = −eαeγ .

l�ê½¡ Caylayê. ?�l�ê x�±L«¤ x =
∑7

k=0 xkek, xk ∈ R.l�ê´�«

���ê. ��5´�d?Ûü���Ü¤�f�ê´(Ü�ê. ¡ [x, y, z] = (xy)z − x(yz)

� x, y, z �(Üf, Ké?¿ x, y, z ∈ O,

[x, y, z] = [y, z, x] = [z, x, y],

[x, x, y] = 0,

[x, y, z] = −[y, x, z].

� a = a0e0 +a1e1 + · · ·+a7e7, b = b0e0 +b1e1 + · · ·+b7e7,Ù¥ ak, bk ∈ R, k = 0, 1, . . . , 7.

- a = a0 + A, b = b0 + B, K ab = a0b0 + a0B + b0A + AB. -

Aij = det

(
ai aj

bi bj

)
, i, j = 1, 2, . . . , 7,

K

AB = −A · B + e1(A2,3 + A4,5 − A6,7) + e2(−A1,3 + A4,6 + A5,7)

+ e3(A1,2 + A4,7 − A5,6) + e4(−A1,5 − A2,6 − A3,7)

+ e5(A1,4 − A2,7 + A3,6) + e6(A1,7 + A2,4 − A3,5)

+ e7(−A1,6 + A2,5 + A3,4),

|^©z [15] �PÒ, k AB = −A · B + A × B, �

(A × B) · A = 0, (A × B) · B = 0, A//B ⇐⇒ A × B = 0, A × B = −B × A.

½Â�Ý$�: e0 = e0, ej = −ej, j = 1, 2, . . . , 7,K eiej = ej ei, i, j = 1, 2, . . . , 7.é?¿

x, y ∈ O, k xy = y x, xx = xx =
∑7

0 x2
i = |x|2. �� O ∋ x 6= 0 �, x−1 = x

|x|2 .
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¦+l�ê'u¦{Ø÷v(ÜÆ, �E,ke¡�f(Ü5, =¤¢� R. Moufangð

�ª: é?¿ u, v, x, y, z ∈ O, (uvu)x = u(v(ux)), x(uvu) = ((xu)v)u, u(xy)u = (ux)(yu).

� Ω ´ R8 ¥�ëÏm8, f : Ω → O, f(x) =
∑7

0 ekfk(x), Ù¥ fk(x) Ñ´¢�¼ê.

½Â Dirac D- �f9Ù���f D � C∞(Ω, O) þ����©�f D =
∑7

0 ek
∂

∂xk

, D =
∑7

0 ek
∂

∂xk

.¡ C∞(Ω, O) ¥�¼ê f 3 Ωþl�ê� (m) )Û ({��� (m) O- )Û),X

J Df =
∑7

0 ek
∂f
∂xk

= 0 (fD =
∑7

0
∂f
∂xk

ek = 0). Ï� DD = DD = △8 =
∑7

0
∂2

∂x2
k

, ¤±?Û�

(m) O- )Û¼ê�©þÑ´NÚ¼ê.

� M ´¹u,�m8 Ω ⊂ R8 ¥��k>. ∂M � 8 ��!;�!½�� C∞ 6/.

x ∈ ∂M, - n(x) =
∑7

0 njej � x :? ∂M �	ü {�, dS(x) ´ ∂M þ�Iþ¡È��

� dσ = ndS, ω = n(x)f(x)dS(x). - Φ(x − z) = x−z
ω7|x−z|8 =:

∑7
0 Φses, Ù¥ ω7 � R8 ¥ü 

¥¡¡È.

½n A
[9, 12] � M ´¹u Ω ¥ 8 ��;�½�� C∞ 6/. f ´3 Ω þ�� O- )

Û¼ê, K
∫

∂M

ω =

∫

∂M

n(x)f(x)dS(x) = 0.

½n B
[9, 12] M Ú Ω Óþ. Df = 0, x ∈ Ω, Ké M ¥�?�: z,

f(z) =

∫

∂M

Φ(x − z) (dσ(x)f(x))

=

∫

∂M

(Φ(x − z)dσ(x)) f(x) −

∫

M

7∑

t=0

[Φ(x − z), Dft(x), et]dV,


� z ∈ Ω\M,
∫

∂M
Φ(x − z) (dσ(x)f(x)) = 0. Ù¥ dV (x) = dx0 ∧ · · · ∧ dx7.

5 1 Clifford �ê An �¢� 2n ��(Ü�ê, §÷v A0 = R, A1 = C, A2 = H, �

A3 6= O, ��ökNõ��ØÓ. Xl�ê´�(Ü��Ø�ê, Clifford�ê´(Ü�Ø�

Ø�ê; � Clifford )Û¼êa�¤� Clifford m�, ��l�ê)Û¼êaØU�¤l�

êm�. 'u Clifford ©Û��õ�ó�, ë� [16–18];

5 2 �½ Oc �L O �Ez. x ∈ Oc ⇔ x =
∑7

k=0 xkek, xk ∈ C. 5¿, �, Oc Ø2

´�Ø�ê, �cã'ul�ê�(Üf�$�, R. Moufang ð�ª3 Oc ¥Ñ�(. l�

ê� (m) )Û¼ê�½Â�±í2�½Âu R8 
��u Oc �¼ê, ¿¡Ù�� (m) Oc-

)Û¼ê. �±�y: ½n A Ú½n B é� Oc- )Û¼êÑ¤á;

5 3 8�é x = (x0, . . . , x7) ∈ R8 Ú x =
∑7

k=0 xkek ∈ O, x = (x0, . . . , x7) ∈ C8 Ú

x =
∑7

k=0 xkek ∈ Oc Ø\±«O.

2 l�ê�ê¼ê� Taylor Ðª

�©z [16]½Âl�ê�ê¼êXe: é x = x0 +x ∈ C8, ξ = ξ1e1 + · · ·+ ξ7e7 ∈ C7,-

e(x, ξ) = ei〈x, ξ〉e−x0|ξ|χ+(ξ) + ei〈x, ξ〉ex0|ξ|χ−(ξ),

Ù¥

χ±(ξ) =
1

2

(
1 ± i

ξ

|ξ|

)
.

N´�y χ−χ+ = χ+χ− = 0, χ2
± = χ±, χ+ + χ− = 1.
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5 4 ùp½Â��ê¼ê´Ï~�ê¼ê�í2. �ê¼ê����p�í2�©

z [16].

·K 2.1 �ê¼ê e(x, ξ) ÷ve¡�5�:

e(x, ξ)e(y, ξ) = e(y, ξ)e(x, ξ) = e(x + y, ξ), e(x,−ξ) = e(−x, ξ),

e(x, ξ) = exp i(〈x, ξ〉 − x0ξ) =
∑

k=0

1

k!
(i(〈x, ξ〉 − x0ξ))

k.

y²´�y5�, 3d�Ñ.

·K 2.2 é?¿� ξ ∈ C7, �ê¼ê e(x, ξ) 'u x ∈ O ´Q�qm�l�ê)Û¼

ê. §w,q´ x = (x1, . . . , x7) ∈ C7 �õECê�X¼ê.

y² ÏLäNO�k

Dxei〈x, ξ〉e−x0|ξ|χ+(ξ) = ei〈x, ξ〉e−x0|ξ|χ+(ξ)Dx = 0,

Dxei〈x, ξ〉ex0|ξ|χ−(ξ) = ei〈x, ξ〉ex0|ξ|χ−(ξ)Dx = 0,

� Dxe(x, ξ) = e(x, ξ)Dx = 0. = e(x, ξ) ´Q�qm�l�ê)Û¼ê.

ÏLäNO�, ·��k

·K 2.3 é?¿��ê k, ¼ê (i(〈x, ξ〉 − x0ξ))
k Q´l�ê�)Ûq´l�êm)

Û�¼ê.

5¿�¼ê xk, x ∈ OQ�l�ê�)Ûq�l�êm)Û.Ïd,¼ê (i(〈x, ξ〉−x0ξ))
k

´ C ¥¼ê zk �Ü·�O�Ô.

k�~ f(x) `² [7]: f(x) ´l�ê�)Û¼ê, a ´��l�ê~ê, f(x)a Ø2´l

�ê�)Û¼ê. �´, � f(x) ´�ê¼ê�, ·�%ke¡�(J:

·K 2.4 é?¿� Oc-�¼ê g(ξ), ¼ê e(x, ξ)g(ξ) 'u x ´� Oc- )Û¼ê.

y² Ï� [χ+(ξ), χ−(ξ), g(ξ)] = 0, �

Dx(e(x, ξ)g(ξ))

= Dx(ei〈x, ξ〉e−x0|ξ|χ+(ξ)g(ξ)) + Dx(ei〈x,ξ〉ex0|ξ|χ−(ξ)g(ξ))

= Dxei〈x, ξ〉e−x0|ξ|(χ+(ξ)g(ξ)) + Dxei〈x,ξ〉ex0|ξ|(χ−(ξ)g(ξ))

= 2(−|ξ|)ei〈x, ξ〉e−x0|ξ|χ−(ξ)(χ+(ξ)g(ξ)) + 2(|ξ|)ei〈x, ξ〉ex0|ξ|χ+(ξ)(χ−(ξ)g(ξ))

= 2(−|ξ|)ei〈x, ξ〉e−x0|ξ|(χ−(ξ)χ+(ξ))g(ξ) + 2(|ξ|)ei〈x, ξ〉ex0|ξ|(χ+(ξ)χ−(ξ))g(ξ) = 0.

=¼ê e(x, ξ)g(ξ) 'u x ´� Oc-)Û¼ê. y..

aq�±y²é?¿� Oc-�¼ê g(ξ) Ú g(ξ)e(x, ξ) ´m Oc-)Û¼ê.

Dirac �f D =
∑7

0 ek
∂

∂xk

�Ø¼êdeª�Ñ:

Φ(y − x) =
1

ω7

y − x

|y − x|8
=

1

6ω7
Dx

1

|y − x|6
=

1

6ω7
Dy

1

|y − x|6
.

é ν ∈ C, Reν > − 1
2 , (1 − 2tx + x2)−ν =

∑∞
k=0 Cν

k (t)xk, ∀x, t ∈ R. Ù¥ Cν
k ´'u ν �

k � Genenbauer õ�ª [18]. é x, y ∈ R8, - x = |x|ξ, y = |y|ω, r = |x|
|y| , t = 〈ξ, ω〉, K

1

|x − y|6
=

1

|y|6(1 − 2tr + r2)3
=

∞∑

k=0

|x|k

|y|6+k
C3

k(t).
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Ï�O�Ø�9(Ü5, �©z [18]·�k

y − x

|y − x|8
=

1

6ω7

∞∑

k=0

1

|y|k+7
Dx(C3

k+1(t)|x|
k+1) =

∞∑

k=0

|x|k

|y|k+7
C−

8,k(ω),

Ù¥ C−
8,k(ω, ξ) = 1

6ω7
[(k + 1)C3

k+1(t) − 6C4
k(t)(〈ω, ξ〉 − ωξ)]. Ón���

y − x

|y − x|8
=

1

6ω7

∞∑

k=0

|x|kDy

(
C3

k(t)
1

|y|k+6

)
=

∞∑

k=0

|x|k

|y|k+7
C+

8,k(ξ, ω)ω,

Ù¥ C+
8,k(ω, ξ) = − 1

6ω7
[−(k + 6)C3

k(t) − 6C4
k−1(t)(〈ξ, ω〉 − ξω)]. �� |x| < |y| �,

y − x

|y − x|8
=

∞∑

0

(−1)k

k!
(〈x, ∂y〉)

k y

|y|8
,

Ù¥ 〈x, ∂y〉 =
∑7

0 xi∂yi
. Ïdé?¿��K�ê k Ú x ∈ R8, � |y| > |x| �,

|x|k

|y|k+7
C−

8,k(ω, ξ)ξ =
|x|k

|y|k+7
C+

8,k(ξ, ω)ω =
(−1)k

k!
(〈x, ∂y〉)

k y

|y|8
.

Ï� y
|y|8 , y 6= 0 ´l�ê�m)Û¼ê, dþª·���

·K 2.5 é�½� x ∈ R8, � |y| > |x| �, |x|k

|y|k+7 C−
8,k(ω, ξ)ξ Ú |x|k

|y|k+7 C+
8,k(ξ, ω)ω Ñ´

'u y �l�ê�m)Û¼ê.

u´, Ú©z [11] '�, ·���
äkÈ©�/ª�l�ê TaylorÐª

·K 2.6 � f 3�¹¥ B(0, r) = {x ∈ R8 : |x| < r} �«�S� Oc- )Û, K�

x ∈ B(0, r) �, k

f(x) =
∞∑

k=0

∫

∂B(0,r)

(P (k)(y−1x)Φ(y)) (n(y)f(y))dSy ,

Ù¥ P (k)(y−1x) = |y−1x|kC+
8,k(ξ, ω), dSy ´ ∂B(0, r) þ�¡È��.

y² â½n B 9þã CauchyØ�Ðª, k

f(x) =

∫

∂B(0,r)

Φ(y − x) (dσyf(y))

=
1

ω7

∫

∂B(0,r)

( ∞∑

k=0

|x|k

|y|k+7
C+

8,k(ξ, ω)ω

)
(dσyf(y))

=
1

ω7

∫

∂B(0,r)

( ∞∑

k=0

|x|k

|y|k
C+

8,k(ξ, ω)
ω

|y|7

)
(n(y)f(y))dSy

=
1

ω7

∫

∂B(0,r)

( ∞∑

k=0

|x|k

|y|k
(C+

8,k(ξ, ω)
y

|y|8

)
(n(y)f(y))dSy

=

∫

∂B(0,r)

∞∑

k=0

(
|x|k

|y|k
C+

8,k(ξ, ω)Φ(y)

)
(n(y)f(y))dSy

=

∞∑

k=0

∫

∂B(0,r)

(P (k)(y−1x)Φ(y)) (n(y)f(y))dSy .

5 5 Ú©z [2] ¥ Clifford ©Û��/ØÓ, ùp�È¼ê�L�ª�¼ê¦È�

(Ü�ª���'. �©z [18], ·��k±eÄ�¯¢: P (k)(y−1x) ´ x � k �õ�ª�

|P (k)(y−1x)| 6 Ck7( |x|
k

|y|k ).
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3 l�ê Paley-Wiener ½n

Rn þ²;� Fourier C�9Ù_C�±Xe/ª½Â:

F(ξ) = f̂(ξ) =

∫

Rn

e−i〈x, ξ〉f(x)dx, F−1(x) = f∨(x) =
1

(2π)n

∫

Rn

ei〈x,ξ〉f(ξ)dξ.

·�k±e¯¢: T̂ (φ) = T (φ̂), φ ∈ S(Rn), Ù¥ S(Rn) ´�ü� Schwarz¼êa, T ´

S(Rn)þ��O©Ù,¿k 1̂ = (2π)nδ, (ξα1

1 · · · ξαn

n )∨ = i−|α|Dαδ,Ù¥ α = (α1, . . . , αn),Dα =

( ∂
∂x1

)α1 · · · ( ∂
∂xn

)αn .

½n � f : O → Oc �l�ê�)Û¼ê, f |R7 ∈ L2(R7), R > 0 ´��ê. Ke¡�

äó�d:

(i) �3~ê C, ¦� |f(x)| 6 CeR|x|, ∀x ∈ O.

(ii) suppF(f |R7) ⊂ B(0, R).

¿�, XJþ¡��¤á, Kk

f(x) =
1

(2π)7

∫

R7

e(x, ξ)(̂f |R7)(ξ)dξ, x ∈ O.

Ún (Plemelj úª)[19] �3 Lp(R
7) (1 < p < ∞) þ�k.�f P+, P− Ú Cγ , ¦�é

?¿� u ∈ Lp(R
7) A�¤k� x ∈ R7, k

(P±u)(x) = ± lim
δ→0+

∫

R7

Φ(x ± δ − y) (n(y)u(y))dSy,

(Cγu)(x) = 2 p.v.

∫

R7

Φ(x − y) (n(y)u(y))dSy ,

� P± = 1
2 (±Cγ + I), I = P+ + P−, Cγ = P+ − P−.

5 6 Ún´©z [19] ¥�Ì�½n3 Lip ­¡� Rn, Ø¼ê� Cauchy Ø�AÏ�

/.

½n�y² (ii) ⇒ (i) - F (x) = 1
(2π)7

∫
R7 e(x, ξ)(̂f |R7)(ξ)dξ, K

|F (x)| =

∣∣∣∣
1

(2π)7

∫

R7

e(x, ξ)χB(0,R)(ξ)(̂f |R7)(ξ)dξ

∣∣∣∣ 6 CeR|x0|‖χB(0,R)‖2‖(̂f |R7)‖2 6 CeR|x|,

Ù¥, C 3©¥�L~ê, ØÓ/:�±ØÓ.

e¡y² f(x) = F (x). ù�Iy² F (x) ´� Oc- )Û¼ê. 
Ó��¯¢3 Clifford

�ê��/´Øyg²�, �d��9�
(Ü5.

P e(x, ξ) = ei〈x,ξ〉e−x0|ξ|χ+(ξ) + ei〈x,ξ〉ex0|ξ|χ−(ξ) =: f1 + f2, K

F (x) =
1

(2π)7

∫

R7

e(x, ξ)f̂ |R7(ξ)dξ =: F1(x) + F2(x).

DxF1 =
1

(2π)7

∫

R7

Dx(f1(x, ξ)f̂ |R7(ξ))dξ =
1

(2π)7

∫

R7

Dx(ei〈x,ξ〉e−x0|ξ|χ+(ξ)f̂ |R7(ξ))dξ,

5¿� ei〈x,ξ〉e−x0|ξ| ´Eê, ²LäNO�, k

Dx(ei〈x,ξ〉e−x0|ξ|χ+(ξ)f̂ |R7(ξ)) = Dx(ei〈x,ξ〉e−x0|ξ|(χ+(ξ)f̂ |R7(ξ)))

= ei〈x,ξ〉e−x0|ξ|(−2|ξ|)χ−(ξ) (χ+(ξ)f̂ |R7(ξ)).

Ï χ−(ξ)(χ+(ξ)f̂ |R7) = (χ−(ξ)χ+(ξ))f̂ |R7 = 0, ¤± DxF1 = 0.

Ónk DxF2 = 0. ù`², F (x) ´� Oc-)Û¼ê.
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(i) ⇒ (ii)-

G+(x) =
1

(2π)7

∫

R7

ei〈x,ξ〉e−x0|ξ|χ+(ξ)f(ξ)dξ, x0 > 0,

Ï� f ∈ L2(R7), þã½Âok¿Â. �þ¡�y², �� G+(x) � x0 > 0 �´� Oc-)Û

¼ê. r f(ξ) � TaylorÐª�\þª, k

G+(x) =
1

(2π)7

∫

R7

(ei〈x,ξ〉e−x0|ξ|χ+(ξ))

×

( ∞∑

0

∫

∂B(0,r)

(P (k)(y−1ξ)Φ(y)) (n(y)f(y))dSy

)
dξ

= lim
N→∞

1

(2π)7

∫

R7

(ei〈x,ξ〉e−x0|ξ|χ+(ξ)χB(0,N))

×

( ∞∑

0

∫

∂B(0,r)

(P (k)(y−1ξ)Φ(y)) (n(y)f(y))dSy

)
dξ,

Ù¥ r ´?��ê. 5¿�?ê� |ξ| 6 N ���Âñ, � dSy Ú dξ þ�¢�¼ê, �

G+(x) = lim
N→∞

1

(2π)7

∞∑

0

∫

∂B(0,r)

∫

R7

(ei〈x,ξ〉e−x0|ξ|χ+(ξ)χB(0,N))

× ((P (k)(y−1ξ)Φ(y)) (n(y)f(y))) dSydξ.

�©z [2] ØÓ, �È¼êî­�6u¦È�(Ü�ª. üg|^úª x(yz) = (xy)z −

[x, y, z], K

(ei〈x,ξ〉e−x0|ξ|χ+(ξ)χB(0,N)) ((P (k)(y−1ξ)Φ(y))(n(y)f(y)))

= (ei〈x,ξ〉e−x0|ξ|χ+(ξ)χB(0,N)(P
(k)(y−1ξ)Φ(y))) (n(y)f(y))

− [ei〈x,ξ〉e−x0|ξ|χ+(ξ)χB(0,N), P
(k)(y−1ξ)Φ(y), n(y)f(y)]

= ((ei〈x,ξ〉e−x0|ξ|χ+(ξ)χB(0,N)P
(k)(y−1ξ))Φ(y)

− [ei〈x,ξ〉e−x0|ξ|χ+(ξ)χB(0,N), P
(k)(y−1ξ), Φ(y)]) (n(y)f(y))

− [ei〈x,ξ〉e−x0|ξ|χ+(ξ)χB(0,N), P
(k)(y−1ξ)Φ(y), n(y)f(y)].

·�7Lk�Äü�(Üf

[ei〈x,ξ〉e−x0|ξ|χ+(ξ)χB(0,N), P
(k)(y−1ξ), Φ(y)],

[ei〈x,ξ〉e−x0|ξ|χ+(ξ)χB(0,N), P
(k)(y−1ξ)Φ(y), n(y)f(y)].

�±y²1��(Üf�". ¯¢þ, ei〈x,ξ〉e−x0|ξ|´�Eê,5¿� χ+(ξ)Ú P (k)(y−1ξ)

�L�ª, �Iy² [ξ, ξη, Φ(y)] = 0. 25¿� η = y
|y| ±9 Φ(y) = y

ω7|y|8
� y ∈ ∂B(0, r),

âl�ê�$�5�, ±9 R. Moufang ð�ª, N´�y [ξ, ξy, y] = [ξ, ξ y, y] = 0, Ï


[ξ, ξη, Φ(y)] = 0.

�Ã{y²1��(Üf�". u´

G+(x) = lim
N→∞

1

(2π)7

∞∑

0

∫

∂B(0,r)

∫

R7

((ei〈x,ξ〉e−x0|ξ|χ+(ξ)χB(0,N)P
(k)(y−1ξ))Φ(y))

× (n(y)f(y))(y) − [ei〈x,ξ〉e−x0|ξ|χ+(ξ)χB(0,N), P
(k)(y−1ξ)Φ(y), n(y)f(y)]) dSydξ.
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Ú©z [2] '�, ùp�È¼êL�ªÑy
(ÜfÜ©. P

G̃+(x) = lim
N→∞

1

(2π)7

∞∑

0

∫

∂B(0,r)

∫

R7

((ei〈x,ξ〉e−x0|ξ|χ+(ξ)χB(0,N)P
(k)(y−1ξ))Φ(y))

× (n(y)f(y))(y) dSydξ,

�©z [2], �±y²� x0 > R �, �±��4�Ú¦Ú�gS, l
� x0 > R �,

G̃+(x) =

∞∑

0

1

(2π)7

∫

∂B(0,r)

( ∫

R7

((ei〈x,ξ〉e−x0|ξ|χ+(ξ)P (k)(y−1ξ)dξ) Φ(y))(n(y)f(y))

)
dSy.

� C∞
0 (R7) ¥�¼ê� ϕm(ξ), ¦�� |ξ| 6 1

m
� ϕm(ξ) = 0, � |ξ| > 2

m
� ϕm(ξ) = 1,

Ù¦�/e 0 6 ϕm(ξ) 6 1.w,, 3©Ù¿Âe, ϕm → 1.� x0 > R �, r G̃+(x) ­#�¤

G̃+(x) =

∞∑

0

1

(2π)7

∫

∂B(0,r)

(
lim

m→∞

∫

R7

((ei〈x,ξ〉e−x0|ξ|χ+(ξ)ϕm(ξ)P (k)(y−1ξ)dξ)Φ(y))

)

× (n(y)f(y))(y)dSy .

Ï e〈x,·〉e−x0|·|χ+(·)ϕm(·) ∈ S(R7),3©Ù¿Âe,­� ei〈x,ξ〉e−x0|ξ|χ+(ξ)ϕm(ξ)P (k)(y−1ξ)

�

P (k)(y−1(·)) (ei〈x,·〉e−x0|·|χ+(·)ϕm(·))

= F−1(P (k)(y−1(·)) (F(ei〈x,·〉e−x0|·|χ+(·)ϕm(·))))

= i−k(P (k)(y−1D)δ)(F(ei〈x,·〉e−x0|·|χ+(·)) ∗ F(ϕm)).


 F(ei〈x,·〉e−x0|·|χ+(·)) = 1
2F(ei〈x,·〉e−x0|·|) + 1

2F(ei〈x,·〉e−x0|·| i(·)
|·| ), Ù¥

1

2
F(ei〈x,·〉e−x0|·|)(ζ) = c̃

x0

(x2
0 + |ζ − x|2)4

,

ùp c̃ = 26π3Γ(4). Ïd

1

2
F

(
ei〈x,·〉e−x0|·|

i(·)

| · |

)
=

1

2

∫ ∞

x0

DxF(ei〈x,·〉e−t|·|)(ζ)dt

= c̃

∫ ∞

x0

Dx

(
t

(t2 + |ζ − x|2)4

)
dt

= c̃
ξ − x

(x2
0 + |ζ − x|2)4

.

l


F(ei〈x,·〉e−x0|·|χ+(·)) = c̃
x − ζ

|x − ζ|8
= −c̃Φ(ζ − x).

u´

P (k)(y−1(·))(ei〈x,·〉e−x0|·|χ+(·)ϕm(·))

= i−k(P (k)(y−1D)δ)(F(ei〈x,·〉e−x0|·|χ+(·)) ∗ F(ϕm))

= −c̃i−k(P (k)(y−1D)δ)(Φ(· − x) ∗ F(ϕm))

= −c̃i−k(−1)kδ(P (k)(y−1D)Φ(· − x) ∗ F(ϕm))

= −c̃ik(P (k)(y−1D)Φ(· − x) ∗ F(ϕm))(0).
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Ï� F(ϕm) → (2π)7δ, �∫

R7

(ei〈x)ξ〉e−x0|ξ|χ+(ξ)P (k)(y−1ξ))dξ = −(2π)7c̃ik(P (k)(y−1D)Φ)(−x).

Ïdé x0 > R, k

G̃+(x) = −c̃

∞∑

0

ik
∫

∂B(0,r)

(((P (k)(y−1D)Φ)(−x))Φ(y)) (n(y)f(y))dS(y).

l
� x0 > R �,

G+(x) = −c̃

∞∑

0

ik
∫

∂B(0,r)

(((P (k)(y−1D)Φ)(−x))Φ(y)) (n(y)f(y))dSy

−

∞∑

0

1

(2π)7

∫

∂B(0,r)

∫

R7

[ei〈x,ξ〉e−x0|ξ|χ+(ξ), P (k)(y−1ξ)Φ(y), n(y)f(y)]dξdSy.

�©z [2], |^?ê3 |x| > R þS4��Âñ, �ò G+(x) *Ü� |x| > R þ�l�ê�

)Û¼ê.

2-

G−(x) =
1

(2π)7

∫

R7

ei〈x,ξ〉ex0|ξ|χ−(ξ)f(ξ)dξ, x0 < 0,

�þ�±y² G−(x) 3 x0 < −R �l�ê�)Û, �

G−(x) = c̃
∞∑

0

ik
∫

∂B(0,r)

(((P (k)(y−1D)Φ)(−x))Φ(y))(n(y)f(y))dSy

−

∞∑

0

1

(2π)7

∫

∂B(0,r)

∫

R7

[ei〈x,ξ〉ex0|ξ|χ−(ξ), P (k)(y−1ξ)Φ(y), n(y)f(y)]dξdSy,

¿�ò G−(x) *Ü� |x| > R þ�l�ê�)Û¼ê. Ï ei〈x,ξ〉e−x0|ξ|χ+(ξ) + ei〈x,ξ〉e−x0|ξ|

χ−(ξ) ∈ C, ¤±

[ei〈x,ξ〉e−x0|ξ|χ+(ξ), P (k)(y−1ξ)Φ(y), n(y)f(y)]

+[ei〈x,ξ〉e−x0|ξ|χ−(ξ), P (k)(y−1ξ)Φ(y), n(y)f(y)] = 0.

�� |x| > R �,

G+(x0 + x) + G−(−x0 + x) = 0.

yy²� x0 > R �, G+ Ú G− �,	L«¤

G+(x0 + x) =

∫

R7

Φ((x0 + x) − ξ)F(f |R7)(−ξ)dξ,

G−(−x0 + x) =

∫

R7

Φ((−x0 + x) − ξ)F (f |R7)(−ξ)dζ.

ù�Iò Parseval �ª
∫

R7 h(ξ)g(ξ)dξ =
∫

R7 F(h)(ζ)F(g)(−ζ)dξ ^u G+(x) Ú G−(x)

=�.

dÚn, � |x| > R �,

lim
x0→0+

(G+(x0 + x) + G−(−x0 + x)) = F(f |R7)(ξ).

·�y²
� |x| > R �, F(f |R7)(ξ) = 0, = suppF(f |R7)(ξ) ⊂ B(0, R). ��5¿�

f(x) Ú 1
(2π)7

∫
R7 e(x, ξ)(̂f |R7)(ξ)dξ Ñ3 R8 þ�l�ê)Û�3 R7 þ�Ó, �

f(x) =
1

(2π)7

∫

R7

e(x, ξ)(̂f |R7)(ξ)dξ, x ∈ R8.

629



o,¬�: 3����(Ü�l�ê)Û¼ê�my²
Paley-Weiner½n

½ny..

���Ñ½n���{üA^. ·���,�ÝNÚ¼êX´p� Hardy�m�Ì�ï

Äé�. � F = (u1, . . . , un) ´½Âu Rn �,�«�þ��þ¼ê, XJ F ´T«�þ,

�¢NÚ¼ê�FÝ, K¡ F ´T«�þ� Stein-Weiss�ÝNÚ¼êX. ·�®²y² [10]:

e (f0, . . . , f7) ´ R8 þ� S-W �ÝNÚ¼êX, K F = −f0e0 + f1e1 + · · · + f7e7 ´l�ê

� (m) )Û¼ê. ·�kXe(J:

íØ � (f0, . . . , f7) ´ R8 þ� S-W �ÝNÚ¼êX, F |R7 ∈ L2(R7), K

|F (x)| 6 CeR|x| ⇐⇒ suppF(F |Rn) ⊂ B(0, R),

�XJþã^���¤á, Òk

F (x) =
1

(2π)7

∫

R7

e(x, ξ)(̂F |R7 )(ξ)dξ, x ∈ O.
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