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Research on thermal-deformation coupling vibration of flexible
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Abstract: The beam-wire structure in aircraft can cause thermal deformation and vibration of flexible members dur-
ing service due to alternating heat flux caused by solar thermal radiation. The deformation of the rod will further af-
fect the magnitude and distribution of heat flux, making it a typical force shape coupling system. The stiffness,
mass, or load matrix of a coupled system usually has time-varying characteristics, and the modal and response of
the system can only be obtained by solving the characteristic equations multiple times and gradually integrating
them. How to ensure the computational accuracy and efficiency of the solving process is a major challenge. Based
on the dynamic stiffness method and the Wittrick Williams algorithm, the accurate solution of the system’s natural
frequency and mode has been achieved. Combining with the precise integration method, the structural response is
calculated. The results show that the deviation between the first fouth natural frequencies and the finite element so-
lution is within 1%y, and the maximum relative deviation of the response is 1%. When the variable thermal axial
force approaches the critical load for structural instability, the vibration frequency of the structure rapidly decreases
and tends towards O, and the thermally induced vibration will exhibit divergence.

Key words: beam-wire structure; thermally induced vibration; time-varying thermal axial force; dynamic stiffness
method ; Wittrick-Williams algorithm

WimBEH: 2024-02-02; fEEIHH: 2024-04-22
BEEWE: HEHARP¥REE(12232015,12372023)
BEMESE: BTFRA64—), B, Ht, #4Z. E-mail: dweifan@nwpu. edu. cn
LA Ra, 8 TR TR e A S A R A R S L] s TR EERE, 2024, 15(6): 216-223, 254,
WU Lei, HAN Fei, DENG Zichen. Research on thermal-deformation coupling vibration of flexible beams considering axial force

[J]. Advances in Aeronautical Science and Engineering, 2024, 15(6): 216-223,254. (in Chinese)



% 6 1 SR A T B T3 AR B SR A — IR R 5 R S T 5T 217

0 35l

AT g s ATk AR b, R MR R TR P AR
AR T R Y B8 AR AL, 23 BURE A5 AR B IR K
P sl A R I TE AR A HE S MR B 22 2 A
o2, BB RS R AEBR ., RKEHS
FA) Al A2 20 20t 5 [ i 2 B 478 455 1Y) 22 14 K BH 3 45 4
FA I A B R F R AEURS B T B
BE 1 R AGORG B J5 R A BT R LK K A 3 T
e 1 WIPE S5 7, A {3 B B 8 O AR
I, AT A TE s A7 i AR rp iy IR B 2 G T 4
B i 0 R A% B 2 4 v 0y B S R)E 25T LA
B

Z M B IEUR S 0 5T B R T B 20
20 50 4748, Boley' ™ MBS | Fil T #4 S 4R sh A 42
IR T — A To i WS 8 B R A i R B0 1 R
FURREE . EMT R A PR3 Iy 2 i), 2R
FH BRI Fr 2 A5 A 5] i 3 K FART 485 45 18 22 T 1 #
AR, B A —TE R A BT Shen Z 481 3
AT AR A T R RS REG B)
1207 B %07 RS RR T 5 e % e A b i 5|
B R AR  WRE T TR Bl Y A
PR Bl 5 i O A T B R T
B, 0 P TR A R AR 2 M IR EE B 1Y oK il Rk
B IR T s T R B 2 1 2 () 25 4 1 P — 2
T FE A 3 12 0 A i, A2 T BSR4 R e 1 43 B
B TRE I 5 e 2t Ve X AR e R — R A
63 Aok 25 R R AE S [) R BACRR AR B TR] 4 1 AR Ze
K—R45H Boley REUM AT kL, R FHER T
ek R — R IEIR S 1A R Ty #2, IF R
FH Newmark 75 25 #E47 3K fift

R B ST TR 20 T R S 5 S Y AR A
Tia) 48 ey %o 2R 6 JL AT NI %) 52 el 38 R R LR AR R
B ER B 2 B % AN A L T
fib e 2 1 A R Y R, AR g s B I R AR b
HE T 52 W 45 ¥ 04 2l ) 2 i 2 S SR 3B
M A Y R 2 — B, EBUR S & &
Mo RHA BRI LT R, KZ R H New-
mark J5 35 2 AT B ] B 43, 7R B — B R D ]
Newton-Raphson % 3K i . 3 Fh 5 (E 1% 1R i
THEAE® B, Fe 5 4ERR KB UM E,
A7 75 I AR By ) 28 Aoy X 5 AL I BE B 5 ) 3 ARk
B T B30 B ik — 2P R

il

Bl 77 W BE 7 i R — FORS B SR HORS o B
5 R RCRAE TR T 5 45 4 5 5 AH 56 1R B AR
PREL . H T, 3 R 5k )iz T &
WM AL RN SR R A G N
SR B W A BT AR G R T s AR
AT AT B BRI T DU R A AR I
R R EHE = o BRI RAE 1 25 49 R A 7 A 2
B 7 B, HORS B R A iT SR ] Wittrick—-Williams
(W-W)RE . W-W BE AR T - — 5o
BB T A RS T P R R Y A AR
MR H A5 6 o R s /N IX ] i 2445 31l
JE LSRRG BE A 00 S5 RN R B g, 28 A RS A AR 4
TR DL SIS R o 7 ) R R T R SR A

R T HEITORS B MR AR R G A—TE R A
[F) R, A SCR FH 30 g W 2 R AT R B T R R
ALY S N7 R SR R 2 K AR A AT B A R — TR
A LAY R L 2 ) A, 2 T R AR B g 4
A 85 1) 4R 20 169 5 5 & 0 R G sh i O AR LR BN
7RI ¥ F1 Wittrick-Williams 52 %5 31 85 45 ¥4 4 it
AR, R PR A FR 4 O % TR B 45 A ) g O X
TS HT .

1 HEFE
1.1 BSERESZSW

W RE AN 2 A R T R A P R LA A, AN 1A 1
IR o

(\\ﬁf\\o

1 RPERRAs R ) 2 A AL

Fig.1 Structural model of beam
W BE R B 4 Ky 52 B s 6] RO S, B A,
o RRVIIR A A, o+ dw/dx FR L G
25 [ AR A B A, AR T IR — IR R A R
I, 45 0 52 31 04 52 B RO 5 45 R B 1) 6 B8 A O .
UG5 32 B S 3 8] B I AR A R A L



218 i zs TR 515 %
Ko B B ST FH E AT DAHE S DL AR T R dw(x,t) 1A Fw(z,t)
aT k T  oe ., aS 5cos ox* o ar’
— —T'=—+06cos .
2 2 *w( x,
dt  pcR* ap>  pch och P u(f l):M(l‘,l‘) (6)
(1) dx

Kk WS EEG o WERE ;e WA ;e M
KA s o R R WA 5 T o 26 X IR 5 6 o Ak
(RAE T8 —M) ;S 8 SEbRAEH T 211 A A 21
PO (25 (Al S, 7 S5 A Ah 1m0 35 ) o

dw

SSocos<0z7L ) (2)
dx
1 <p<
3={ (0=¢=m) (3)
0 (—r<<¢<<0)
Ao WASA
FF A4 7% 52 $38 foy 19 2 8 =0
 Ela,T,(2)
M([)_T (4)
P (t)=Ea(AT)A (5)

A M () IR 5 Pr(0) 3y, PRI
FEVE UL SCHR (11 )5 T, (o) D BT PE 3l B2 5 AT Sy 45
g - 243 8 25 5 R S PR AR A 5 o S VI K R BG A
o AT T

HHR TR

T B G 1) 2 52 00 9 AT PR —TE RS G AR B 7

1.2

= H
,QZ*QLL
1 _QG/O’ (0("‘
Q= 2 2| 2
@+ p "+ Q,
QIZ(,Bsina—asinhﬂ)(az—l—ﬁz)/a (14)

Qz:(acosasinhﬂ—,@SinaCOShﬂ)(O‘Z_'_182)/3

(15)
Q:=(cosa —cosp)aB(a’ + )0 (16)
Q.=[ (8" —a*)(cosacoshp — 1)+
2af sinasinh 8 ]aB/o (17)
Q;=(@sinhp+ asina)(a’+ p*)ap/d  (18)
Qs =—(acoshBsina + f#sinhfcosa) X
(a’+p%)ap/o (19)

HY T 25 LR S 15 25 A R 1) 12 B8 AH G, DR I O
FE(6) i P M ¥ -5 G5 1) (7 B8 AH G, 108 KR
S0 75 R SR R AEBE o e T b 1 4 2R P A EE
M 2 G A A B DRI 7 45 A8 Wi 7 3 B B ] X
SR FH o 2 10 O b B, RPAS 2 08 L% &R 4 LA

M EE B 520 . I B, 2R 8 s I EE 4 B D, WIS 4
W K, o0 o s 50 B ML LA AR B G430 R
[M(w,P)]=
J[,oA[N(w,P,J')]r[N(w,P,J')]dx (7)
[K(w,P)]=
j[EI[N"(w,P,x)]’['[N"(w,P,x)]dx (8)
[G(w,P)]=
J/[N’(w,P,x‘)]T[N'(cu,P,x)]dx (9)
[D(w,P)]=[K(w,P)]+[G(w,P)]—
w M (w,P)] (10)
KH [ N(w, P,x) |8 5 50RHH S 1 TE pR 5L
[N(w,P,z)]=[x(£)]Q (11)
x(&)=[cosafé sinaf coshpE sinhpe] (12)
Qzl *Q3 QIZ
Q./a)/l —Qs/a —Qsl/a
(13)
_Qzl Q:s _Qll
Q./B)/l  Q;s/p Q.l/B
0 =2aB(cosacoshp — 1)+ (a*— B*)sinasinh g
(20)
AR A
a ZJF 4+A (21)
S
,8—2+ 4—0—& (22)
. pAl'Y’
A= I (23)
ziPlz
G—EI (24)
g:§ (25)



% 6 1 SR A T B T3 AR B SR A — IR R 5 R S T 5T 219

Sy W RE T e | O RE R L K s o A A
IR KA

M(w,p)—— LDl P) (26)
Jw

K(w,P):M (27)
Jdw

52 NI BE A FE D J5 38 b W-W 350K i 45
T B 2
W-W Bk 2 — A R 807 ik B R
Ty R I BB AR TR 38 A SR T 3 AR B 4K
TR R T (o)) R MBS R BT
BT g 2 ae AR A 3 AR A R LA " R
Wik i 45 80 T8 R IR B R w, 0, 151
R
J(w,) =k
J(w)<k—1
E A5 B WS 1 30 LS, SR 20 0 R AT 15
£ N N S
w,— w,<T, (29)
A Ty MR FTBCE R ZE R
X T K 2 B E5 W R U AR T 45 58 (. o 19 45 3
AF AR ME B4 o R R DL B I A ROk
RN

(28)

J=J+Jc=J,+s{D(w)} (30)
T AR T w” B 55T 1] 31 A5 3R K85 T 8 Gauss
e LK D () T =M D () J5 , T 5T
fgk LT R AN EL .
SR A 00 3 45 /0N T SRR X [8] I AT LA
PIZEF PRI, PEA G A TR DL SRR 18]

1.3 PAECHR B0 00 AL 5 47

iz Bl R
Mii+ Cia+ Ku=F (31)
K M. C.K 530y it 5 56 [ BH e 56 [ LA K& W
JE R B 5 F oy 480400 1) £ 5w A ) o o L HG BE
KN
M, ANii, + CAu,+ K,Au,= AF,
(32)
AF=F, ,—F, R n L A i Au~
Auw, )5 5B (n+ 1) LR RS R

u, —u,+ Au, (33)
K Au, B 0 L PIIR B .
B A — I ] 25 K N FR g8 A AR
I AE B — I 8] 254 AT DA R B & ik, B —
A N AL RS 1 1 a] LR R
Au,= ¢ Ay, (34)
PRAVEIE ¢, =), 907, o, ™ ]
ARG AL 10 TE A 1, 1 1 )y # AT DL 25
AR 4 280 AR 0V AR = AN (35)
o Ay hy Jry FRABE A AL AR 1 i & O RS B JE T
w' R B AN R SR LA T LT .
A% SCR S 40 B 03 125 3R il 5 72 (35) , Ak it
g /(I
1) 51 AN AR &

Z([)_{Av(t)}
q(t) (36)
EAp(2)

q(zf):Aﬁ(tHT

1 2 (36) 5% 4k Hamilton R4 F — B % 4
TR

Z(t)=HZ(t)+ F(1) (37)
S E, E, 0
. H= JF(1)= , B, =
A [E E} (2) {ANW} !
7! 7!
*g,Eu:Iﬂ,En:gll C* W,Ezzzfgz o

TEREAE Y 1 I ) 2K A, AN B A=
Ar/2%, — B N=20 R n] 556 TSGR . TH5 .

' )
TM:HAT+(H§T) {1+H3AT+(H£AZT) }
(38)
PEAR I T 2K H 48 BB RS T
T=1+Toy=(I+ Ty ) =-=(I+T.,)"
(39)
Horr,
T =2T0i 4 Toy Tury (i=1,2,,N)
(40)

2) Y] 20 A B g e, T AR s Rl Y AR 4R 2
R0
fl)=f+ft—1) (41)
A AL R



220 fiias TR

L 515 %

3) V5B — I 22 1) Jap O 2 Al b
Z,=TlZ+H ' (fitH'f)]—
H (fi+H ' f.+ Af) (42)
A N S DL D VAR E N N e Ry e S

J s o

| iH5iMm,, P,

1
[ i bo), ko). Mw) |

|

KA W-W S S S H 4
oA K AR ¢

:

[ wemprisitsons |

Pt

2

K2 ek
Fig. 2

2 EH59H
2.1 Zhim R 4 #r

A SCHE ) % e R KE T AR — R
(I 3FTR) K hi RAVEF % & A w Iy, H gk
RAF S8R Z50n 1 0R .

Calculation process

Jw
dx

NN NCUA

P3 BN B —R A5 MR 1A
Fig. 3 Schematic representation of a beam—cable
structure subjected to thermal stress.

% I8 RAT AR AR HE AL B IX N W1 4R =0 1 %1,
2 5 L A 1 490 B V- 449 TR O 290 K 8 it % 2 i
N0 K, WA A R 07, 22 W Bk 1a] 2 £

G AT A SF- 22 ik T2 I I ] 22 A B 7 AR AT
417, AT LA A BT R I 3h I P 2R
A4S A B0, S AT A SCHR L3 ) b i iR A 18 A 75

TE 600 s i [A] J5 35 2 A2 e (5 413 K, e KR 22 7] LA
iEE]123 K,

#1 MBS

Table 1 Material parameters

2 HE
Ma AP L/m 40
A4 42 R/m 35.55%10°
A A T BE J5E /m R/200
M AF it £/ GPa 689.5
MokF & B o/ (kg-m™) 1660
MakF te3h /[T (kg-K) '] 502
M T2 167 WL 0% g 0.5
Mo FF I B 2R 8K o /KT 1.69Xx10 °
KRR Fe 0.13
MR G ARE L/ TW: (kg K) ] 16.61
K PR GG S,/ (W em ™) 1350
VIR 25 B o/ [ (W-kg) K] 5.67X10°°
skHiR S F/N 0.141
400 |+
X
=
g
E 350 |
300 1 . - | |

0 100 200 300 400 500 600
i [1)/s

P4 b A TP 353052 ol
Fig.4 Average temperature curve of free end cross-section
S W 1 5 BROT A I8 B 1~4 B 45 5
Fednsk 2 o, nf LU R BE R RLIK BN BORUR
DO A7, T30 W AR 7 125 A X A A8 T ) o Al e
2 1~ABEXN L
Table 2 1st~4th order frequency comparison

Wi/ (rad-s™ )

I7 ik
%— 5By =B 55 U By
SHMIEEY:  1.119 06 7.03339 19.70223 38.61229
AR 1.11906  7.03340  19.70223  38.612 30

S 2 5 A BROCITIE B3 SR I L RO X
RZEME 3PN, 7T LAA - s W2 AE BT80N 1
IS OLT TR C kB 10 °s AT FROciE 78
B ICRCE AN I, ME DL R 20K £ 2200 71 B
JUE TS )R Sl MR vk B P L B



% 6 1 SR A T B T3 AR B SR A — IR R 5 R S T 5T 221

AT LA B Sl WIRE vk AR TR O A TR G A R
ﬁ%o
3 PIM IR R RO R 22

Table 3  Calculation time and relative error of the two methods
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Fig. 5 Lateral response of free end without axial force

2 L&) 3 B S2 el ot P Ry
P(t)=P,+ P(1) (43)
s Py ok B4 R AT R S5 A W AE 1L BCh
—0.2 N3P ()R AZ 50 7 .
4K 2 B A B S il a6 Fros T LA
o Rl ) fE 400 s A A TR E IR E 5 B
56 N,

401

A ) 34 /N

20

0 100 200 300 400 500 600
NS
516 Al FRak ga it 2k

Fig. 6 Axial thermal load curve

2 JE I AR Al o o R e A Bh B2 T 1 4 it
] W )57 40 B 7 BT, AT DL AR 0~5 s I8, Bl g X
S5 KR ) 0 5% e AN K, AP B 2 ) [R1HE RS | fl 1) 28
A5 25 4 57 B8 A8 K, A T B RS R4 5 7E 62 s T,
% S S B g B LR 45 R A FR SR 1) 2 A B

0.4

g
W

V. #%/m

0.2

T 14

0.1

0 10 20 30 40 50 60
R[] /s

7 Sk A i R 1) o i

Fig. 7 Lateral response at the free end of the structure
25 Ry A 5 (8] R R S A D O IR 1 Rz g il £k 14

UnTE 8 /i, 2 DA I i 1) i S 224K . Bl
W 42k ith o = ERu' (&, £) 35

72

N F1/MPa

1 1 1 J
0 10 20 30 40
KJE/m

8 O &4 H Jif ) 0 2% 2

Fig. 8 Structure stress envelope at 0°

MIEL8 0] LAFE BN J7 38 /N TS5 A BV T
PRI AT 338 B A B g 0k 45 4 4R 2l 82 e A T
WG 2 ] B2 B e R

SER PR B — [ AR AN 18] 9 Fi R, T LU Y B
& BT BRI, SRR AE 62 s IR 0

ARG AT A2 BLE , 45 A4 R 32 19 i 5 1

*El

F.,= = 26.48 N,

(u)
PN JITE 62 s, IR B T 26,2 N, W5t 2 UL,
TE 2 eI AR G S SR L FE 62 s B, S5 E &



222 fiias TR

L 515 %

i AT 2R AT £ 11 (R

—_
(=]
T

— BRI (rad s )
=)

1 1 1 1 1 1
0 10 20 30 40 50 60
R[]/

K9 Sk —Br iR

Fig.9 First order vibration frequency of the structure

2.2 BHHWT

243 V) AR R 1 A ST ) T 5 W 45 ) 7R 2 11 S
B AR I, R Ot 25 BB W) 0 A A S R 6F 245 4 Ak B
BISE I , 043 MEL0° . 30° . 45° . 70° LA M 85°, AN [a] A5t
F ST 5 0 22 30 1 ARl T an i 10 s, T LU
B A G R il e 28 A 0 1 B 22 08/
O°~70°, # Al J7 4{H M 56 N 45 /N 2= 12 N, 4 /)
T 78% , [F A Ty ik B R 1 i R) A T
Koo (EAER M, YA Ak 2 8571, 25 44 T 7K
R DA e o

— &
80 300
45
-
60 | — gs°
zZ 40t
N
g
& 20}
0
—20 B
1 1 1 1 1 1 ]
0 10 20 30 40 50 60

i f5l/s
P10 AN IR A T 254 52 3] ) 24 48
Fig. 10 Structures subjected to axial thermal
loads at different incident angles

AR A 0 25 I 2 0 5 o
160 BB WP LT 2% 0T B 1 BT A A 1038
e TR 2 T 4 M 3 0 U 25 A
0 1 45 4 3 B 2% BT 4R Y B 90 1) 4 A7
Bk

L [—0°
08 k|9
45°
0.6 |-
£
o)
204
;%
02
0 k-
0 20 40 60 80 100 120
R
BITL AR F S S5 e 1 w7
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