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1 Introduction

1.1 Background

Suppose that T is a contraction on a Hilbert space H, i.e., T is a bounded linear operator with ||T']] < 1.
An operator V' on a larger Hilbert space I O H is said to be a dilation of T if for each n € N,

T" = Py V" |5,

where N = {1,2,...}, the set of positive integers. The Nagy-Foias dilation theory is of great significance
in the operator theory, which builds functional models for contractions, not only revealing the structure
of these operators, but also giving a way for calculations [50].
For a contraction T', we call
Dp = (I —T*T)?

the defect operator of T', and call
Dr =DrH
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the defect space of T. A contraction T is said to be in the class C.y if T** — 0 (as k — oc) in the
strong operator topology, in which case Dp # 0. The functional model for C'g-contractions was built by
Rota [40], Rovnyak [41] and Helson [26] in a direct way. To be more specific, let D denote the open unit
disk in the complex plane, and H?(D) the Hardy space over D. Then a C.g-contraction T is unitarily
equivalent to the compression of the multiplication operator M., defined on the vector-valued Hardy
space H%T* (D) = H*(D) ® D7~, on some invariant subspace J of H%T* (D) for the backward shift M.
In another word, every contraction of the class C'y has a dilation to a Hardy shift. For the dilation of
general contractions, we refer the readers to [50].

The existence of the isometric dilation of any commuting pair of contractions was proved by Andé [4].
However, commuting n-tuples of contractions have no isometric dilations in general when n > 3 [37].
Under some additional conditions, the above graceful analytic model for the single contraction of
the class C can be generalized to the situation of a commuting finite-tuple (71,...,T},) of C.o-
contractions. That is to say, this tuple (Ti,...,T,) has a dilation to the tuple (M,,...,Mc,) of
coordinate multiplication operators on an £-valued analytic function space He = H®E with H consisting
of holomorphic functions over some domain in C" [3,10,15,32,38]. The particular case where the tuple is
doubly commuting is rather interesting since in this case the function space H is exactly the Hardy space
H?(D") over the n-polydisk, and the underlying space £ is the defect space of the tuple (T},...,T).
Moreover, we can require this dilation to be minimal and regular [10]. Recall that two operators 7" and S
are said to be doubly commuting if T'S = ST and T*S = ST*, and a tuple or a sequence of operators
is said to be doubly commuting if any pair of operators in it are doubly commuting. For more about
developments on model theory, we refer the readers to [1,31,49,52].

A natural question arises: does a commuting sequence of C.g-contractions, under the conditions
analogous to those given in the above-mentioned papers, have a dilation to the tuple of coordinate
multiplication operators on some vector-valued Hardy space over the infinite-dimensional polydisk?
Except for the assumption of being “doubly commuting”, most of these conditions do not carry over to
infinitely many operators. For this reason, we focus on doubly commuting sequences of C.g-contractions
in this paper, and establish the dilation theory and the analytic model theory for these sequences of
operators.

Another motivation for our study of such operator sequences comes from investigations on the structure
of some special submodules and quotient modules of the Hardy module over the polydisk in [44,47], which
are said to be doubly commuting.

The analytic Hilbert module theory developed by Douglas and Paulsen [19,20] opens a new door for
the study of joint invariant subspaces of the Hardy space H?(D") (n € N) for the tuple M of coordinate
multiplication operators. Let P, denote the polynomial ring in n-complex variables. It is known that
the Hardy space H?(D") carries a P,-Hilbert module structure, where the module action is defined by
multiplications by polynomials, and a submodule of H?(D") is just an M¢-joint invariant subspace. A
quotient module of H?(D") is defined to be the orthocomplement of some submodule with a P,-module
structure determined by the compression of M on it. These notions are defined analogously on vector-
valued Hardy spaces H2(D™). For more details, we refer the readers to [12,21].

The famous theorem of Beurling [6] states that every nonzero submodule of H?(D) is of the form
nH?(D) for some inner function n € H*>(D), where H**(D) denotes the space of bounded holomorphic
functions on D. Lax [29] generalized Beurling’s theorem to vector-valued Hardy spaces HZ(R), and of
course there is an equivalent version on H2(ID): a nonzero submodule of HZ(D) takes the form §H% (D)
with 6 € Hy - g)(D) being inner, where H, B, g)(D) is the space of the uniformly bounded holomorphic
B(F,&)-valued functions on D. For the multivariable situation, such a Beurling-Lax type theorem fails
in general [42]. Some efforts were made to determine when a submodule enjoys a Beurling-Lax type
representation. In [30], Mandrekar considered the case of the scalar-valued Hardy space over the bidisk,
and obtained a necessary and sufficient condition that the restriction of the tuple M, on the submodule
is doubly commuting. The same conclusion was also obtained by Nakazi [33]. This characterization was
further generalized to the vector-valued Hardy space HZ(D") for arbitrary positive integer n in [47], and
to the Hardy space over the infinite-dimensional polydisk within the language of the Hilbert space of
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Dirichlet series with square-summable coefficients in [36].

A proper quotient module of H?(D) is called a model space, and the compression of the Hardy shift
M, on a model space is called a Jordan block. The notion of the Jordan block plays a central role in
the model theory for operators of the class Cy: every Cy-operator is quasi-similar to the direct sum of
Jordan blocks [50]. Following previous works on the Hardy quotient module over the bidisk [22,23, 28],
Sarkar [44] proved that if the compression of the tuple M, on a nonzero quotient module Q of H?(D")
is doubly commuting, then

Q=0 ® Q@ In,

where either J; is a model space or J; = H?(D) (1 < i < n). Thus, for any i so that J; # H?(D),
the compression PoM¢, |o is the tensor product of a Jordan block and an identity operator. Then the
compression of the tuple My on Q can be considered as the Jordan block in finitely many variables.
We refer the readers to [27, 39, 46, 53, 54] for the related works and further discussions (see also [17,
Remark 4.7]).

In this paper, we establish the dilation theory and the analytic model theory for doubly commuting
sequences of C'p-contractions, and then apply them to generalize the Beurling-Lax theorem for doubly
commuting submodules and the Jordan block type characterization for doubly commuting quotient
modules in the multivariable case to the Hardy module in infinitely many variables.

1.2 Main results

To state our main results, we need to introduce some notations and definitions. Let D*° denote the
Cartesian product D x D x --- of countably infinitely many unit disks. The Hilbert’s multidisk DS is
defined to be

D ={¢ = ((1,Ca,...) €17 :|Cu| < 1foralln > 1},

The Hardy space H?(D$°) in infinitely many variables is defined as follows:

#EF) = {F= ¥ e IFP= X laP <o)

aez() aez()

where ZSLOO) denotes the set of finitely supported sequences of nonnegative integers, and (¢ denotes the
monomial

(=g

for @ = (a,...,0,,0,0,...) € The space H?(DS®) is a reproducing kernel Hilbert space over
Hilbert’s multidisk D$° with the kernels [35]

A

H — C = (A, Ag,...) € DS,

This space has close connections with the study of Beurling’s completeness problem and Dirichlet series
[7,25,35], and is the expected function space upon which we build analytic models. The vector-valued
Hardy space HZ(D5°) in infinitely many variables is defined analogously as in the finite-variable situation
(see Section 2 for the details).

If T = (T1,T5,...) is a doubly commuting sequence of contractions on a Hilbert space H, then the
infinite product

Dy = (SOT) lim Dg, ---Dr, = (SOT) lim (I — Tl*Tl)% cee (I = T;Tn)%
n—oo n—oo

of defect operators of {T},},en converges [14, Proposition 43.1], and is called the defect operator of T.
Similarly, define the defect space D1 of T to be

Dr =DrH.
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Let DC(H) (or simply DC if no confusion is caused) denote the class of doubly commuting sequences of
C.p-contractions on H. For convenience, we identify the class of doubly commuting finite-tuples of C.o-
contractions with the class DCF of sequences in the class DC with only finitely many nonzero components.
Let T* denote the sequence (T7,Ty,...) and T® the operator Ty"* -+ -T2 for T = (T3,T>,...) and
a=(ay,...,a,,0,0,...) € ZS_OC) (n € N). The key ingredient in the dilation theory for doubly commuting
finite-tuples of C.g-contractions is the following norm identity [10]:

Jz|> = Y |Dr-T*z|?, =z €™, (1.1)

Q€L

where n € N and T = (Th,...,7,) € DCF. It is natural to expect that such an identity holds for
sequences in the class DC in the following sense: for each z € H and T = (11, T5,...) € DC,

2> =Y |IDr-T |,

(o0)
Q€L

Unfortunately, the answer is negative in general. We see that there exists a sequence T' € DC such that
the defect operator Dr» of T™ is 0, which cannot occur in the finite-tuple case.

The class of doubly commuting sequences of pure isometries on H is denoted by DZ(H) (or DI). Since
an isometry V is of the class C¢ if and only if V' is pure (that is to say, the unitary part in the Wold
decomposition of V' is 0), DZ is a subclass of DC. Any doubly commuting sequence of contractions has
a minimal, doubly commuting, regular isometric dilation, which is unique up to unitary equivalence [48].
Furthermore, we show that the minimal regular isometric dilation of a sequence in the class DC consists
of doubly commuting pure isometries. This therefore provides us with an approach to the question raised
in the previous subsection via the study of the sequences in the class DZ. These notions concerning the
dilation will be explained in Section 2.

Unlike the finite-tuple case, sequences in the class DZ require further classification. Let us start with
some notations and definitions. For a family 7 of bounded linear operators on ‘H and a subset E of H,
let [E]7 denote the joint invariant subspace for T generated by E. In particular, if T' is a sequence of
operators, then one has

[Elr=\/ T°E,

QGZ(fo)

where the notation \/ denotes the closed linear span of subsets of a Hilbert space. Following [24], if a
closed subspace M of H is orthogonal to T*M for any « € Zsroo) \ {0}, then M is called a wandering
subspace for the sequence T' (see [8] for an analogous definition in the finite-tuple case).

Suppose V = (V1,Va,...) € DI. It is easy to verify that the defect space

Dy« = ﬁ Ker V7,

n=1

and Dy« is a wandering subspace for V. It follows from Beurling’s theorem that if 7 is an invariant
subspace of H?(D) for the Hardy shift M., then the wandering subspace for the isometry Mz = M, |1
always generates the entire Z, i.e.,

[QM}]JVII = [I@ZI]MI =7.

The conclusion is indeed valid for the vector-valued Hardy space HZ(D) by Halmos’s observation in [24]

or the Beurling-Lax theorem. This suggests the following definition.

Definition 1.1.  Suppose V' € DI(H). The sequence V is said to be of Beurling type if [Dy -]y = H.
Suppose T' € DC(H). The sequence T is said to be of Beurling type if its minimal regular isometric

dilation is of Beurling type.
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It was shown in [45] (also see [11]) that every doubly commuting finite-tuple of pure isometries enjoys
a “Beurling type” property. The tuple

MC = (MCUMCm- . )
of coordinate multiplication operators on a vector-valued Hardy space
HE(D) = H*(DS*) ® &

is clearly of Beurling type. More interestingly, we see that the converse also holds: if a sequence V' € DT
is of Beurling type, then V' must be of the above form. Then the question reduces to the characterization
for sequences in the class DC which are of Beurling type.

Let ¢, (a € D) denote the holomorphic automorphism

a—z

©a(2) zeD

T 1-az
of D. It is known that the Riesz functional calculus
0o(T) = (al —=T)YI —aT)™", acDh

of a contraction T on the Hilbert space H is also a contraction. Furthermore, if T € C.g, then ¢, (T") € C.g
by the dilation theory for a single C.g-contraction. For T' = (T1,T5,...) € DC and A = (A1, Ag,...) € D™,
set

PA(T) = (o, (T1), 2, (T2), - - ).

Obviously, for any A € D>, ®, defines a bijection from DC onto itself, and &y = ®) o &, = idpc.
Therefore, for a sequence T of operators, T € DC if and only if ®5(T) € DC. It is also easy to
see that ®\ maps DI onto itself. We also write ®§(T') for the operator 3! (71)--- 5" (1}), where
a=(a1,...,0n,0,0,...) € Z(fo) (n € N).

There are various examples of sequences V' in the class DT satisfying the wandering space Dy« = {0},
while the defect space Dg,(v)- of ®5(V)* is nonzero. For example, let {n,}n,en be a sequence of
nonconstant inner functions in #°°(ID) and consider the sequence V' = (Mg, M, . ..) of multiplication
operators on the Hardy space H?(D5°), 77,(¢) = nn () (n € N,¢ € DS®). We prove that for “almost all”
choices of the sequence {n, } nen of inner functions, the wandering space Dy « for the DZ-sequence V is {0},
and ®,(V) is of Beurling type for some A € D> (see Proposition 3.4 and Remark 3.5). Therefore, for
those DZ-sequences which are not of Beurling type, the family of maps ®, (A € D) could be a powerful
tool in building analytic models. We thus obtain important information of such DZ-sequences V' from
the Beurling type sequences ® (V') for some A € D>

Inspired by this, we consider the following sequences in the class DZ.

Definition 1.2.  Suppose V' € DZ. The sequence V is said to be of quasi-Beurling type if ®,(V') is of
Beurling type for some A € D*°.

Suppose T' € DC. The sequence T is said to be of quasi-Beurling type if its minimal regular isometric
dilation is of quasi-Beurling type.

Sequences of quasi-Beurling type is relatively tractable in the class DZ. In Section 3, we show that
a sequence V € DT is of quasi-Beurling type if and only if V' is jointly unitarily equivalent to the
sequence @, (M) on a vector-valued Hardy space HZ(D5°) for some A € D*®. Recall that two sequences
T = (T1,T,...) and S = (S51,S5%,...) of operators, defined on H and K, respectively, are said to be
jointly unitarily equivalent if there exists a unitary operator U : H — K such that

S, =UT,U*, necN.

The first main result in this paper is to give a complete characterization of sequences in the class DC
that can be decomposed into direct sums of sequences of quasi-Beurling type. Note that for a commuting
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sequence of operators on H, by using a standard argument involving Zorn’s lemma, one can decompose H
into orthogonal direct sums of separable T-joint reducing subspaces. It suffices to restrict our study to
the case of separable Hilbert spaces. From now on, we only consider separable Hilbert spaces.

A sequence T € DC(H) is said to have a decomposition of quasi-Beurling type if there exists an
orthogonal decomposition H = 697 H., of the Hilbert space H, such that each H, is T-joint reducing and
each T |3, is of quasi-Beurling type.

Theorem 1.3.  Suppose T € DC(H). The following are equivalent:
(1) T has a decomposition of quasi-Beurling type;
(2) there exists an at most countable subset A of D>, such that for each x € H,

Izl =" > [1Daycr) 25 (T)

AEA (o0)
Q€LY

(3) \/Aeﬂj)oo géx(T)* =H.

The following particular case of Theorem 1.3 completely answers the question when a doubly
commuting sequence of C.g-contractions has a regular dilation to the tuple of coordinate multiplication
operators on some vector-valued Hardy space over the infinite-dimensional polydisk.

Corollary 1.4.  Suppose T € DC(H). The following are equivalent:

(1) T is of Beurling type;

(2) the minimal regular isometric dilation of T is jointly unitarily equivalent to the tuple M, of
coordinate multiplication operators on a vector-valued Hardy space Hg (Dg°);

(3) for each x € H, ||z|* = Zaezﬁf") | D= T*z||%;

(4) Viepg Panm)- =H.

Note that for T' € DCF, since Corollary 1.4(3) coincides with the identity (1.1), Corollary 1.4 actually
generalizes the finite-tuple case.

Here are some remarks for Theorem 1.3. If T" € DC with a decomposition T' = @7 T, of quasi-
Beurling type, then there correspond a point A, € D*° and a Hilbert space &, to each index «, such that
T, is jointly unitarily equivalent to Pg ®x (M¢)|o,, where the sequence ®5 (M) is defined on the
vector-valued Hardy space H gw (D$°), and Q, C H, gw (D$°) is an M -joint invariant subspace. This gives

T = (P Po, @5, (M) |o,, (1.2)
>

and we therefore build an analytic model for a sequence T' € DC(H) under the assumption that the
subset
{D@A(T)*x A E ]D)OO7I S H}

is complete in H. Note that this assumption always holds for the finite-tuple case (see Lemma 2.7).
Condition (2) in Theorem 1.3 further generalizes the identity (1.1) (see Section 3 for more details). Also,
the following result illustrates some extreme phenomenon in the infinite-tuple case different from the
finite-tuple case (see Lemma 2.7).

Theorem 1.5.  There exists a sequence V' € DI such that Dg, (v)- = {0} for each A € D>.

We further refine the representation (1.2) by giving a characterization of the subspaces Q, involving
characterization functions of operators in T',. We give the details in Section 4. This generalizes the
results in [10] to the infinite-variable case.

In Section 4, we prove that every sequence in the class DZ is jointly unitarily equivalent to a sequence of
multiplication operators induced by operator-valued inner functions each of which involves one different
variable (see Theorem 4.1). Thus we establish operator-valued analytic functional models for general
sequences in the class DC, which generalize (1.2). We also have the following application of our results.

Corollary 1.6.  Suppose T € DC. Then there exists a sequence {By,}nen of finite Blaschke products,
such that {[[;—, Bi(T;)}nen converges in the strong operator topology.
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In the rest of this paper, we use the language of Hilbert module by Douglas and Paulsen [20] to state the
generalization of the Beurling-Lax theorem and results related with Jordan blocks in the finite-variable
case to the case in infinitely many variables.

Let P denote the polynomial ring in countably infinitely many complex variables, in which each
polynomial only involves finitely many variables. Similar to the finite-variable case, for each commuting
sequence T' of operators on a Hilbert space H, one defines a P,-module structure on H by

ph=p(T)h, p€EPs, heH.

We say that this Po,-module H is doubly commuting if the sequence T is doubly commuting. Conversely,
any P,.-module structure is determined by a commuting sequence of operators in the above way.

We can also define the Hardy module structure on a vector-valued Hardy space HZ(D$°) in infinitely
many variables via the tuple M, of coordinate multiplication operators on HZ(D3°). The module action
is the multiplication by polynomials and submodules of Hg(Dgo) are exactly joint invariant subspaces
for M. By definition, a submodule S of HZ(D5°) is doubly commuting if the restriction

(MC1 |57MC2 |57 .- )

of M on S is doubly commuting; a quotient module Q of HZ(D5°) is doubly commuting if the compression

(PoMg, |g, PoMg, |g, - - -)

of M, on Q is doubly commuting. We prove that such doubly commuting restrictions and compressions
are of Beurling type. As a consequence, we have the following theorem.

Theorem 1.7.  Let S be a submodule of the vector-valued Hardy module HZ(DS°). Then S is doubly
commuting if and only if there exist a Hilbert space F and an inner function U € Hg,o(]_- £) (DS$°), such that

S = VHZ(DY).

See Subsection 2.2 for a definition of inner functions in infinitely many variables.

Theorem 1.8.  Every doubly commuting quotient module of H?(DS®) is the tensor product of some
sequence of quotient modules of H*(D).

Theorem 1.7 is an infinite-variable version of the Beurling-Lax theorem for doubly commuting Hardy
submodules. Also from Theorem 1.8, the compression of the tuple of coordinate multiplication operators
on a nontrivial doubly commuting quotient module of H?(D$°) is a Jordan block in infinitely many
variables (see Section 5 for the details).

Evidences (for example, Theorem 1.5) have shown that compared with the finite-variable case, the
infinite-variable case is much more complicated, and there are some essential difficulties in treating this
case. For this, we develop new methods and techniques in this paper, which are quite different from those
in [10,36,44]. Also, our treatments are valid for nonseparable Hilbert spaces.

Finally, we mention that our ideas and techniques used to treat doubly commuting sequences have
proven to be powerful in studying the cyclic vector problem in H?(D$°), which is an analytic function
space version of the classical and long-standing Beurling-Wintner problem [25,35]. For example, in [16]
we proved that a composition operator defined by some sequence of inner functions with mutually
independent variables preserves the cyclicity in H?(IDS®).

2 Some preparation

In this section, we first establish a lemma to guarantee the validity of Definitions 1.1 and 1.2. Then we
list some basic properties of vector-valued Hardy spaces and operator-valued functions. Lastly, the rest
of this section is dedicated to some preparation for the proofs of main results in the subsequent sections.
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2.1 The minimal regular isometric dilation

Suppose that the sequence T' = (11,75, ...) is a doubly commuting sequence of contractions on H. A
sequence V' = (V,V,,...) of isometries, defined on a larger Hilbert space Ky 2 H, is an isometric
dilation of T if for each o € ZS_OO),

T = PV 4.

Furthermore, if for o, 8 € ZSFOO) satisfying a A 8 = (0,0,...),
T TP = Py V* VP |y,
then the isometric dilation V' of T is said to be regular, where

a A f = (min{aq, f1}, min{as, B2}, ...).

An isometric dilation V' of T is said to be minimal if the V-joint invariant subspace [H]y generated
by H is Ky. It is clear to see that for any regular isometric dilation V' of T', the restriction V |j3;,, of
the sequence V' on [H]y is a minimal regular isometric dilation of T'. The minimal regular isometric
dilation is unique up to the joint unitary equivalence in the sense that if both V' = (V4,V5,...) and
W = (W, Wa,...) are minimal regular isometric dilations of T', then there exists a unitary operator
U : Ky — Kw such that U fixes vectors in H and

UV, = W,U, neN.

Applying [48, Theorem 4.2] to the semigroup Z(fo), we see that the minimal regular isometric dilation

of T always exists and is also doubly commuting. Note that the existence can also be deduced from [50,
pp. 36-37] by restricting the minimal regular unitary dilation U of T to [H]y. For the convenience of
the readers, below we prove directly for the case T' € DC that the minimal regular isometric dilation V'
of T is in the class DZ. Moreover, V is a coextension of T', which means that H is invariant for V* and
T* = V* |y, the restriction of V* on H.

Lemma 2.1.  The minimal regular isometric dilation of a sequence T € DC is in the class DI and
coextends T

Proof. Tt is equivalent to show that if V' = (V1,V5,...) is the minimal regular isometric dilation of
T € DC(H), then for any given n € N, V,, is pure and doubly commutes with V,,, for any m # n, and H is
invariant for V,;. Assume n = 1 without loss of generality, and put £ = D7, and T = (T3, T3, .. .). Since
T is doubly commuting, we see that £ is T'-joint reducing and the restriction T |¢ = (T2 |¢, T5 |g, . - .) of
T’ on & is also doubly commuting. Let the sequence S = (57,53, ...), defined on a Hilbert space F 2 &,
be the minimal regular isometric dilation of T" |¢.

The functional model theory for the single C' g-contraction gives the following isometric embedding;:

V:H— H:D)=H*D)®E,

o0
T E AR DTl*Tl*kx.
k=0

By identifying ‘H with the M} ® I¢-invariant subspace V'H via the isometry V', one obtains a minimal
isometric dilation M, ® I¢ of the contraction T3, which is also a coextension. Set

Wi=M,®Ir
and
Wi = Ig2@) @ Sm—1, m > 2.

It is routine to check that the sequence W = (W, Wa,...) of isometries is a regular isometric dilation
of T. We claim that this dilation W is also minimal. Since S = (57,S52,...) is the minimal regular
isometric dilation of TV |¢, we have

[HZ(D)]w+ = H*(D) ® [£]s = HF(D),
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where W' = (W,, W3, ...). This together with [H]w, = HZ(D) proves the claim. By the uniqueness of
the minimal regular isometric dilation, there exists a unitary operator U that intertwines V and W and
fixes vectors in H. Therefore, V; is pure and doubly commutes with V;,, (m > 2). Moreover,

Vit = UWiUH = UWiH = U*(M, ® Ie)*H C U*H = .

The proof is completed. O

We also record the following useful lemma concerning the minimal regular isometric dilation.

Lemma 2.2. Let T be a sequence in the class DC(H), and V € DI(K) be an isometric coextension
of T. Put
Moo= \/ V°H, neN

ozeZ(fo)
an,=0

Then the following conclusions hold:
(1) Hpn (n € N) is V*-joint invariant and [H]y is V -joint reducing.
(2) PyV,fPy, = VPy for eachn € N.
(3) Furthermore, if V' is the minimal isometric dilation of T, then

W A
n=1

Here, for a closed subspace M of IC, Py denotes the orthogonal projection from IC onto M.

Proof. (1) Since the sequence V is doubly commuting, and H is joint invariant for V*, one obtains
that for n,m € N and o € ZS_OC) with a,, =0,

VIVH=VVHCVHCH,, ifa,=0,
VIVOH =V InY CH,, if > 1,

where
m-th

L, =(0,...,0, 1 ,0,...).

This gives that each H,, is V*-joint invariant, and then

n=1

is V-joint reducing.
(2) Since the sequences T and V' are doubly commuting, and # is joint invariant for V*, we see that
forn e Nand a € Z(fo) with a,, =0,

PyVIV |3y = Pu VPV |5y =TT =T T =V, Py V< |y,
forcing
VYH - I(eI‘(I)HVv,r;k — V,:P'H)

It follows that for each n € N,
Hn C Ker(PrV, — V7 Py),
and then
PV Py, =ViPyPy, =V, Py.

(3) Write H = N2, Hyp. It is trivial that H C H. Tt follows from (1) and (2) that H is joint invariant
for V*, and for each n € N,

PV, Py = PyV, Py, Py =V, PyPy =V, Py.
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Assume that z is an element in H © H. Then for each n € N ,
PV, x = PyV, Pyx =V, Pyx =0,

forcing Vix € HoH. Therefore, V**x € H o H for every o € Z<+°°), i.e., x is orthogonal to the V-
invariant subspace [H]y generated by H. Since V is the minimal isometric dilation of the sequence T'
defined on H, we actually have [H]y = K. Thus z = 0, and this proves H = H. O

2.2 Some basic properties of vector-valued Hardy spaces and operator-valued functions

Here, we list some basic properties of vector-valued Hardy spaces and operator-valued functions, and the
notations £, F and G always denote some Hilbert spaces.

The vector-valued Hardy space HZ(D5°), over the domain D5° (being a connected open subset) in the
Hilbert space 12, consists of all the £-valued functions of the form

F(Q)= Y (*ze (€D

(o0)
Q€L

with each z, € £ and || F||? = Zaez

converges pointwisely on D5° in the £-norm. We follow the definition of the holomorphic mapping given
in [18, Definitions 3.1 and 3.6] for any vector-valued function F' : D3 — X, where X is an arbitrary
Banach space. Every function F : D$* — € in HZ(D5°) is then holomorphic in this sense.

The space HZ(D$®) can be considered as the tensor product of the Hardy space H?(D$°) and the
Hilbert space £ by identifying the vector-valued function F' -z with the tensor product F ® x, where
F € H*(D$°) and = € £. Then the tuple of coordinate multiplication operators on HZ(D5°) has the form

) [|[Zall?3 < co. By the Cauchy-Schwarz inequality, the above series
i

M:® I = (MC1 ®@Ig, M, ® Ig, .. )

For simplicity, we often write only M for this tuple. Moreover, one can expanse functions in H32(DS°)
with respect to any orthonormal basis {ej}ren of € as 2211 Fy - e, where each Fj, € H?(D$°) and
Dt HFkH%{z(DgO) < oo.

Let K denote the reproducing kernel of H2(ID°) at the point A € DS°. Recall that a subset E of a
Hilbert space H is said to be complete in H if E spans a dense subspace of H, i.e., the orthocomplement
Et of Ein H is {0}.

Lemma 2.3.  Suppose F € Hg (D$°). Then the following conclusions hold:
(1) (F, Ky -z) = (F(\),x) for every A € D and every x € £. Consequently, the set

{Kx-z: 2eD® ze&}

is complete in H3(DS®).

(2) If F # 0 and M F = M F for each n € N and a sequence X = (A1, Mg, ...) of complex numbers,
then A € DS° and F = K -« for some x € £.
Proof. (1) Assume ||z|| = 1 without loss of generality and take any orthonormal basis {e }ren of the
subspace {z}+ of £. Expand the function F with respect to the orthonormal basis {z} U {ej }xen of £ as

o]
F:Fx-x+ZFk.ek.
k=1

Then we have -
(F.Ky-a2)=(F, 2, Kx-2)+ Y (Fr-ep, Ky 2) = Fy())
k=1
and

NE

(F(N),2) = (Fo(Nz,2) + ) _(Fr(Ner, 7) = Fu(A).

k=1
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This proves (1).
(2) Expand the function F with respect to an orthonormal basis {e;}ren of € as F = > 7 Fy - ex,
and then

M} F =M, (ZFk : ek> = (M Fy)-ex, neN.
k=1 k=1

It follows that M, E‘n Fy, = M\, F}, for every k,n € N. This implies that all F}’s are in the orthocomplement
of the invariant subspace generated by (3 — A1,{2 — Ag,... Since F' # 0, it follows that this invariant
subspace is proper, and its orthocomplement is CK . Therefore, we have A € DS° and Fy = ¢ K with
>ore lex|* < oo, and thus

F:ZFk'ek:K)\' (ch€k>.
k=1

k=1
The proof is completed. O

The space H l°3°( 7, 5)(11))‘2’0) consists of all the uniformly bounded holomorphic operator-valued functions
¥ :D3° — B(F,€). Here, by ¥ uniformly bounded we mean [|¥[loc = supcepg [[¥(C)]| < o0, and B(F, €)
denotes the Banach space of bounded linear operators from F to £. Every function ¥ in Hy » E)(Dgo)
naturally induces a multiplication operator My as follows:

My : HE(D5) — Hg (D5°),
F— UF,
where WF(() = U(()F(¢) (¢ € D). It is clear that My is bounded by ||¥||c. We now claim that
My (Ky-x) =Ky -¥(\)x (2.1)

for every A € D3° and every x € £. By Lemma 2.3(1), it suffices to show that for any fixed p € D$° and
yer,
(K -y, My (K - 7)) = (K -y, Ky - W(A) ).

Again by Lemma 2.3(1), we have
(K -y, My (K - 7)) = (U(K, - y), K- x) = (KL (AP (A)y, ).
On the other hand,
(K -y, K- V(N)'2) = (K, Ki) - (P(N)y, 2) = Ku(A) (P (A)y, z).
This proves the claim.
We are ready to prove the following proposition.
Proposition 2.4.  Let M and M be the tuple of coordinate multiplication operators on H2(D$®) and
HZ%(D5°), respectively. If T : H=(D3°) — HZ(D5°) is a bounded linear operator satisfying
T]\4§71 = MCnT> n €N,
then there exists an operator-valued function ¥ € Hgo(]_-’g)(]]])go) such that T = My.
Proof. By (2.1), for each n € N, each A € D3° and each z € £,

M T (K - 2) = T"MZ (K - x) = AT (K - ).
Then by Lemma 2.3(2), to every pair A, z, there corresponds an element yy , € F such that
T*(K)\ l’) = K)\ -y)\’m,

and therefore « — y» , defines a linear operator Sy € B(E,F) for each A € D3°. Now put U(\) = S5
(A € D). It is routine to check that ¥ : D® — B(F,E) is uniformly bounded and holomorphic with
1] < ||IT)|. Since T* and M} coincide on the set {Ky -z : A € D, x € £} by (2.1), it follows from
Lemma 2.3(1) that T = My. O
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In [5], the infinite tensor product of a sequence of Hilbert spaces {H,, }nen with the stabilizing sequence
{e(")}neN is introduced, where e(™ is a unit vector in H,, for each n € N. We remark that the Hilbert
space structure of H2(DS®) coincides with the infinite tensor product

H*D)® H*D)® - -

of countably infinitely many Hardy spaces over D with the stabilizing sequence {1},,en. So for any closed
subspace M of the Hardy space

H*D")=H*D)®---® H*(D), neN,

n times

the infinite tensor product
M@ H?*(D)® H* D) ® - - -

is exactly the (M¢,,,, M, ., - .)-joint invariant subspace of H?(D3°) generated by M (= M@CRC®---).
For later use, we also note that the vector-valued Hardy space H2(IDS®) can be written as

HZD) = H*D)®---® H*(D)@HZ(D) ® H*(D) ® H*D) ® - - -

n—1times

— H}(D") ® Lo, (2.2)
where

L,=C® - CH*D)® H*D)® - --
————

n times

=span{C®: a = (a1, @2,...) € ZS_OO) with a; = -+ = a,, = 0}.

One simplest class of vector-valued or operator-valued functions on DS° is the functions induced by
those of one variable. More precisely, put f(¢) = f(¢,) and 6(¢) = 6((n) (¢ € D) for every f € HZ(D),
every 0 € Hgir o (D) and every n € N. Then we have f € H2(D5) and 0 € HE 7z ¢ (D). The
multiplication operator Mg has the form

MgZIHz(D)®--~®IH2(D)®M9®IH2(D)®---

n—1times

with respect to the representation (2.2). The property of Mj thus relies heavily on that of 6. For example,
My is isometric if and only if My is isometric, if and only if 6 is inner. Recall that 6 € H§?F75)(D) is
said to be inner if the boundary values of 8, on some subset E of the unit circle T with full measure, are
isometries, which is defined to be the radial limit
(SOT) lim 6(rz), z€E
r—1-

(see, for example, [34,50]). On the other hand, since rD> & D5° for every 0 < r < 1, the radial limits
for bounded holomorphic functions on D$° do not make sense in general. Let T° be the infinite torus
T xTx---, and o be the Haar measure of T. In [43], Saksman and Seip defined boundary values, on
the distinguished boundary T, for bounded holomorphic functions on D§° by taking quasi-radial limits
instead (see also [2]). Another way to define the boundary value function can be derived from the work
of Cole and Gamelin [13]. It was shown in [13] that each F' € H?(D5°) is the Poisson integral of a unique
function F* € L?(T*,0). Thus one naturally defines the boundary value function of F' to be F*. A
bounded holomorphic function n on D$° is said to be inner if |n*| = 1, a.e. (see [16, Subsection 2.2]).
However, to avoid more discussion about the boundary behavior of operator-valued functions on D§°,
we introduce an alternative definition that ¥ € H B( ]_-75)(]]])30) is said to be inner if My is an isometry.

Finally, applying Lemma 2.3(1) to the function f and (2.1) to the function 0, we have
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(i) (f, Ko - ) = (f(a),z) for every a € D and every = € &; consequently, the set
{K, - z:aeD,x e}

is complete in HZ(D);

(i) My (Kq - z) = K, - 0(a)*x for every a € D and every x € £.
Here, K, denotes the reproducing kernel of H?(ID) at the point a € D. Note that by (ii), for a,b € D and
x,y € €, we have

(Mg Mg (Ko - x), Ky - y) = (Mg (K, - x), Mg (Ky - y))
= (K, -0(a)*x,Kp - 0(b)"y)

1 *
()6 ). (23)

The following lemma is also needed in the sequel.

Lemma 2.5.  Suppose 0 € Hg - o\ (D) and ¥ € Hi; o(D). Then the following conclusions hold:

(1) Let & be a closed subspace of £. Then Hgo (D) is invariant for Mg M, if and only if & is invariant
for 6(b)0(a)* for every a,b € D. In this case, if 0 is inner, we have
Mg HE, (D) = H, (D),

where Fo = \/ ,¢p 0(a)*Eo.
(2) MgMy = MyMy if and only if

for every a,b € D.
Proof. (1) By (i), H (ID) is reducing for MyM; if and only if

(MpMg (Ko - ), Ky -y) =0

for every a,b € D, every x € & and every y € £ © &. This together with (2.3) gives that HZ (D) is
reducing for MyMy if and only if §(b)0(a)*Ey C & for every a,b € D. For the latter conclusion, note
that by (i), M; HZ (D) is a dense subspace of H%, (D). Now suppose in addition that 6 is inner. Then
MyMj is an orthogonal projection on HZ(D). Since Hg (D) is reducing for MyMy, MyMyHg (D) is
closed, forcing My HZ (D) to be also closed. This proves (1).

(2) By (i), MgM; = MyM} if and only if

(MpMjg (Ko - ), Ky - y) = (Mo Mj (Ko - x), Ky - y)
for every a,b € D and every x,y € £. Then (2) follows from (2.3). O

2.3 Some preparation for proofs

Lemma 2.6. IfT is a doubly commuting sequence of contractions on H and V is a doubly commuting
isometric coextension of T, then for each A € D> and each x € H,

Do, (1)-ll = [[ Doy (vy- -
Proof.  For any fixed A € D%, set
S = (51,859,...) = ®,\(T)

and
W = (W1, Ws,...) =&,\(V).
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It is clear that W is an isometric coextension of S. Since for x € H,

Do, (ry-z|| = [|[Ds~z|| = Jim [|Ds; -+ Dsx ]
and
[1Da,v)-zll = [|Dw-z|| = lim_ || Dw; - - Dw, ],

it suffices to prove that for n € N,
|Ds; -+ Dszll = || Dw; - Dwzzll, «€H. (2.4)
We show this by induction on n. For n = 1, one has
IDs;al® = llz|* — 1ST]|* = 2| = [Wyz|* = | Dw;al*, =€ H.
Assume that (2.4) holds for n = k. Since S and W are doubly commuting, we have that for x € H,

|Ds; -+~ Dsz @l|* = [|Ds; - - Dsza||* = [|Sj41 Ds; - - Dsyz|?
= ||Ds; -+ Ds;z|* = | Ds; - - Dz Sp 1 21?
= |Dw; -+ Dw:z|* — | Dw; - - Dw; Syl
= ||[Dw; -+ Dwyz|* = | Dwy - - - Dwy Wity ool
= | Dw; -+ Dw|)” = Wiy Dw; - Dl

= ||DW1* .. 'DW;+1$||2.

Thus, (2.4) also holds for n = k + 1. This completes the proof. O

Lemma 2.7. If (T1,...,T,) is a doubly commuting n-tuple of Co contractions on a Hilbert space H,
then

() KerDy, (1) -+ Doy, (1) = {0}
(}\1,.‘.7/\”)6]]])"

Equivalently,
\/ Doy, )=+ Doy, (- H=H.
(A1, A ) ED™
Proof.  The equivalence is guaranteed by the fact that (71,...,7T;) is doubly commuting and then the
operator
DAPAI (Ty)* " D@An (Tn)*
is self-adjoint. We prove this lemma by induction on n. For n = 1, let T' be a contraction of the class
Co, and assume f € H so that D, (r)-f = 0 for any a € D. As in the proof of Lemma 2.1, T has a
coextension to the Hardy shift M, on the vector-valued Hardy space H2 (D). Since M, (a € D) is
T
isometric on Hz_ (D), we have

1= llea(T)"FIl = llpa (M=) fI| = Mg, fI| = [[Mp, Mg, £

Note that M, M7 is the orthogonal projection onto RanM,,, for each a € D, and the above identity
yields f = My, ga = Pa - ga for some g, € H3 (D). This gives

fla) = va(a) - ga(a) =0, ae€D,

forcing f = 0, which proves the case n = 1. Now assume that the conclusion holds for n = k, and let
(T1,...,Tk+1) be a doubly commuting tuple of C g contractions. Then

\/ Dsﬂxl(Tl)* ”.D‘Pkk+1(Tk+1)*H
()\1,4..,A1€+1)€Dk+1
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= \/ ( \/ D%\l (Tn)* "~ @Ak(Tk)*DWAa(THl)*H)

(Al,‘..,Ak)GDk acD

= \/ D#’M(Tﬂ* .. 'Dcpxk(Tk < \/ Dgpx (Thos1)* 7‘[)

(}\1,...7kk)6Dk acD
= \/ DSOAl(Tl)*"'DQDAk(Tk)*IH
(A1, A )EDF
=H.
By induction, the proof is completed. 0

Suppose that V' = (V1, V4, ...) is a sequence in the class DZ. Recall that for any A = (A1, A, ...) € D>,
the defect space Dg, (v« of the sequence ®(V')* is the closure of the range of the defect operator

o0

Dg,(v)- = H(I = o, (Vi)ea, (Vn)*).

n=1

Since V' is doubly commuting, {I — v, (Va)ex, (Vi) tnen is a commuting sequence of orthogonal
projections, and then Dg, (v)~ is also an orthogonal projection onto the subspace

ﬂ Ran(I — o, Vo), (V m Rang,y  (V,))* = ﬂ Kerpy, (Vo).

n=1 n=1

Note that z € Kerg,, (V,,)* if and only if V.*z = A,z (n € N), and nonzero elements in the defect space
Dy, (v)~ exactly coincide with the set of joint eigenvectors of the sequence V* corresponding to the joint
eigenvalue A = (A, Mg, ...).

Lemma 2.8.  Suppose V € DI. If x is a nonzero element in the defect space D4, (v~ of the sequence
OA(V)* for some X € D, then [z]v (= [{z}]v) is V-joint reducing, and V|, is jointly unitarily
equivalent to the sequence @y (M), where M, is the tuple of coordinate multiplication operators on the
Hardy space H*(DS®).

Proof.  Assume ||z|| = 1 without loss of generality, and we first prove the desired conclusion for
A=0=(0,0,...). Since z € Dy -, we have that for n,m € N and o € Zioo),

VoVer=VVyrr=0¢[z]v, if ay=0,
ViVer=Velng € z]y, if a, > 1

This implies that [z]y is V-joint reducing. The rest of the proof is given by defining a linear map U from
Poo to [z]y as follows:
Up=p(V)x, pé€ Pu,

where Po, = Cl(1,(a,...], the polynomial ring in countably infinitely many variables, which is dense
in H?(D5°) [35]. It is routine to check that U can be extended to a unitary operator from H?(D$°) onto
[z]y, and M is jointly unitarily equivalent to V' |}, via this unitary operator.

For general A € D>, put W = ®,(V). Then the above argument shows that W |, = W [[y,, is
jointly unitarily equivalent to M; equivalently, V|, = ®x(W |5}, ) is jointly unitarily equivalent to
the sequence ®(M¢). The proof is completed. O

Lemma 2.9. Let A be a point in D> and M, be the tuple of coordinate multiplication operators on
H?(D3°). Then Do, (py = {0} if and only if X ¢ D3°.
Proof. By comments before the previous lemma, we have

o0

Doy (M) = ﬂ (ox, H? (D)) *

n=1
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and hence

D3, = V o0 HX(DF) = [{&5, nenlnae,

n=1

where @y, (¢) = ¢, (¢n) (¢ € D). By [17, Proposition 4.5],
{@x nenlm, = H* (DY)

if and only if A ¢ D3°. This completes the proof. O

By an irreducible family of operators, we mean that these operators have no nontrivial joint reducing
subspaces.
Lemma 2.10.  The tuple M of coordinate multiplication operators on H?(DS°) is irreducible.
Proof. It suffices to prove that for any orthogonal projection P commuting with every coordinate

multiplication operator, we have P1 =0or P1=1. Put Q =1 — P and Q1 = ZQEZ(M) co(®. Since
+

P(* = PMal = Mga P1 = (* - PI,

we have
0= P(Q1) :P< > caC“> = > P =Y (cal”-P1)=Q1-P1
QEZ(JFOO) aGZSrOQ) QGZSFOC)
Note that Q1 = (I — P)1 =1 — P1, and P1 only takes the value in {0,1}. Then the proof is completed
due to the continuity of P1. O

Lemma 2.11. Let H and K be two Hilbert spaces, and T be an irreducible family of bounded linear
operators on H. Then any bounded linear operator on H ® K that doubly commutes with the family
{T®Ic:T €T} is of the form I3; ® S for some S € B(K).

In particular, any joint reducing subspace for the family {T ® Ixc : T € T} is of the form H ® M for
some closed subspace M of K.

Proof.  Since the family T of operators has no nontrivial joint reducing subspace, the von Neumann
algebra generated by T is the entire B(H) by the double commutant theorem [14]. This gives

V*({T RIc:T e T}) = B(H) ® Cl = {T QI :Te B(H)},

where V*({T'® Ik : T € T}) denotes the von Neumann algebra generated by the family {T®Ix : T € T}.
If a bounded linear operator on H ® K doubly commutes with the family {T ® Ic : T € T}, then it also
commutes with the algebra B(H) ® Clx, and therefore has the form Iy ® S for some bounded linear
operator S on K (see [51, p.184]). O

Lemma 2.12.  Suppose V € DIZ(H). Then for anye > 0 and x € H, there exists a sequence (k1, ks, . ..)
of positive integers such that
[Dw-z| = (1 —¢)llzl,

where W = (VI V2 ).

Proof.  Take an arbitrary positive number ¢ and assume ||z|| = 1 without loss of generality. Since each
V.. (n € N) is pure, there exists a sequence (k1, ka,...) of positive integers, such that

1
|Virknz|| < on M€ N. (2.5)

Rewrite (W, Wa,...) = (V[ V2, ...). For each n € N, we have
(L = WAWT) - (I = W W)
2 (I =WaWg)--- (I = W Wia| = [WiWi (T = WaWy) - - (I = W W)z
2 (I =WaWg) - (I = W Wia| — [Wi(I = WaWy3) - - (I = W, W) Wiz
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2 (1 =WelW3) - (I = W Wi)a|| — W],

and then by induction and (2.5),

* * - * 1
I = WAy (4 = W)l > = 3 Il > 1 (1 51 )
1=1

Setting n — oo in the above inequality, we obtain the desired conclusion. O

3 Dilation theory

In this section, we give some operator-theoretical characterization for sequences in the class DC. Recall
that a sequence T' € DC(H) is said to have a decomposition of quasi-Beurling type if there exists an
orthogonal decomposition H = 697 H., of the Hilbert space H, such that each H, is T-joint reducing and
T |3, is of quasi-Beurling type.

Proof of Theorem 1.3.  Consider the following statement:

(2) there exist an orthogonal decomposition H = P, H, of the Hilbert space H and A, € D>
corresponding to each index «, such that each H, is T-joint reducing and

2> =" > I1Pu,Day, cxy- 25, (T) x|,

v aez$”)

Here, Py denotes the orthogonal projection from H onto H..

Our strategy of the proof is to show that (1), (2) and (3) are equivalent firstly, and then show that
(2) and (3) are equivalent.

(1) = (2'). Suppose that there exists an (at most countable) orthogonal decomposition H = B, H
of the Hilbert space H, such that each H, is T-joint reducing and T' |3, is of quasi-Beurling type. For
each v, choose A, € D> such that ®)_(T') is of Beurling type. Now take an arbitrary element x in H, and
let 2, be the orthogonal projection of z into the subspace H.. Then ||z[|* = >°_ ||lz,|*. The implication
(1) = (2') is proved once we show

o> = > [1Pw, Do, () @5 (T) "] (3.1)

(o0)
an+

Since each M., is T-joint reducing, we see T' |3 € DC(H,). Fix an index v and let V' € DZ(K) be the
minimal regular isometric dilation of T" |3, . Then by Lemma 2.1, V' is a coextension of T[4, . Since T |
is of quasi-Beurling type, there is a point A € D> such that W = (W, Wa,...) = ®,(V) is of Beurling
type, i.e., [Dw+]w = K. Rewrite & = Dw-. Since W is doubly commuting and & = (2, KerW}, we
have that the family {WE} ez of subspaces is pairwise orthogonal, and therefore,

K= QB WeE.

aEZﬁ”)

It is easy to see that for each o € Zfo), the operator W Dy~ W* is exactly the orthogonal projection
onto W4E, and then

los|2 = S (W Dw- W P = 3 | D W, |

(o0) (o0)
anJr aEZ+
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Also noting that W is an isometrical coextension of ®(T"), by Lemma 2.6 we have

lesli = Y |Dw- W™, |

aGZ(fo)

= D 1Dw-OK(T |a,) |
aGZ(+°°>

= D 1Dy, » (T e, 24 |1
anS_Oo)

= S Dayry b, BT g, s
anSfo)

= > |Da, (1) @N(T)" Py x|)?
anEr(x’)

= Z ||P’;.[,YD<I>>\(T)*(I)?\¢(T)*{IJH2.
aGZ(fo>

(2) = (3). Fix x € HO (Vcp= Doy (1)+). We show that for any given p = (1, p2,...) € D> and
a=(ag,...,ap,,0,0,...) € Z(fo) (n € N),

D‘IZ‘“(T)* @z(T)*J} =0

so that = 0 by the assumption in (2).
Put T = (Tht1, T2, -.) and i = (fnt1, nt2, - --), and let (A, fi) denote the sequence

()\17 .. '7)‘n7/’[/n+17/1/n+27 o )

for A= (\1,...,\,) € D™ Since « is orthogonal to

©<I>(>\,ﬁ)(T)* = Ral’lD@(A,ﬁ)(T)*

for each \ € D", we have

ve () KerDy, (- = (] KerDay, ()~ (3.2)
rebn rebn

Note that for each A = (A\q,...,\,) € D™,

Dq)(,\yﬂ) (T)* = DLP/\l (Tl)* e D‘P)\n (Tn)*Dq?'ﬂ('_:l:)*’

and therefore (3.2) gives Dq)_(f)*x € KerDy, (1))« Dy, (1,)- This together with Lemma 2.7 implies
D'%(f)*a: = 0. Since the sequence T is doubly commuting, D%@)* commutes with @y (T)* on H, which
gives

DCPH(T)*@Z[, (T)*x = DQOMI (T1)* e D‘Pun(Tn)*Dq?’ﬂ(f)*@ﬁ(T)*x

= DSDM1 (Ty)* " Dwn(Tn)*(I)g(T)*D@,;(T)*z

=0.

(3) = (1). In order to make this part of the proof more accessible, we divide it into several steps.

Step I.  We give the construction of the subspaces H, of the Hilbert space H, and prove that each H,
is T-joint reducing.
Define a binary relation ~ on D as follows: for two points A = (Ay, Ag,...) and pu = (1, p2,...) in
D>, set
oo 2
A& Z < o0.
n=1

)\n — Hn
L= Appin
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It follows from the triangle inequality of the pseudo-hyperbolic distance

, z,weD

that the binary relation ~ is transitive, and therefore is an equivalence relation on D>°. The set of
~-equivalence classes is denoted by A. For v € A, put

Hoy - \/ Q‘I’A(T)*'

Aey

Now we show that #, is T-joint reducing for any given v € A. Put TV = (13,T5,...) and v/ =
{(A2,A3,...) : A= (A1, A2,...) € y}. Since the sequence T is doubly commuting, we have that the defect
operators Dy, (1)~ and Dg, (r+)« commute with each other for every a € D and every A € D*°. Also, it
is easy to see that v =D x v/, i.e.,

v={(a,p) :aeD,ue}.

It follows from Lemma 2.7 that

H= \/ DWa(Tl)*H’

a€D

and therefore,

My = \/ Do, (1)

A€y

=V (\/ Dw(Tl)*D@,L(T’)*H)
HEY “a€D

=\ Da,cx)- ( V D%(Tn*H)
pney’ a€bD

- \/ ZD@M(T/)*'
ney!

This implies that H., is reducing for 77. Similarly, H. is T},-reducing for each n > 2.

Step IL.  We prove H = P, H+-
By the assumption in (3), we have

H=\ ",

YEA

It remains to show that the subspaces H, (v € A) are pairwise orthogonal.
Let V = (V1,Va,...) € DZ(K) be the minimal regular isometric dilation of T'. Put

Ky = \/ Do, (v)-

AEY

for v € A. Applying the argument in Step I, we see that each K, is V-joint reducing.

For any closed subspace M of the Hilbert space K, let Py; denote the orthogonal projection from K
onto M. We first prove the following claims:

(a) For each v € A, H., C PyK,,.

Assume that = € H is orthogonal to Py K,. Then x is orthogonal to K., which implies

z € KerDg, (v = KerDg, (vy., AE€7.
It follows from Lemma 2.1 that V' is a coextension of T'. Then by Lemma 2.6, we have

r € KerDg, (1)~ = KerDZ%A(T)*, AE .
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Therefore, x is orthogonal to H.. This gives
Ho PyK, CHOH,,

and then the claim (a) is proved.
(b) The subspaces IC, (v € A) of K are pairwise orthogonal.
Assume that © € Dg, (v« # {0} for some A € D>, It suffices to show that for any € D> not
equivalent to A,
z € KerDg, (v)- = KerDg (..

We first consider the case A = 0. Then we have p ¢ D3° in this case. By Lemma 2.8, [z]y is V-joint
reducing, and V' |[[),, is jointly unitarily equivalent to the tuple M of coordinate multiplication operators
on the Hardy space H?(D$®). Then [z]y is reducing for Dy, v+, and Dg (v~
equivalent to Dg, (ag )+ It follows from Lemma 2.9 that Dg , (ar.)« = 0, and hence Dg,(v)- vanishes on
[x]yv. The case for general A € D™ is proved by replacing the sequence V' with ®,(V') in the previous

]y 1s jointly unitarily

argument.
By the claims (a) and (b), it suffices to show that Py Py, = P, Py for every v € A. Put

M= \/ V°H
ozEZSroo)
an,=0
for n € N. We also claim that
(c) for each n € Nand v € A, Py, P, = P Py,
Assuming this claim, we see that the desired conclusion Py P, = P Py (v € A) immediately follows
from Lemma 2.2(3). Below we prove the claim (c).
Without loss of generality, we only prove the case for n = 1. Put V' = (V5,V3,...). By Lemma 2.2(1),
H, is joint invariant for V*. This gives that H; is V’-joint reducing, and then for each \ € D>,

PHlD(P)\(V,)* = D@)(V’)*PHl'

Applying a similar argument in Step I, one obtains

Ky =\ Da,viye

ney’
where v/ = {(A2, Ag,...) : A = (A1, A2, ...) € v}. Thus, the claim (c) follows.

Step III. We prove that the restriction T' |3 on each nonzero H, (v € A) is of quasi-Beurling type,
and this completes the proof.
Suppose that #H. is nonzero for some v € A. By the claims in Step II of the proof, we see

M, C Pk, = HNK,.

Then the minimal regular isometric dilation of the sequence T |3, is V [k . It remains to prove that
V |k, is of quasi-Beurling type, i.e.,

[©¢A(V)*]V = [:D‘I),\(V)*]@A(V) = IC’Y

for some A € 7. Actually, we show that the above identity holds for every A € ~.

Fix A = (A1, A2,...) € 7. Since K, is V-joint reducing (see Step II), one has [Dg, (v)-]v € K. For
the converse inclusion, we show Dg, (v« C [Dg,(v)<]v for every p = (u1,pa,...) € v with Dg, (v
# {0}. Now take an arbitrary nonzero element x € Dg (v)-. Lemma 2.8 implies that [z]y is V-joint
reducing, and V' |f;,, is jointly unitarily equivalent to the sequence ®,(M;), where M, is the tuple of
coordinate multiplication operators on the Hardy space H?(D3°). Then [z]y is reducing for Dy, (vy+,
is jointly unitarily equivalent to

and Do, (v)* |[a]y

oo

D(@yon, Moy = [ [ = (92, © 9, (Mc,))(pr, © 9, (M, )

n=1
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Note that for each n € N, ¢y, 0 9L, = cnipy, for some unimodular constant ¢, and 7, € D, and we have

o0

D(@yon, o)y = [ [ = (enion, (Mc,)(enpy, (Me,)))

n=1
[eS)

= [1( — @0, (M, )0, (Me,)")

n=1
= D‘bn(MC)* :

The fact that A ~ p yields n = (11,72, ...) € D5°, and then Lemma 2.9 gives Dy, (ns.)- # 0. Thus, there
exists an element 2’ € [z]y such that

Yy =Da,(v)-2" € [zly NDa,(v)-
is nonzero (otherwise, one would have Dg, (v« [[2),, = 0). Again by Lemma 2.8, [y]y is a joint reducing

subspace of [z]y for the sequence V|, , and of course for the sequence ®,(V [(5,,). Since ®,(V |[41,,)
is jointly unitarily equivalent to M, Lemma 2.10 implies that ®,(V'|(,,) is also irreducible, which gives

[]v = [ylv € [Da, (v)-]v.

In particular, z € [Dg, (v)-]v. This completes the proof of Step III.
(2) = (3). In the proof of the implication (2") =(3), we have shown that if

T EHO ( \/ 33@(1“)*)»

Ao
then
D@M(T)*(I)Zt(T)*ZL' =0
for every p € D*° and every «a € Zsroo). Thus for such an x, we still have z = 0 under the assumption
in (2).
(3) = (2). Now assume that (3) holds. In the proof of the implication (3) = (1), we actually establish
a concrete orthogonal decomposition of H, i.e., there exists an at most countable subset Ay of A, such
that H = €D, cn, Hy, Where
Hy = \/ Q(PA(T)*’
A€y
Moreover, ®5(T |,) is of Beurling-type for every A € 7.
For each v € A, we fix A, € 7. As in the proof of the implication (1) = (2’), one has

IPs, x> = D [1Pw, Do, ()25 (T) x|
anfo)

for each v € Ag. Since ||z]|> =3 | Py x||* for every @ € H, it remains to show

YEAQ
1Py, Do, (1)+ P35, (T)*z||” = [Da, (1) %, (T)*=|?

(o0

for any given v € Ag, a € Z ) and x € H. Since for any d € Ag with § # v, H;s is orthogonal to
Hy =\ Daycry-,
Aey
we have Py D‘I’M(T)* = 0. It follows that
1Da, () @ (T)"2l|* = || Pr, Dy (1= @8 (T) 2| + D | Poy Doy, ()= @ (T) "
oFy
= ||Pu, Da, ()~ @5 (T) ||,

which completes the proof. O
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From the proof of Theorem 1.3, we actually obtain the following collection of results, which will be
used later.
Corollary 3.1. Let T be a sequence in the class DC(H), and V € DI(K) be the minimal regular
isometric dilation of T'.

(1) If T is of Beurling type, then KC has an orthogonal decomposition

K= @ vy,

(c0)
an+

and for each x € H,
> = > 1Dr-T™ |
anEr(x’)
(2) If A, u € D> are not ~-equivalent, then the defect spaces Dy, (1) and Dg, (1)~ are mutually
orthogonal.
(3) For any ~-equivalence class vy, put

Hry == \/ CD@)\(T)*, IC—Y == \/ QCP)\(V)*'
A€y ey
Then Ky = [Dg,(v)-lv for each p € v, V|, is the minimal regular isometric dilation of T |y, and
H, K, are joint reducing for T' and V', respectively.
We are ready to prove Corollary 1.4.
Proof of Corollary 1.4. (1) = (2) and (1) = (3). See Corollary 3.1(1).
(2) = (1). This is obvious.
(3) = (4). This implication follows from the proof of Theorem 1.3 and the fact that D3° coincides with
the Cartesian product
{(Ap): AeD™, ueDF}
(4) = (1). Let V € DI(K) be the minimal regular isometric dilation of T. Note that D$° is a
~-equivalence class that contains 0 and H = Hpge. It follows from Corollary 3.1(3) that

K= ]C]D)go = [Qv*]v.

The proof is completed. O

It follows immediately from Corollary 1.4 that a sequence T' € DC is of quasi-Beurling type if and only
if the minimal regular isometric dilation of T is jointly unitarily equivalent to the sequence @ (M) on
a vector-valued Hardy space HZ(D5°) for some A\ € D>,

Below we give an example to illustrate that Theorem 1.3(3) is nontrivial for sequences in the class DC.
By comparing this with Lemma 2.7, we see that the infinite-tuple case diverges considerably from the
finite-tuple case.

Theorem 3.2.  There exists a sequence V' € DI such that Dg, (v)- = {0} for each X € D>.

Proof. Let T? denote (T%,T%,...) for a sequence T = (T4,T%,...) of operators, and M, =
(M¢,, Me,,...) be the tuple of coordinate multiplication operators on H?(D3°). Put

En =KertM? = H*(DS°) 6 (G, H* (DY), neN.

It is clear that

H*(DF) = P ¢kén

k=0

for each n € N. Define a sequence V' of isometries on H?(DS®) by setting

CH3F, if k is even,

Vo(CFF) =
() {Cﬁ_lF, if k is odd
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for n € N and F € &,. It is routine to check that V € DT and V2 = Mg

Now we show Dg, (vy- = {0} for each A € D*°. Assume conversely that there exists a point A € D>
such that Dg, (v~ contains a function F' # 0. By the comments above Lemma 2.8, F' is exactly an
eigenvector of the sequence V* corresponding to the joint eigenvalue A = (A1, Ao, ...), and therefore,

F e @@)\2(‘/2)* = @@)\2(1\/[?)*,

where A = (A\?,M3,...). Let K, denote the reproducing kernel of H?(D5°) at the point € DS°. Then
K, €9q 52y © \/ Do (n2)+
¢eDg
which gives
\/ Do (mz) = H?*(D3°),

¢eDge
since the set {K), : u € D3} is complete in H?(D5°). Then by Corollary 3.1(2), Dg,(v2)- = {0} for
¢ ¢ D, forcing A2 € DS°. In particular, A, — 0 (n — o0).

Write F = @V*2 = @ME& Then

o]
F = ﬂ Kengf =span{C®: a = (a1, q9,...) € ZSFOO) with each a,, < 1}
n=1

and - -
Pr=[[u-v2v?) =[] - Mg M),
n=1 n=1

where Pr is the orthogonal projection from H?(D$°) onto F. This implies that

n

T[22 M) F = [ - MEV;?)F = F-T[(1 - 22¢2)
=1 =1 =1

converges to G = PrF (n — c0) in the H?(D$°)-norm. Note that the reproducing kernel K2 vanishes

nowhere on D3, [T, (1—A2¢?) converges pointwisely to the function %2 on D3° as n — oo, and G must
A
coincide with the function KLQ on D3, forcing G # 0. Since G € F, there exists some a = (a1, as,...)
A

€ ZS_OO) with each o, <1 such that (G, (%) # 0.
Below we prove (G, (%) = 0 to reach a contradiction. Since for each n € N,
G e KerMc*f = KerV,*%

there corresponds a decomposition G = G,, + H,, of G such that G,, € KerV,* and H,, € KerV;*2cKerV,*.
Since V is doubly commuting, for any n € N,

[e.9]

Gn={I-V,V;)G=(I-V, V) [[TU-ViviF
m#n
and
H, = (V,, Vi =V2V3G

= (VaVir = V22 - [ T = VRV F
m#n

= Vol =V VWi - [[ T = V2V F
m#n

=Vl =V Vi) [[ T = V2V )ViF

m#n

=\ VaI =V, Vi) - [T 4 = ViV,

m#n
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which gives
[Hn |l = [Anl[VaGnll = [Anll|Gnl|-

By the fact that A, — 0 (n — o00) and ||G|?> = ||Gwn|]* + ||Ha|* (n € N), we see |[H,| — 0 (n —
o0). This gives that G,, = G (n — o0) in the norm, and then (G,,(*) — (G,(*) (n — o0). Since
G € (o H?(DS®) (n € N), (G, (%) = 0 for n large sufficiently, forcing (G, (*) = 0. This completes the
proof. O

We also have the following application of Theorem 1.3 and Corollary 1.4. Set I' to be the set of points
A= ()\1,)\27...) € D>
satisfying
oo
i Tt

For the equivalence relation ~ on D*° given in the proof of Theorem 1.3, I' is a union of some ~-equivalence
classes, namely for a pair A, u of ~-equivalent points in D>, XA € I" if and only if g € T". In fact, if A € T
and A\ ~ pu, then

> (1= Al) < o0
n=1
and
o0
Z |/\n - ,un‘2 < 0,
n=1
which give
S L= R < o0,
n=1
since

|1 _E/v%l g ‘1 _E/\n| + ‘E)\n _Eﬂnl S 2(1 - |)‘n|) + |/\n _Mn‘v n € N.

Hence by the Cauchy-Schwarz inequality,

oo oo . 2\ % oo L 1
D> n =l < (Z f”% )2<Z|1—Anun|2>2 < oo,
n=1 n=1 — Anln n=1

forcing > 07 (1 — |pn]) < 00 and Y07, Jarg A, — arg p,| < oc. It follows immediately that p € T.

Corollary 3.3.  Suppose T € DC(H) and put A, = T1---T, (n € N). If \/\cr Do, (1)- = H, then
{A, }nen converges in the strong operator topology.

Proof.  Assume \/, . Dg, (1) = H. By Theorem 1.3, T' can be decomposed into the direct sum of
DC-sequences of quasi-Beurling type. Without loss of generality, we may further assume that T itself is
of quasi-Beurling type. Take A € T" so that ®(T") is of Beurling type. Then Corollary 1.4 implies that the
minimal regular isometric dilation V' of T is jointly unitarily equivalent to the sequence (M@v1 , M@Jz, o)
of multiplication operators on a vector-valued Hardy space HZ(D5°), where ¢y, (¢) = px, (¢n) (¢ € DS°).

Put F, = [, ¢x, (n € N). It suffices to show that {Mp, },en converges in the strong operator

topology. Since this sequence has uniformly bounded operator norms and
{p-x:p€Pux,xel}

is complete in HZ(D5°), we only need to prove that for every p € Py and every z € £, {F,p - T}nen
converges in H§(D§°), where P, is the polynomial ring in countably infinitely many variables. This is
clearly equivalent to the fact that {F},},en converges in H?(DS®).
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For n > m, since the norm of a function in H?(D$°) equals the norm of the function on a polydisk if
the function depends only on finitely many variables, we have!)

n
II @ -1

1=m-+1

/n—m,
\/n—m,

_ZRe/n_m IT o (&)dmir--d&y +1

1=m-+1

ceoae( 11 )

i=m-+1

= 2Re<1 - ﬁ /\>

i=m-+1

2

HFn - FmH2

n 2
[T ex(&) 1| démya---dén

1=m-+1

IT @)

1=m-+1

2
d&m+1 e dgn

Since limy, o0 [[oe,, Am = 1, {Fy }nen is a Cauchy sequence, which completes the proof. O
To end this section, we record an example of the DC-sequence of quasi-Beurling type.

Proposition 3.4. Let {f,}nen be a sequence of bounded analytic functions on the unit disk D. If for
each n € N, [|fullc < 1 and fy is not a unimodular constant, then the sequence (Mg, My ,...) of
multiplication operators on the Hardy space H*(DS®) is a DC-sequence of quasi-Beurling type, where

FaC) = falCa) (R EN, ¢ € D).

Proof. Tt is routine to check that (M=, M ,...) is a sequence in the class DC. Put
f12 7 fa
In = Pfa© © Jn, nEN.

Then for each n € N, g,(0) = 0 and Mg; = gofn(o)(M}v), where ¢,(¢) = gn(¢n). We show that the
sequence M = (Mg, , Mg, ...) is of Beurling type, which implies the desired conclusion.

Note that for each n € N and A = (A1, Ag,...) € DS°,
Pgn ) (Mg ) Ky = Mg oK\ = 0g, (1) (9n (X)) K = 0,

which gives
(L = g, (0) (Mg )Pg, (1) (Mg )" ) KX = K.
It follows that Ds, , (m)-Kx = K for every A € D3°, where

w(A) = (91(A1), 92(A2),...).

Also by Schwarz’s lemma, we have that for each A € D$°,

3 0a )P < 3 JAnl? < o0,
n=1 n=1

and then
Ky €Dq,,,(m)- \/ Da, (M)~
nebge
This gives
\/ Da,nr)- = HA(DS).
nebse
It follows from Corollary 1.4 that the sequence M = (Mg, Mg,,...) is of Beurling type. O

1) The authors thank the referees for suggesting this calculation to make things more clear.
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Remark 3.5. From the proof of Proposition 3.4, we see that the ~-equivalence class of the point
(f1(0), f2(0),...) € D> (see Corollary 3.1) is an invariant for the sequence (Mp,Mg,,...). More
precisely, let {fn}nen and {gn}nen be two sequences of functions that satisfy the conditions given in
the proposition, and put };(C) = fu(Gn) and g,(¢) = gn(¢n) (n € N, ¢ € D§°). If the multiplication
operators (Mflva}’ ...) and (Mg, Mg,,...) are jointly unitarily equivalent, then (f1(0), f2(0),...) and
(91(0),g2(0),...) belong to the same ~-equivalence class, i.e.,

| £2(0) = g (0) |?
nzz:l 1- fn(o)gn<0)’

Since the number of ~-equivalence classes is uncountable, D5° is a very “small” part in D*°. Hence,
for “almost all” choices of the sequence {f,}nen of functions, the defect space of (M}i , M}i ,...) is {0}
1 2
by Proposition 3.4 and Corollary 3.1, and then (Mf:,Mf;, ...) is not of Beurling type.

4 Analytic model

In this section, we prove that every sequence in the class DZ is jointly unitarily equivalent to a sequence of
multiplication operators induced by operator-valued inner functions each of which involves one different
variable. We thus establish an operator-valued analytic functional model for general DC-sequences.

Theorem 4.1. Let T be a sequence in the class DC(H), and V' € DI(K) be the minimal regular
isometric dilation of T'. Then there exist a Hilbert space £, a unitary operator U : K — HZ(D$®) and a
sequence © = (01,05, ...) of inner functions in Hg‘zg)(ﬂ)), such that

(1) for each n € N, UV,U* = My-, where 1/9:(() =0,(¢n) (€ € DP);

(2) @ = UH is a quotient module of HZ(DS).

The tuple (Q,0) in Theorem 4.1 is said to be an analytic model for the DC-sequence T, and the
Hilbert space £ is called the underlying space of the analytic model (Q, ©®). The sequence (M(;1 Mg, .. J)
is denoted by Mg for simplicity. Also, for the trivial case

@Z(Z-Ig,z-fg,...),

we simply write Q for (Q, ©). It is clear that T is jointly unitarily equivalent to the sequence Po Mg |g,
the compression of the sequence Mg on Q.
To prove Theorem 4.1, we need the following proposition.

Proposition 4.2.  Suppose T' € DC. Then there exists a sequence (ki, ks, ...) of positive integers, such
that (TF', T¥2,...) is of Beurling type.

Proof.  Assume that T € DC(H) and V' € DZ(K) is the minimal regular isometric dilation of T'. For a
sequence k = (kq, ka,...) of positive integers, put

Vie= (VI V2 )

and M = [QV;]Vk- It suffices to prove that there exists a sequence k of positive integers such that
K = M.

Note that we have made the convention that H is a separable Hilbert space in Subsection 1.2. Then
K = [H]v is also separable. Take a sequence {x, }nen in K that constitutes a dense subset of K and each
element appears infinitely many times in the sequence. It follows from Lemma 2.12 that for each n € N,

there exists a sequence k(™ = (kgn), k;n), ...) of positive integers, such that

1
IDv; 2l > (1= 55 Yol (1)

Set kp, = max{kg), cee k:%n)} (n € N) and put k = (k1, k2, ...). Note that

[@V’:]Vlkl = [(I — Vlklvl*kl )@V(B‘kq]vfl = Q‘/()(Kj,k’)7
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where k' = (kq, k3, ...). It follows that

My = Pvelvi = Pv Vo) = Mok,
and thus by induction,
My = Mgy =+ = M,....0.kn kni1,.00)
2 QV(B """ 0k kp 1500 2 CDV(E ..... 0,65 k(M = CDV’;(")
LS
for each n € N. By (4.1), one obtains
1
|Pasaall = 1Dvs el > (1= g Jllzall, meN,

forcing || Py, || = ||z|| for every x € K, where Py, is the orthogonal projection from K onto M. This
completes the proof. O

Proof of Theorem 4.1.  Assume that T' € DC(H) and V € DZ(K) is the minimal regular isometric
dilation of T'. Tt follows from Proposition 4.2 that there exists a sequence (k1, ko, ...) of positive integers,
such that (lel , T2k?, ...) is of Beurling type. Then by Corollary 1.4, the sequence (Vlk1 , VQkZ, ...) is jointly
unitarily equivalent to the tuple M, = (M,,, Mc,,...) of coordinate multiplication operators on a vector-
valued Hardy space H2(DS°) via a unitary operator U : K — HZ(D5°). This implies that for each
n €N,

M, = UVFU* = (UV,,U* )k,

and hence V,, = UV,,U* commutes with M, and doubly commutes with M, for every m # n.

It remains to show that ‘A/; (n € N) is a multiplication operator induced by an operator-valued inner
function 5; cH l‘;‘(’ £) (D$°), which depends only on the n-th variable (,,. We first prove the case for n = 1.
Put M} = (Mc,, Mc,,...) and set

o)

L =span{¢*: a = (a1,as,...) € ZS_ with oy = 0}.
Then we have HZ(D3°) = HZ(D) ® L (see Subsection 2.2), M, = M, ® I and M/ has the form
UH? @) @ T, Igzmy ® Tz, .. .) for a sequence (77,75, ...) of operators on L jointly unitarily equivalent
to the tuple of coordinate multiplication operators on H?(ID$°). Since f/vl doubly commutes with Mé, it
follows from Lemmas 2.10 and 2.11 that V; = S ® I ¢ for some isometry S on HZ(D). Therefore,

~k
M, ®Iz =M, =W Lok Iy,

forcing M, = S*'. In particular, S commutes with M,. Then there is a B(&)-valued inner function 6 in
the single variable z € D, such that S = My, (see, for example, [50, pp. 200-201]), which gives

Vi= M, @I =Mj,

where 61 (¢) = 61(¢1) (¢ € D3°). Similarly, for each n > 2, V,, = M-, where é;({) = 0,(¢n) (¢ € D) for

some inner function 6, € Hy ) (D). The proof is completed. O
Combining Proposition 4.2 with Corollary 3.3, we have the following corollary.

Corollary 4.3. Suppose T € DC. Then there exists a sequence { By }nen of finite Blaschke products,

such that {[]\—, Bi(T;)}nen converges in the strong operator topology.

Now we establish an analytic model for sequences in the class DC with a decomposition of quasi-
Beurling type.

Suppose that T' € DC(H) is of Beurling type, and V' € DZ(K) is the minimal regular isometric dilation
of T. By Corollary 3.1(1), V' is jointly unitarily equivalent to the tuple M, of coordinate multiplication
operators on a vector-valued Hardy space H%V* (D$°). We claim that the map
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can be extended to a unitary operator from Dy« onto ®p«. By Lemma 2.6, it remains to prove that
Dy «H is dense in Dy «. Assume that x € Dy« is orthogonal to Dy «#H. Then x is orthogonal to H and
RanV,, for all n € N. In particular, x is orthogonal to [H]y = K, forcing = 0. This proves the claim.
Therefore, the above unitary operator from Dy« onto D7« naturally induces a unitary operator Ur from
K onto H%T* (D$°). It is easy to see that Qr = UrH is an analytic model for the sequence T'. We call
O~ the canonical analytic model for T'.

As a consequence, for a sequence T € DC(H) which is of quasi-Beurling type, one can find some
A= (A1,A2,...) € D™ so that ®,(T') is of Beurling type, and then (Qa, (1), (0, - L, 9, - I,...)) is an
analytic model for the sequence T.

Suppose that {&,}, is a family of Hilbert spaces, and for each index v, ©, is a sequence in H. ‘g(’ 57)(]D)).
In a natural way, we can define the direct sum €., © of {6, },, which is then a sequence in H E(EGBW e, (D).
Now let T = EBv T, be the direct sum of DC-sequences of quasi-Beurling type. For each index v, we
have previously established an analytic model (Q,,©,) for T;,. Put Q =P, Q, and © =P, ©,. Then
(Q,0) is an analytic model for T.

In fact, we have the following theorem.

Theorem 4.4. Suppose T € DC. Then T has a decomposition of quasi-Beurling type if and only if
T has an analytic model (Q, ©) so that all 0,,(2)’s (n € N, z € D) are simultaneously diagonalizable with
respect to some orthonormal basis of the underlying space € of (Q,©).

Proof.  The necessity follows from the construction in the previous paragraphs. Now assume that
T € DC(H) has an analytic model (Q,0) so that all 6,(z)’s (n € N, 2 € D) are simultaneously
diagonalizable with respect to some orthonormal basis {e;};ca of the underlying space & of (Q,0).
We prove that T' has a decomposition of quasi-Beurling type. By assumption, we have

0, = Zﬁm‘ -e;®e;, n €N,
ieA

where each 7,,; is an H°(D)-inner function, and e; & e; denotes the l1-rank projection
e; @ei(x) = (x,e)e;, x€&.

Then for each i € A, HZ, (D3°), as a subspace of HZ(D3°), is joint reducing for Mg, and the restriction
of Me on HZ, (D5°) is jointly unitarily equivalent to the sequence (Mg, M5, ...) of multiplication
operators on the Hardy space H?(D$°), where 7,;(¢) = 1,:(¢.) (n € N,¢ € D$°). It follows from
Proposition 3.4 that the sequence Mg has a decomposition of quasi-Beurling type, and therefore so does
the minimal isometric dilation V' of T by the definition of the analytic model. Then Theorem 1.3 together

with Corollary 3.1(3) implies that T also has a decomposition of quasi-Beurling type. O

To conclude this section, we give a characterization of the canonical analytic model Qr for a sequence
T € DC which is of Beurling type. One approach, inspired by the single C o-contraction case, is utilizing
the characteristic functions of contractions.

Recall that the characteristic function 67 of a contraction T' € B(H) is a B(Dp, D7« )-valued function
defined by

Or(2) = [T + 2D (1 — 2T*) ' D7) |o,, z€D.

Suppose in addition that T' € C o, and 67 is further an inner function (see [50]). Then the multiplication
operator Mp,. is an isometry from H3 (D) to H%T* (D), and thus

Mg Hj,. (D) = H3, (D).

Since the minimal isometric dilation V' € B(K) of T is pure, K has a decomposition as K = G}ZOZO VED .,
and therefore can be identified with the vector-valued Hardy space H%W (D). Similar to (4.2), the map

Dy«x — Dpr-x, xz€H
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can be extended to a unitary operator from Dy« onto Dp«, and then induces a unitary operator Ur from
K onto H%T* (D). Tt is easy to see that Ur is actually an extension of the isometry

V:H —>H%T* (D),

o0
T Z 2K Dy T,
k=1

It follows from [50, pp. 244-245] that for a,b € D,
In,. — 07 (b)0r(a)* = (1 —ab)[Dy-(1 —bT*) "1 (1 —aT) ' Dr-] o, (4.3)

This gives
UrPyUr =VV* =1— Mg, Mg, (4.4)

(see [9] or [10)), i.e.,
HY_.(D)© UrH = My, My, H3 (D).

Let us return to the characterization of the canonical analytic model Qr for the sequence T =
(Th,T5,...). Now consider the following spaces:

My, M;, H3 . (D), neN,
By (4.3), for a,b € D,
O, (b)0r, (a)* Dy~ = D07, (b)01, (a)* Dy 0
= Dp-x — (1 —ab)[Dp-(1 = bT*) "' (1 — aT) "' D]z
= Dr-[1 = (1 —ab)(1 = bTy) (1 — aTy) ' D7z,
where TV = (T, T5, . ..). Similarly, for every n € N and a,b € D,
0r, (0)0r, (a)* Dy = Dp-[1 = (1 — ab)(1 - bT;;) (1 — aTy,) ' D], (4.5)
and then by Lemma 2.5 (1), H3_, (D) is reducing for Mg, Mj, , and
Mz, H3,.(D) = HE (D), (4.6)
where F,, is the defect space of the sequence (17, ..., T _1,T,, T, 1,...). In particular,
My, My, H3 (D) =07, H3 (D), neN

is an M.-invariant subspace of H3__ (D).
Put 07, (¢) = 0r, (¢x) (n €N, ¢ € DF). Then My— M*_ H3 _(DF) (n € N) is of the form
n Ty,

H*D) ®--- © H*(D) @My, My, H3 . (D) H*D)® H*D)®- -, (4.7)

n—1times

forcing it to be a joint invariant subspace of H%T* (D$°) for the tuple of coordinate multiplication
operators.

Our result presented below looks somehow similar to the above single C' y-contraction case, or the
finite-tuple case considered in [10]. However, instead of following the proof in [10], we give an original
proof.

Theorem 4.5. Let T = (11,75, ...) € DC be of Beurling type, and Qr be the canonical analytic model
for T'. Then
H,. (D)6 Qr = \/ My—My—Hs_ (D5,

Tn
n=1

where 07, (¢) = 07, (Ca) (n €N, ¢ € D).
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Proof. Let V € DI(K) be the minimal regular isometric dilation of T' € DC(H), and put

Ho= \/ V°H, neN

aEZ(fo)
an,=0

By Lemma 2.2(3), one has
Qr =UrH = (| UrHy.
n=1
It thus suffices to prove that for each n € N|

H} . (D5°) © Urt, = My—M'— H3__(D°);

Tn 6 Ty,

equivalently,
(D) (4.8)

Assume n = 1 without loss of generality, and put S = (S1,Se,...) = Py, V |,, the compression of the
sequence V on the subspace H;. Rewrite T =T} and S = S; for simplicity. One can define the unitary
operators Ug : K — H%S* (D$°) and Ug : K — H%S* (D) as done previously in this section. Since (4.4)
remains valid for S, and (4.5) and (4.6) remain valid for S, it follows that

I = Ugp Py, Ug = My M;— |y

2
Ty Do

Py, = I — UMy, M;,Us, (4.9)
H%y (D) is reducing for Mg, M and
M, H3,. (D) = H2(D), (4.10)

where F is the defect space of the sequence (5, 55,55, ...).
We now claim that
UsMos Mo Us = Us(Mos My |uz__(p) ® I2)Us: (4.11)

where

L =span{¢®:a = (a1,@2,...) € ZS_OO) with a; = 0}.
Since operators on both sides of (4.11) are orthogonal projections, the claim is equivalent to
U Mo, Mg, H3,. (D) = Us(Mos My, Ly, __ ) @ 1) (3. (D) @ L) (4.12)
The left-hand side of (4.12) is
UMy, H (D),
and by (4.10), the right-hand side of (4.12) is
Us(Mgs H3(D) ® L).

Put V' = (15, V3,...) and S’ = (S2,53,...). Then by Lemma 2.2(1), #H; is reducing for V', and hence
S" = V' |3, is a DI-sequence of Beurling type, and so is S’ |p 4, the restriction of S’ on the joint reducing
subspace Dg. This together with Corollary 3.1(1) gives

Ds= P S Disijn,) = P 5DsDs-= P S°F=p s°F,

aez(™ aez(™ aez o1=0

forcing
H3 (D) = €P Hi. (D) = EP In2m) @ S*)HF(D).

a1=0 a1=0
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Then for each f € H% (D), there exists a unique sequence {fq }a,—0 in H%(D), such that

Z ||fa||2 <

041:()

and

= 8%(fal2)), z€D.

0(1:0

Since S doubly commutes with S, (n > 2), one has

(Mo f)(2) = 0s(2)f(2) = Y 8%05(2) fal2)) = Y S((Mpys fa)(2)).

a1=0 a1=0

That is to say,
Mgz Hp (D) = @ (Irr2my) ® S*) My, H7(D).

Q1:O

On the other hand, it is easy to see that

Mo Hz(D) ® L = @D My Hz(D) @ C¢*.

a1=0
Thus we can further reduce (4.12) to proving the following:
UsUg(Mos HE(D) ® C(*) = (Ig2m) ® %) Mps H(D), a1 = 0.
A calculation gives that for every a = (a1, a9,...) € Z(f") and x € H,
UsUS(CY - Dg-x) = UsV® Dyx = UsV" Dys V'™ Dy = 2% - Do V'™ Dy,

where o/ = (ag,as,...). Here, we used the fact that the restriction of V'@ Dyiv on Hy is S’ Dgr+, which
implies

VIQDV/*[L' = S'O‘Dsf*x € H.
Moreover, since S doubly commutes with S, (n > 2), we further have
UsUg(¢* - Dg+x) = 2™ 'DS*VIQIDV'*I =2 .Dg-8“Dgrzx =2* - 8*Dg-2x.

Note that
My HE(D) = Mo, My H3 (D) C HE _, (D),

and each f € Mp,H%(D) can be written as f = Y2, 2" - 2, for some sequence {zj}ren in Dg-. Then

for any a = (a1, @a,...) € ZS_OO) with a; =0,
fe(*eH;  (D)®L=H3_ (DY)
can also be written as -
foC=Y ¢
k=0
and hence,

o0
UsUS(f ®¢) ZUSUS => 28 = (I2m) © S f.
k=0
This proves the claim.
The operator UrUg has the form Iy2py ® I ® Iz with respect to the representation

H3 . (D) = H*(D) ® Ds- ® L,
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where Il : © g+ — D+ is a unitary operator satisfying
H(Ds*a'}) = DT*Z‘, x € Hl. (413)
Let II - 65 denote the operator-valued function defined by z — II(0s(z)) (¢ € D). Then
Mivog lnz_ ) = Mg |z _ ) (Ir2m) @ 117),
since two operators coincide on the set {K, -z :a € D,z € D7}, and thus,
Mrios Mo luz_ @) = (Mo [z )" Mios luz_ @)
= Um2m) @ (Mo, |uz @) M luz o) (Lrzm) @ 117)
= Tz @ M Mos My |z (o) (L) @ 117). (4.14)
Therefore, we have

I — Up Py, Ui = I — Up(I — Us My, M;,Us)Uj
= UTU;ngSMgSUSU}
= UrUs(Mos Mg, |mz__(0) ® 12)UsUr
= Unzm) @ U@ 1) (Mos My Iz, m) ® L2) T2y @ 11" ® L)
= ((Ig2(m) @ )Mo Mg, \H%S* @ g2y @ 11°)) @ I

= (Mnos Mivog |z, ) ® Lz,

where the first identity follows from (4.9), the third identity follows from (4.11), and the fifth identity
follows from (4.14). On the other hand, (4.7) gives

MéVMg‘; |H%T* (D) = MQTMJT |H%T* (D) ®Ir,

which reduces (4.8) to
Mi1.05 Mg, |H%T* @) = Moz Mg, |H%T* (D)

By Lemma 2.5(2), it remains to prove that for any fixed a,b € D and any fixed z € H C H;,
(IT- 05)(b)(IT - Os)(a)* Dp«x = I0g(b)0s(a)*II* Dp«x = O7(b)0r(a)* Dr~x.
Note that Lemma 2.2(2) implies that # is reducing for S and T'= S |¢. By (4.5), we have
0s(b)bs(a)*Dg=ax = Dg+y

and
GT(b)GT(Q)*DT* xr = DT* Y,

where

y=[1—-(1—ab)(1-0bS*)"'(1 —aS) 'Di.]x
=[1—(1—ab)(1-bT*)"'(1 —al) 'D2. ]z € H.

It follows from (4.13) that
Hﬁg(b)GS(a)*H*DT*x = Hes(b)ag(a)*DS*l‘ = HDS*y = DT*y.

This completes the proof. O
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Now we are ready to refine the representation (1.2) in Subsection 1.2. Note that for each index 7,
S, = (841,82,...) = ®5 (T,) is of Beurling type. Without loss of generality, we may assume that
&y = Dg: and Q, is the canonical analytic model for S, in (1.2). Put Ay = (A1, Ay2,...) and let 6.,
and ¥, (n € N) denote the characteristic functions of T, and S.,, respectively. Then for each =, ¥,
coincides with 6., 0 px_, (see [50, pp.246-247]), and it follows from Theorem 4.5 that

HE (DF) © Qy = \/ My M~ HE (DF),

n=1

where ¥, (¢) = 9yn(Cn) (n €N, ¢ € D).

5 Doubly commuting submodules and quotient modules of HZ(D3°)

For submodules and quotient modules of the Hardy module, we are interested in the module actions on
them, i.e., the restrictions of the tuple of coordinate multiplication operators on submodules and the
compressions of the tuple of coordinate multiplication operators on quotient modules. In this section, we
mainly consider such restrictions and compressions that are doubly commuting.

Recall that a submodule S of HZ(D5°) is said to be doubly commuting if the restriction

(MC1 |57MC2 |57 .- )

of M on S is doubly commuting.
Theorem 5.1.  Let M be the tuple of coordinate multiplication operators on the vector-valued Hardy
space HZ(DS®). Then the restriction of M¢ on a doubly commuting submodule of H3(DS®) is of Beurling
type.

Before giving the proof, we introduce the notion of homogeneous components of functions in Hz(D5°).
Suppose F' € HZ(D$°), and let F = Zaez(m) (“ - x4 be the power series expansion of F. The sum

+

Z|a|:k (¥ x4 (k=0,1,2,...) is called the k-th homogeneous component of F, where |a| = a1 +ag+- - -.
It is clear that ||F||? is equal to the quadratic sum of norms of all the homogeneous components of F'.
Proof of Theorem 5.1.  Let S be a doubly commuting submodule of HZ(D5°), and set R = M |s, the

restriction of M on S. Assume conversely that R is not of Beurling type to reach a contradiction. Then
by Corollaries 1.4 and 3.1(3),

§:S@ \/ ;OCDA(R)*
AeDge

is a nonzero R-joint reducing subspace of S. Moreover, since Dg- is self-adjoint, we have

Dg. = Dg-~

§=0,

where R = R| 5+ So without loss of generality, we may assume D g~ = {0}.

Set kg to the minimal nonnegative integer among those k’s such that a nonzero k-th homogeneous
component appears in some functions belonging to §. Now choose a function F' € S so that the norm of
the ko-th homogeneous component of F is 1. Since D g« = {0}, one has

S:

<3

RanR,, = (7 CnS,
n=1

n=1

and then there exist n € N and n functions Fi, ..., F, € S, such that

HF - Zn: Gl
i—1

This implies that the norm of the ko-th homogeneous component of the function F — Y"1 | (;F; is less
than 1. However, it is clear that the kg-th homogeneous component of Z?zl (; F; is 0, which contradicts
the choice of F'. The proof is completed. O

< 1.
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We also recall that a function ¥ € H B(F, 5)(Dg°) is inner if the multiplication operator Mg induced
by ¥ is an isometry. It is clear that for any inner function ¥ € Hgo(]_-’g)(}])go), VHZ(DS®) is a doubly
commuting submodule of H2(D$°). The following is a Beurling-Lax type theorem for the vector-valued
Hardy space in infinitely many variables.

Corollary 5.2.  Let S be a submodule of the vector-valued Hardy module HZ(D5®). Then S is doubly
commuting if and only if there exist a Hilbert space F and an inner function W € Hg‘()f‘g) (DS°), such that

S = VHZ(DS®). (5.1)

Proof.  Let M be the tuple of coordinate multiplication operators on Hg (D$°), and R be the restriction
of M¢ on S. It follows from Theorem 5.1 and Corollary 1.4 that R is jointly unitarily equivalent to the
tuple M of coordinate multiplication operators on a vector-valued Hardy space H}(Dgo) This naturally

induces an isometry
V: H3(D5°) — HZ(D5°)

satisfying RanV = § and
VMe, =R,V =MV, neNlN.

Then by Proposition 2.4, V' = My for some operator-valued inner function ¥ € H gc(’ r 8)(ID)§°), where My
is the multiplication operator induced by ¥. This completes the proof. O

In particular, we reprove the known result that every doubly commuting submodule of H?(D$°) is
generated by a single function (see [36]).

Corollary 5.3.  Let S be a nonzero submodule of H*(DS®). Then the following are equivalent:

(1) S is doubly commuting;

(2) S is generated by a single inner function in H*(D3°);

(3) S as a Poo-module is unitarily equivalent to H?(DS®).

We say that two Pso-modules (H,T) and (K, S) are unitarily equivalent if T and S are jointly unitarily
equivalent, and the unitary operator U : H — K intertwining T" and S is called a wunitary module map.

The classification of doubly commuting Hardy submodules up to unitary equivalence of Puo-
modules is trivial, since by Corollary 5.2, it is completely determined by the dimension of F in the
representation (5.1).

Now we turn to the situation of quotient modules. Recall that a quotient module Q of HZ(D5®) is said
to be doubly commuting if the compression

(PoMg, |g, PoMg, |g, - --)

of M, on Q is doubly commuting.

Theorem 5.4.  Let M. be the tuple of coordinate multiplication operators on the vector-valued Hardy
module H3(D$°). Then the compression of M on a doubly commuting quotient module of H3(DS®) is of
Beurling type.

Proof. Let Q be a doubly commuting quotient module of H2(D$°), and set C = PoM;|g, the

compression of M on Q. Since both sequences M, and C are doubly commuting, for o, 3 € Z(fo)

satisfying a A 8 = (0,0,...), we have
PoM "M |g = PoM/M* |g = PoM{PoM® |g = CPC** = C**C”,

where a A S = (min{aq, 61}, min{as, B2},...). That is to say, M, is a regular isometric dilation of C.
So the minimal regular isometric dilation of C' is the restriction of M, on the subspace [Q]ns, . It follows
from Lemma 2.2(1) that [Q]as, is joint reducing for M¢, and then by Lemma 2.11, one has

[Qlm, = HZ,(DF°)

for some closed subspace & of £. Therefore, Corollary 1.4 gives that C' is of Beurling type. O
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Follow the notations in the proof of Theorem 5.4. Now we can use the characterization of the canonical
analytic model Q¢ for C (see Theorem 4.5) to study the structure of the doubly commuting quotient
module Q since as Py-modules, Q and Q¢ are unitarily equivalent. The unitary module map is of the
form Ip2pgey ® U, where U : & — D~ is given as in (4.2). Then there exists a sequence of quotient
modules {7, }nen of HZ (D), such that

Q= ﬁ H*D)®-- @ H*D)®J, ® H* (D)@ H*D) ® - - - . (5.2)

n=1

n—1 times

Note that the joint unitary equivalence is an equivalence relation on the class DC. We can establish a
one-to-one correspondence between the equivalence classes of doubly commuting quotient Hardy modules
and the equivalence classes of DC-sequences of Beurling type as illustrated below:

equivalence classes of equivalence classes of
module actions
doubly commuting ‘DC-sequences
. canonical analytic models .
quotient Hardy modules of Beurling type

In another word, the classification of doubly commuting Hardy quotient modules is equivalent to the
classification of DC-sequences of Beurling type.
Finally, we consider the particular case £ = C. By (5.2), we have

Q=" ©J@H D) @HD) @ . (5.3)
n=1

It follows that Q = J; ® Q' for some closed subspace Q' of

L =span{¢®: a = (a1,as,...) € ZSFDO) with a; = 0},
and thus,
PoM¢, | = P, M: |7, ® 1o

Similarly, PoM¢, |o is the tensor product of Py, M. |7, and an identity operator for each n € N. Recall
that a model space is a proper quotient module of H?(D), and the compression of the Hardy shift M,
on a model space is called a Jordan block. Then for every n € N so that J,, # H?(D), the compression
Po M, |o is the tensor product of a Jordan block and an identity operator. So the compression of the
tuple M on Q can be considered as a Jordan block in the infinite-variable setting.

Recall that Cj is the class of those completely nonunitary contractions 7' for which there exists a
nonzero function f € H° (D) such that f(T) = 0 [50]. The following application to the operator theory
is motivated by [23, Proposition 4.1].

Corollary 5.5.  Suppose T € DC. If there exists a cyclic vector x for T such that Tz = M,z (n € N)
for some A € D*°, then for each n € N, T, is either a Cy-contraction or a pure isometry.

Proof.  Assume T' € DC(H). Since for each n € N, T;, is a Cyp-contraction (pure isometry) if and only
if o, (1) is a Cy-contraction (pure isometry), we may assume A = 0 without loss of generality.
Put

ﬁ: \/ :D‘I)“(T)’“

nebse

Then by Corollary 3.1(3), H is joint reducing for T. Therefore,
H=[Hlr 2 [Dr-]r 2 [2]r = H,

forcing H = H. This together with Corollary 1.4 implies that T' is of Beurling type. Since dim D« =1
(otherwise x is not cyclic for T'), the canonical analytic model Qp for T can be viewed as a doubly
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commuting quotient module Q of H?(ID®), and then T is jointly unitarily equivalent to the compression
PoM; |g of M on Q, where M is the tuple of coordinate multiplication operators on H?(D5°). This
completes the proof. O

Also from (5.3), it seems plausible to view every doubly commuting quotient module of H?(D$°) as
the tensor product of infinitely many model spaces or H?(D)’s. This can be realized after giving an
appropriate definition for the infinite tensor product.

Let {M,, }.en be a sequence of closed subspaces of H2(D). The tensor product of { M, }nen in H2(DS®),
denoted by @7, M, is defined to be the closed subspace of H?(ID$°) spanned by the functions in H?(D5°)
of the form [[77, fn(¢,) (in pointwise convergence for ¢ € D3°) with f,, € M, for each n € N. Note that
for infinite tensor products of the form

M@ @M, H* D)@ H*D)® -,

this new definition coincides with the original one (see Subsection 2.2).

Corollary 5.6.  Every doubly commuting quotient module of H*(DS®) is the tensor product of some
sequence of quotient modules of H*(DD).

Proof.  Let Q be a doubly commuting quotient module of H?(D$°). Then there exists a sequence
{Tn}nen of quotient modules of H?(D), such that

Q=("he 0T ®H D) H D)o
n=1

Now we prove
oo
Q=) Jn-
n=1

For simplicity, rewrite
=012 3T, @H*D)@H*D)®--- .

The inclusion - -
n=1 n=1

is trivial to see. For the reverse inclusion, note that the set {Po(® : « € Z(fo)} is complete in Q,
where Pg is the orthogonal projection from H?(D$°) onto Q. It suffices to show that for any fixed
a=(a,as,...)€ ZS_OO), Pg(™ belongs to the infinite tensor product @, ; J,. Let Pg, (n € N) denote
the orthogonal projection from H?(D$°) onto Q,,, and P, denote the orthogonal projection from H?(D)
onto J,. Then for each n € N,

PQn :le ®"'®Pjn ®IH2(D)®IH2(D)®"' .
Taking m € N so that a,11 = @i = -+ = 0 and setting f, = Pz, 1 (n € N), we further have

(P, ¢*)(C) = (P72 )(C1) -+ (P7,, 2% ) (Gn) fm41 (Cmet1) - -+ fr(Cn)

for every n > m + 1. On the other hand, since {Pg, }nen converges to Pg (n — o0) in the strong
operator topology, Pg, (* converges to Po(® (n — oo) in the H?(D$®)-norm. In particular, Pg,A (®
converges pointwisely to Po(® as n — oo, and then Po(® is of form

(P7,2°)(G1) -+ (P7,2®)(Gm) [ falGn)s ¢ €DE.

n=m-+1

This gives Po¢* € @, 1 Jn, and the proof is completed. O
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