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Abstract Let N be a sufficiently large even integer and
g=1,(L,q) =1(i=1,2),
I, + I; = N(modgq).
It is proved that the equation
N=p+ P, p=L(modg), P, = I,(modq)

L
has infinitely many solutions for almost all ¢ < N¥7, where p is a prime and P, is an almost prime with at most two

prime factors.
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In 1937 Vinogradovm proved the well-known Goldbach-Vinogradov theorem. Afterwards, some
[2—s)

mathematicians generalized Goldbach-Vinogradov theorem to arithmetical progressions . In partic-
ular, recently Liu and Zhan'®’ proved that for sufficiently large odd integer N and
g=1, (l,,g) =10 =1,2,3),
Iy + I, + I; = N(modq),
the equation
N = p, + py + p3» p; = li(modg) (i = 1,2,3), (0.1)

is solvable in primes p,,p,,p; for ¢ < N°, where & denotes an effective positive constant. In ref.

[7] it is shown that for almost all ¢ < N%_ *, where € >0, eq. (1) is solvable.

In 1966 Chen Jingrun'®! made considerable progress in the research of the binary Goldbach con-
jecture. He provedm the well-known Chen’s Theorem: let N be a sufficiently large even integer,
then the equation

N = p + P 2
is solvable, where p is a prime and P, is an almost prime with at most two prime factors. In fact,
Chen’s theorem can be stated in a more exact quantitative form.

Inspired by refs. [6,7], it is interesting to generalize Chen’s theorem to arithmetical progres-
sions with large moduli. In this paper, we obtain the following result.

Theorem 1. Let N be a sufficiently large even integer , and let

g=1, (l,,qg) =1 (i =1,2),
I, + 1, = N(modq).
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Then the equation
N =p+ Py, p=1(modg), P, = l,(modq) (0.2)

1
has infinitely many solutions for almost all q< N37.
Theorem 1 is a simple corollary of the following result.
Theorem 2.  Under the conditions in Theorem 1, let S(N,q) be the number of solutions of

1 1
eq. (0.2). Then for q < N37, except for O( N37log™> N) exceptional values ,

0.001C(N,q)N
S(N, = (0.3
(N,q) = o(g)lo@ N )
where ¢(q) is the Euler’ s function , and
: 1 - -1
¢V = T1(1 - ==55) p-1 (0.4)
K p>2 (P - 1)2 N2 B~ 2

By similar arguments we have
Theorem 3. Let x be a sufficiently large real number , and
g=1,(l,9) =1 (i =1,2),
l, + 2 = l,(modgq).
Then the equation
p+2=P,, p=1l(modg), P, = l,(modq), p < »

1
has infinitely many solutions for almost all q < x37.

Remark. By an improved sieve procedure used in refs. [9,10], 3i7 may be increased to

0.028.
1 Some preliminary lemmas

Let % denote a finite set of integers, 97 denote an infinite set of primes, 9 denote the set of
primes not belonging to &°. Let z=2, and put

P(z) = || p, SC2.22) = >, 1,

p<z, pEP o€ .8, (a,P(2)) =t

Ay =1ala € A,a =0 (mod d)}.

Lemma 11, ff

Al) [‘/ng= w(dd)X+rd, p(d);éo, (d,@) = 1;
o oel) gl (1)
A2) P = lOg ].ngl + 0 1052:1 ’ 27 > 21 =2 2,

€p<z,

where w(d) is a multiplicative function , 0 w(p) < p, X >1 is independent of d, then

1
S(A,Pz) = XV(z){f(S) + 0( 1 )}— Ry,
log3 D

1
S(4,22) < XV(z){F(s) + 0(“’T)}+ Ry,
log3 D
where

s=8D e Sy,

b
logz d<D, dP(z)
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V(z) = Clw) @(1 " o(@)}

et = T1[1-22) (1= 1),

where ¥ denotes the Euler’s constant, and f(s) and F(s) are determined by the following differen-
tial-difference equation:

{F<> 2¢ o) =0, 0<s<2

(sF(s)) = f(s = 1), (sf(s)) = F(s=1), s = 2.
Lemma 202!,

Y
F(s) =2—:—, 0<s<3;

Y s-1 _
F(s) =2—:—(1+j2 lo (tt l)dt), 3< s <5

y
_ 2e log(ss—l)’ s < 4

2 <
o4 s-1 t-1 log(u - 1)
f(s) 2Te(log(S—l)+j dtj lo(l: 1)du), 4<s <6.
=

3 t
Lemma 3!2), Let 0<g(x)<l, O0<fB<l,

w(y; a,d,l) = Z 1, (1,d) =1.

ap v, opm I(modd)
Then for any given constant A >0, there exists a constant B = B(A) >0 such that

L‘(l))l %

D g(a)(:r(y ard, 1) - —5

-
~~
1]
N’
|

Z max max z(d)

<D U, =1 yex et (ad) =1 lOgAx,
where
v de 3
. t x2
Liy = j logt - B  7ln) = ;1

Lemma 4. In the notations in Lemma 3, let

{ Li(f)}
> gla) N(y;a,dq,l)-m _

as N, (a,d) =1

R(D,q) = Z max max

D (l.dg)=1 ygN

1 L
Then for any A >0, there exists a constant B = B(A) >0 such that for ¢ < N37, except for O ( N3
log=4N) exceptional values ,

N37
D,
R(D,q) = 7y Tog N’
i
N2
whereD=10g—BN.
Proof. By Lemma 3 we have
ary
= n(y;a,d ,l)—-——)
2 R(D,q) Z;ng(mxl MZ@ lg(a>( yiadq ¢(dg) l
q<N” gg N7 dsg e, ta.dl=
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~ Li l)
s}_,r(d)max max z g(a)( . (a
4D yeN (l,dg)=1 e (ard) 1 ”(yoardsl) - gD(d
N
= log*N’
1
log*N N3
> 1<£&36_2R(D"1)<W‘
qu.’J’- Nﬁ quTl’- 8
R(D,q))ﬁ
log ¥
Lemma 4 is proved.
2 Weighted sieve method
Let N be a sufficiently large even integer,
1

l<qg< N, (lL,q)=1 (i=1,2),
I, + Il = N(modgq),
A={N-plp< N,p=1,(modg)}, (2.1)
#=1{p 1 (p,Ng) = 1}. (2.2)

If a € 4, then
a=N-p=1l+1,-p=Il(modg).
Lemma §.
1 1 3.9
s, s > (1-Fe(a) - 3ela) - pala)) + O(NB3),
o€ A
(a.P(N“’+”))=l
where
ei(a) = 1,
pla, (p, Ng)=1
N"’%’sp<N3+3
1 1
1, @ = pypaps, NO% < p; < N33 5 py < p3, (a,Ng) = 1;
‘02((1) = .
0, otherwise .

1
1, @ = p1pyps» N33 < p; < p; < p3, (a,Ng) = 1;
Pa(a) = .
0, otherwise.

Proof. Let
l, 1)2(a) = 2’
vl(a) = ;l, vz(a) = ;1’ A(a) = {0, vz(a) > 2.
Then
S(N,q) = A(a)
a€ A
(a,P(NW'%’))=1
_ S a(@) + 0G0(Ng))
e€ .4, (a, Ng)=1

(a.P(N"’%))=l



No. 6 CHEN’S THEOREM IN ARITHMETICAL PROGRESSIONS 565

9.93
= >, p*a)ia(a) + O(NIO%),
a€ %, (a, Ng)=1
L
(a, P(N"D)) o1

On the other hand,

(1 - %pl(a) -~ %pz(a) - pg(a))

a€ .4
(a,F(Nﬁ!a))=l
! 2 1 1 9.93
= > u (a)(l - 5 pila) - ?Pz(a) - ps(a))+ O( N10.9%3) ,
a€ .3, (ul, Ng)=1
(a, PCNTB)) = |
For
1
#*(a) = 1, (a, P(N©%)) =1, (a,Ng) =1
we have

1) v,(a)<2.

Ala)
2) v,(a)=3. If p,(a)=2, then

1 1
1=1- ?pl(a) - "i*pz(a) - p3(a).

A(a) =0=1-~ %pl(a) - %pz(a) - paa).
If p;(a)=1, then v;(a) = v,(a) =3, and p,(a) = 1; hence

Ma) =0 = 1~ Fpia) - 3pr(a) - pala).
If p,(a) =0, then p3(a) =1, and

A(a) =0 =1~ %p,(a) - %Pz(a) - p3(a).
Combining the above arguments we complete the proof of Lemma 5.

3 Proof of Theorem 2

In this section, sets .4 and Pare defined by (2.1) and (2.2), respectively, & = L and

37
X - LiN 5 N
o(q)  ¢(q)logN’
For (d,Ng) =1, by Chinese remainder theorem we have
Ay =i{N-plp< N, p=l;(modg), p = N(mod d)}
={N-plp< N, p=I(modgd)},
where (1,dg) = 1; hence
rg =n(N; dg,1) —%,
w(d) =§ﬁ, p(d) 20, (d, Ng) = 1.
By Lemma 5 we get
1 1 9.93
S(N,q) =28 - =S8, - =8, - S + O( N10.93) | (3.1)

2 2
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1
S = E 1, S = E S5(4,, $ NO%),
aEU—é,(a;Nq)=l N'“”<p<N5l5
(a, PCN"")) =t (p, Np)=1
Sz = E; Pz(a), 53 = E; p3(a).
a€ .4, (a, Ng)=1 a€ 4, (a, Ng)=1
(a, PC NW%’)) =1 (a, PCN®P)) =1

1
All the following arguments are valid for g g N % with O (N%log™® N) exceptional values ex-
cluded.
1) The lower bound for S.

1

N2
Let D-—1 By
~ IiN
R(D,q) =%} n(N; dg,l) —m
q iy | o8
. 1y
s% max max m(y; dq,l)—¢(dq)| <hgN’ (3.2)
and '
(e (5 1)
c(w)-fpl(l- )(1_p)
~ 1 1 -1
-1(-3)" TL-55)0-5)
P - p(p-2)
- :p[l;! - l(p]ljvqj)lﬂ (P - 1)2
OESVAS n 16 X))
=2 I1 56— L1655y
————— i L
_21:2[( l)z)pqu 2 P~ 2
=ZC(N,q). (3.3)
By Lemma 1, (3.2) and (3.3) we have
8C(N,q) N
S =(1+ o(1)) 1225 o(q )logzN(log(4.465 -10.936)
3.465-10.939 Jog(s — 1) 4.465 - 10.93¢0
+ L s log s+ 1 ds )
N
=12.2598C(N,q) Wv. (3.4)

2) The upper bound for S;.

1

e

Let D=i—N—N with B= B(5) >0 (see Lemma 4). For N1093<p< N33, by Lemma 1 we
og

get

S(A4,, &, NT%) < 21.86(1 + 0(1)) C(N,q)e™"
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N logp
X ———F(5.465 - 10.938 - 10.93 )+ Ry(p), (3.5)
pp(q)log? N logh/ ™ "PAP
where Ry(p) = Z brg |
d<£‘le(Nﬁ)
By Lemma 4 we have
Z Rp(p)
N““‘_”sp<[v51_’
(p,Ng) =1
LiN
= Ni;dpg,l) - ———
;Z " 2, " 'K( pe- 1) ¢ (dpg)
NOB e M3d<c 2 g pC NPT
(p.Ng)=1 M
iy | 2B
i
<2 (lrr(ligxlr?&axr(d) x(ysdg,l) - (dq)l <10g5N' (3.6)

‘l

By (3.5), (3.6), the prime number theorem and through summation by parts we get

N
S; <21.86(1 + 0(1))C(N,q)e” " —————
1 T ol N
_1_( lo )
x 25 F(5.465 - 10.935 — 10.93 —QlogN
N'u‘“sp<N33
(p.Ng) =1t

N
=21.86(1 + 0(1))C(N,q)e 7sD(g)IOgZN

5
xj N #F(s.%s - 10.935 — 10.93 l—°5l)du
%% ulog logN

) 8C(N,q) N ( 8.93 - 21.866
= e o) s N % 1.3 -6.65

. F-%s—w-m log(s — 1), = (4.465 - 10.938)(4.465 - 10.938 - 5) | )

2 s s + 1
C(N,q)N
17.70495 ———2 421 3.7
< o () og N’ (3.7)

3) The upper bounds for S,, S;.
By the definition of p,(a) we have

Sy = Z Z 1= Z z L.

L b Ny A, _|_ ’ L N- I od.

NOB g p « Nigp, < (,,‘) : Pafp (: pNZS"’l NP p < Migp < (,f—v) : i P”’ P (mod)
2 © Pyr APy !

(p,p,» Ng) =1 (5,2 N = 1 B<p< “, > (pyy Ng) =1

Consider the sets

(ST

1 & N
e = pp2>, N109 < p; < N33 < pp < (;1) » (p1p2> Ng) = 1},

N-ep,e€ & ep <N, (p, Ng) =1, 1 = 1,(mod ¢)}.

oo

F=1{lil
We have
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1
= N\2 43
&< Z (;)—1) < Nés,

p, < N3

13
e= N3, e € &,

i
N

43
The number of elements in the set % which are less than N33 33 does not exceed N&.

ceed the number of primes in .%. Thereforee

» < S(£,P,z) + O(N®) z < N3,
Now we employ Lemma 1 to estimate the upper bound of S(.%,%, z).

x = 3L,

c€ £ 59(‘1) €
d) = —/——=, 0, , Ng) =
1 1
N2 (D)E
D = ——-, = I Py
logBN ¢ q

where B = B(5) >0 (see Lemma 4). Then by Lemma 1 we get

S(E,Pz) < I 8(1+0(1))C(N,Q)TO;XN+R1+R2r
where
S i 7)
_ ) ) Nse, dg, 1) - ) ,
Rl dsi{%w):] eesf%lw 1( ”( ¢ 1 ) ¢(dq)
NG 1 ® N
R, = — Lx( )
g Z‘ So(dq)ee(f%‘d)>l e

dsg. (d, Ng)=1

13 2 )
In view of N33<e < N3.3 for e € &, we have

2 , max max

yeN (Ldp=1| 4
d<— I

>

2
ca< N, (a.d)=1

g(a)(’f(}’;a, dg,l) -

where

gla) = >, 1<,

a=e,e€ %
By Lemma 4 we get
N3_6
37
R —.
L< log’ N

Now

N 1 Q) 1
ke <<§0(<I)logNZ p(d) Z‘ a

D 2 .
ds7 a< N3, (a,d) 2 N

>3 4

mld, m>N'° a<N” (a,d)=m

N 1
<<¢(q)10gNZ ¢(d)

d< D

Li(aal
#(dg)

|

S, does not ex-

(3.8)

For the set %,

(3.9)

(3.10)
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~ 1
zgo(d) 2‘4;71_

s
¢(q) =3

21
ND
so(q) _Z dsozm.d o(d) < () (3.11)

By the prime number theorem and mtegratlon by parts we have

X =+ 0(1) (52 -
eE&"elog_
s (I_V)%

IR N H  L P

(q) % llOgl 33 N

ulogulog —

ut

3.3
N 9.93 105(2-3 e 1)
S(1+ 0(1)>¢(q)logNLa s ds. (3.12)
By (3.8)—(3.12) we get
N
48743 C(N,q) —————. 3.13
Similarly, we have
8C(N,q)N J'23log(s—1)
1
s < ( +0(1))(1—25)g0(q)10g2]\’ s
N

0.1582 N,q) ———. 3.14
< 3C( q)<p(q)log2N ( )

By (3.4), (3.7), (3.13), (3.14) and (3.1), we have

17.70495 6.48743 N
S(N,q) ;(12.2598— - - 0.15823) C(N,q) ———
2 2 o(g)log N
C(N,q)N
=0.001 ( )
e(g)log? N’
The proof of Theorem 2 is completed.
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