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Abstract Let N be a sufficiently large even integer and 

9 3 1, ( L L , q )  = 1 ( i  = 1 . 2 ) ,  

1, + I ,  I N(modq) .  

It is proved that the equation 

N = p + P2, p -- ~ , ( m o d g ) ,  P2 -- lz(modq) 
1 

has infinitely many solutions for almost all g N~ , where p is a prime and P,  is an almost prime with at most two 

prime factors. 

Keywords : Chen' s Theorem, sieve, mean value theorem. 

In 1937 vinogradovi ' I  proved the well-known Goldbach-Vinogradov theorem. Afterwards, some 

mathematicians generalized Goldbach-Vinogradov theorem to arithmetical progressionsr2-51 . In partic- 

ular, recently Liu and zhanr6] proved that for sufficiently large odd integer N and 

q 3 1,  ( l i , q >  = 1 ( i  = 1 , 2 , 3 ) ,  

1, + l2 + l 3  G N ( m o d q ) ,  

the equation 

N = p ,  + p2 + p3, p i  I & ( m o d q )  ( i  = 1 , 2 , 3 ) ,  ( 0 . 1 )  

is solvable in primes p l  , p 2 ,  p3  for q < NS , where 6 denotes an effective positive constant. In ref. 

[7 ]  it is shown that for almost all q < N8 - , where E: > 0 ,  eq . ( 1 ) is solvable. 

In 1966 Chen ~ i n ~ r u n ' ~ ]  made considerable progress in the research of the binary Goldbach con- 

jecture. He proved[91 the well-known Chen's Theorem: let N be a sufficiently large even integer, 

then the equation 

N = p + P 2  

is solvable, where p is a prime and P2 is an almost prime with at most two prime factors. In fact, 

Chen's theorem can be stated in a more exact quantitative form. 

Inspired by refs. [ 6 , 7 ]  , it is interesting to generalize Chen's theorem to arithmetical progres- 

sions with large moduli. In this paper, we obtain the following result. 

Theorem 1. Let N be a suficiently large even integer, and let 

q 3 1 ,  ( l L , q )  = 1 ( i  = 1 , 2 ) ,  

1 ,  + l2 E N(rnodq) .  
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Then the equation 

N = p + P 2 , p s  l , ( m o d q ) ,  P 2 E  12(modq)  ( 0 . 2 )  
1 

has infinitely many solutions for almost all q <  N e .  
Theorem 1 is a simple corollary of the following result. 
Theorem 2.  Under the conditions in Theorem 1 , let S ( N , q ) be the number of solutions of 

1 1 
eq . ( 0 . 2 )  . Then for q < Nv , except for 0 ( N v  log - N )  exceptional values , 

where v) ( q ) is the Euler ' s finctwn , and 

By  similar arguments we have 
Theorem 3. Let x be a sufi iently large real number, and 

q 3 1 ,  ( l i , q )  = 1 ( i  = 1 , 2 ) ,  

I ,  + 2 12(modq) .  

Then the equation 
p + 2  = P 2 ,  p E l l ( m o d q ) ,  P 2 G  12(modq)7  p < x 

1 
has infinitely many solutions for almost all q g xG . 

1 
Remark. By  an improved sieve procedure used in refs. [ 9 ,  101 , 5 may be increased to 

0.028. 

1 Some preliminary lemmas 

Let denote a finite set of  integers, Y d e n o t e  an infinite set of primes, pdeno te  the set of  
primes not belonging to 9. Let z g 2 ,  and put 

.Ad = { a  I a E &,a  i 0 (mod d ) l .  

Lemma I["'. I f  

+ rd,  , u ( d )  + 0 ,  ( d ,  .?@) = 1 ;  A l )  I Ad I = - 
d 

where w ( d )  is a multiplicative function, 0 < w ( p )  < p , X > 1 is independent of d , then 

where 
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where Y denotes the Euler ' s constant, and f ( s ) and F ( s ) are determined by the following differen- 
tial-difference equation : 

I 2eY 
F ( s )  = -, f ( s )  = 0 ,  0 < s c 2 ,  

S 

1 ( s F ( s ) ) '  = f ( s  - l ) ,  ( s f ( s ) ) '  = F ( s  - 11,  s 3 2.  

Lemma 2[12] . 

 emm ma 3[12]. ~ e t  06 g ( x ) - s z l ,  O< p < 1, 

~ ( y ;  a , d , L )  = C 1, ( 1 , d )  = I .  
q s  J.V' l(.Mdd) 

Then for any given constant A > 0 ,  there exists a constant B = B( A )  > 0 such that 

max m a x r l d )  g ( a ~ ( ~ ( ~ ; a , d , l )  - 9 ( d )  <- 
d s D  ( I , d ) = l  I S *  

o g x .  ( a . d ) = l  
logAx ' 

where 

Lemma 4 .  In the notations in Lemma 3 , let 

1 1 

Then for any A > 0, there exists a constant B = B ( A ) > 0 such that for q 4 Ne , except for 0 ( N f i  

( I . & ) = I  Y s ~  
R ( D , ( )  = x mai max 

d ~ ;  

log - exceptional values , 

x g ( a )  ~ ( ~ ; a , d g , l )  - - 
e < d ,  ( o . d ) = l  

~t 
where D = - 

l o g B ~  ' 

Proof. By Lemma 3 we have 
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Lemma 4 is proved. 

2 Weighted sieve method 

Let N be a sufficiently large even integer, 
1 - 

1 6  q < N37, ( L i Y q )  = 1 ( i  = 1 , 2 ) ,  

L I  + L 2  N ( m o d q ) ,  

.& = { N  - p I p < N , p  E l , ( m o d q ) } ,  

9= { p  I ( p , N q )  = 1) .  
I f  a € A, then 

Lemma 5 .  

( . , , P ( N ~ ' ) )  = I  

where 

p l a .  ( p ,  N q ) = l  - Nm n 
- 

< P C  N" 

1 - 1 

P 2 ( a )  = 1, a = P I P ~ P ~ ,  N'0.93 < pl < N E  s p z  < p3, ( a , N P )  = 1 ;  

(0, otherwise . 
1 

a = PlP2P3, N~ < P I  < Pz < P39 ( a  9 N ~ )  = 1 ;  
0 ,  otherwise. 

Proof. Let 

Then 
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I 
( . . P ( N " ~ ) ) = I  

On the other hand, 

( a , ~ ( ~ G ) ) = ~  

For 
1 

, u2 (a )  = 1 ,  ( a ,  ~ ( ~ 1 0 . 9 3 ) )  = 1 ,  ( a , ~ q )  = 1 
we have 

1)  u 2 ( a ) s 2 .  

2 )  v2(a)zz3 .  If p l ( a ) 3 2 ,  then 

If P l ( a )  = o ,  then p 3 ( a )  = 1 ,  and 

Combining the above arguments we complete the proof of Lemma 5. 

3 Proof of Theorem 2 

1 In this section, sets Je and 9 are defined by (2 .1  ) and (2 .2)  , respectively, 8 = - and 
37 

For ( d , N q )  = 1 , by Chinese remainder theorem we have 

Ad = i N  - p  I p  < N ,  p  E l l (modq) ,  p = N(mod d ) !  
= 1N - p  I p  < N ,  p  = l(modqd)!,  

where ( I ,  dq) = 1 ; hence 

Li N r ,  = r( N; dq ,  1 )  - - 

By Lemma 5 we get 
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1 
S = C 1 ,  S 1 =  C S ( . A p , 9 ,  N-), 

a€.& ( a ,  Nq) = l 2 I 

(a. P <  N ~ ) )  = I  
N'O." 4 P < N' 

( p .  Nq) = I  

S2 = 
a€.&, ( a .  Nq)sl a E A .  (a,. Nq)=l 
I _L 

( a ,  PC N ' O W ) )  = I  ( a ,  PC N'a.m)> - 1  

1 1 
All the following arguments are valid for q 6 N% with 0 ( Nglog-") exceptional values ex- 

cluded. 
1 ) The lower bound for S . 

1 

Let D=- Nr with B =  B(5 )  > 0  (see Lemma4). By Lemma4 we get 
logBN 

g x  max max z(~; dq,Z) - 
y s  N ( l . d q ) = L  

do" - 
q 

and 

P 

=rl(l - + ) - I  r1 ( I  - + ( I  - + ) - I  
P I  NP ( p .  Nq) = l p - l  

1 

= 2 C ( N , q ) .  
By Lemma 1 ,  (3 .2 )  and (3 .3)  we have 

(log(4.465 - 10.936) 

4.465 - 1O.93ads 
S s + l  

2)  The upper bound for S1 
1 

N2 1 1 
Let D = - with B = B ( 5 )  > 0 (see Lemma 4).  For ~ 1 0 . 9 3 ~ ~  < N g ,  by Lemma 1 we 

l o g B ~  
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where RD(p)  = x I rg I 
d < P , d l ~ (  PP N A )  

By Lemma 4 we have 

- 
]C R D ( ~ )  

- 
NI0 " < p  < N' ' 

( p , N q ) = I  

Gx max m a x r ( d )  ~ ( ~ ; d q , l )  - 
( l . d q ) = l  y s N  

d<-D 

By ( 3 . 5 )  , ( 3 . 6 )  , the prime number theorem and through summation by parts we get 

= 21.86(1 + ~ ( l ) ) C ( N , q ) e - ~  
N 

q ( g > 1 o s 2 ~  
I 

,,,E 
1 

x 5 ~ 1 0 . 9 3  - ~ ( 5 . 4 6 5  ulog u - 10.936 - 1 0 . 9 3 ~ ) d u  
log N 

3 ) The upper bounds for Sq  , S3. 
By the definition of ,oZ( a )  we have 

Consider the sets 
1 

1 1 
8= { e l  e  = p,p, ,  N m  g p ,  < N E  p, < (E)'. ( P I P I ,  Nq) = 11, 

% =  ( Z  I 1 = N - e p , e  € g, ep < N ,  ( p ,  Nq) = 1 ,  1 = zl(mod q ) I -  

We have 
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13 
e a  N z ,  e €  8'. 

13 43 
The number of elements in the set 2 which are less than N 5  does not exceed N66. S2 does not ex- 

ceed the number of primes in 55. Thereforee 
13 

S2 6 S ( Z , Y , z )  + o ( N ~ )  z 6 N E .  ( 3 . 8 )  

Now we employ Lemma 1 to estimate the upper bound of S (S,.P, z ) . For the set 3, 

where B = B ( 5 )  > 0 (see Lemma 4 ) .  Then by Lemma 1 we get 

8 X 
S (  % , Y 7 z )  G a ( 1  + o ( l ) ) C ( N , q )   log^ + R 1 +  R z ,  ( 3 . 9 )  

where 

13 2 
In view of N G  < e < N3.3 for e E 8, we have 

R, < max max 
y s V  ( l . d q ) = l  

d 4 -  

where 

By Lemma 4 we get 

Now 

N  1 1 
R2 < 

d s  - o <  N3' .  ( a , d ) p ~ =  

N 
<< 

I 1  
m l d ,  m 2 N ' O n o <  N". ( a , d ) =  rn 
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By the prime number theorem and integration by parts we have 

d u  
N 

u log u log - 
us 

S2 < 6 .48743C(N,q)  
N 

q ( q > 1 0 8 ~ '  
Similarly, we have 

By ( 3 . 4 ) ,  ( 3 . 7 ) ,  ( 3 . 1 3 ) ,  (3.14) and ( 3 .  I ) ,  we have 

The proof of Theorem 2 is completed. 
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